


PREFACE

. The main objective of tbis book is to provide an answer
to the questions; Given a set of linear algebraic simul-

taneous equations, or a differential equation, how can a
solution be obtained using relaxation methods? What are

the computational steps involved?

For a decade and a half now there has come from Sir

Richard Southwell and a small group of collaborators a
steady flow of papers dealing with the application of a
general computational process known as relaxation

methods. Designed originally to facilitate the analysis

of pin-jointed space frameworks, the methods have since

been considerably extended in scope nntil now almost all

branches of applied mechanics and physics are included.

Besides being numerical the methods are, in general,

approximate in nature although, in fact, high accuracy is

possible without expenditure of a prohibitive amount of

labour. The power and versatility of the me thods are

well illustrated by the wide range of problem types that

has been solved.

Yet, despite the many papers now available, there

exists still a general lack of knowledge of the manipula-

tion devices actually used in obtaining solutions. Sir

Richard’s approach to the subject he has pioneered al-

ways exhibits a physical viewpoint and, whilst in bis

hands this has undoubtedly been one of the factors con-

tributing to the broad generalisation of the methods,

stressing this characteristic has, in some respects, been

unfortunate. In not a few instances the effect of first con-

tact with this analogical reasoning and language has been

to deter readers from further study of the subject.
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Nevertheless, in the ultimate analysis relaxation

methods consist of a collection of numerical methods for

solving, approximately, large nnjnbers of simultaneous
equations. It is with this aspect 01 the jgttdqe'Cf „ f;hat this

book is concerned. The intention is to present a simply
detailed account of the computational processes and little

more. To a certain extent this mode of presentation is

artificial, for interest in relaxation methods stems from

their usefulness in making possible the approximate solu-

tion of practical physical problems. That aspect is ignor-

ed completely.

Concerning the subject itself little that is new is in-

cluded, hut descriptions are given of almost all the mani-

pulative devices that have been found of value to relaxers.

These are illustrated largely by solving many examples in

detail but, except in the Introduction and one or two
other isolated places, no mention is made of physical
interpretations of applications.

The book deals with relaxation methods only. “Because
of their very flexibility it is not to be expected that' they

are ideally suited for solving each and every problem that

may arise. Despite that, and deliberately so, no mention
is made of alternative methods. Also, only passing atten-

tion is paid to other topics even when of necessity they
have been introduced. Thus, it is not intended that the

section on finite-differences be taken as comprehensive,
and only sufficient of such subjects— including refer-

ences— is given as is necessary for the development of

the main theme. It is hoped that any relaxation methods
papers that may have escaped notice are not of major im-

portance is so far as technique is concerned.
To achieve the main purpose an attempt has been made

to keep the subject matter on an elementary level although,
on occasions, this has not been strictly adhered to. Any
such temporary lapses should not deter the reader from
proceeding further. In truth the basic ideas are few and
easily grasped. To those desiring to apply the methods
it cannot be overemphasised that, whilst readingmay make
for understanding, for manipulative facility, practice is
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essential. To this end the most valuable advice that can
given is that any device is legitimate which is of assis-

tance in obtaining a solution. It must be mentioned that

neither the treatment nor coverage of material given here

is completely exhustive. A few aspects receive no men-

tion? rand, _for that matter, the methods themselves are

still being exlehrded^nd refined.

It is hoped that- as, well as beiajg of assistance to

computers, this volume will create m them .and'%others

a desire to read the original papers and books' on the sub-

ject. The wealth of information contained in them is

considerable.

It gives the author much pleasure to thank two friends

for their assistance in the preparation of the manuscript.

Dr. J. R. Green has constructively criticised the material

and his suggestions have been most valuable. Miss C. I.

Robbins has solved many of the problems and checked in

detail th jjpipputations of all of them. Every care has

been taken in an attempt to eliminate numerical errors;

for those that may have escaped notice and for any other

defects the author alone is responsible.

The author also wishes to express his gratitude to

Professor W. Prager who encouraged the publication of

this text, and to Mr. L. P. Coombes— Chief Superintendent

of the Aeronautical Research Laboratories— who, over a

period of several years has fostered investigation of re-

laxation methods in the Laboratories.

Finally, thanks are due to the Macmillan Company of

New York, for permission to reproduce material which has

been published by them elsewhere. A considerable portion

of Chapter IV has been taken from a contribution by the

author to the volume ‘Numerical Methods of Analysis in

Engineering’, 1949.
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INTRODUCTION

In the course of development of relaxation methods a particular

terminology has been introduced and has now found general accep-

tance. The special terms used are, in fact, closely related to one

of the first problems to which the methods were applied, namely the

analysis of a pin-jointed structure. Although particular problems

will not be discussed in detail in the text, this terminology is best

introduced in a manner similar to that done originally. Accordingly

we shall consfder the analysis of the plane, pin-jointed, redundant

framework shown in Fig. 1. It is assumed that all details of the

structure, e.g. lengths and cross-sectional areas of component

members, materials (and therefore the elastic moduli) are known.

With the framework loaded by the external force system shown,

it is desired to find the resulting forces, and hence the stresses in

the various members.

One possible method of obtaining this information, given the

required apparatus, would be to apply the following loading pro-

15 Tons

Fig. I
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cedure to the framework itself. Before the external loads are

applied two screw jacks are positioned at each of the joints A,13,C

and D, and for convenience they are oriented in the directions of

the x and yaxes. The heads of the jacks are brought to bear against

the framework joints and are then pinned to them, the result being

as shown in Fig. 2. The type of jack to be used must be of rather

special design, in that not only is the amount of travel of the head

to be variable at will, and also automatically recorded, but at the

same time a second indicator must show the actual load being

carried by the jack. Each jack must be capable of resisting a ten-

sile as well as a compressive force; and be of sufficiently heavy

construction to be regarded as inflexible in comparison with the

framework members. Also, each jack must be positioned such that

it is incapable of withstanding a lateral force. With the framework

still unloaded the force and head-movement indicators are all set

at zero reading. We shall hence-forth refer to a jack as a con-

straint and to its head movement as a displacement .

The loads or forces shown in i’ig. 1 are now applied slowly^ to

joints B and C. In virtue of the constraints the framework remains

unstressed, whilst the force indicators on the constraints B
x , B

y
and C

y
will show readings of amounts 5 tons, 10 tons and 15 tons

respectively, as these constraints will be supporting the entire

external load system. The remaining constraints will still be

unloaded.

(1). So as not to excite any vibrations in the framework.
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Since constraint C
y

carries the greatest force, let it now he

slackened off, or relaxed, until its indicator shows that the force

on it is approximately^ zero. The corresponding increment of the

total displacement of constraint C^.,or, what amounts to the same
thing, the increment of deflection of joint C of the framework in the

y direction, is automatically recorded. Because of this displace-

ment members AC, BC and CD will be in a strained state and the

corresponding force components will show on the indicators of con-

straints A^, A , B^, B
, C , D x , D . Joints A and D are the points

of support, or reaction points, of the framework and in this example

the only support displacement allowed is at D in the x direction.

Consequently, constraints A^, A^,and must never be relaxed.

The force indicators on those constraints show the reaction com-

ponents at any stage in the relaxation procedure and are subject

to the requirement that, finally, constraint D must not carry any

load.
*

Of the remaining constraints, namely B x , B
y

, C x
and D

x , that

which carries the greatest load is now located and the relaxation

procedure repeated. This process is continued until the forces on

the moveable constraints are all small in comparison with the pos-

sible practical margin of error in the applied loads. Further diminu-

tion in the magnitudes of the forces still remaining on the con-

straints is meaningless and so the process is stopped.

At any stage in the relaxation process the forces being taken

by the constraints may be regarded as constituting the residual

forces, or residuals for short, of the total external load system not

yet being carried by the framework. Since, for equilibrium, the frame-

work must carry all the external loads, the residuals therefore re-

present errors in the process of satisfying equilibrium conditions.

Reduction of the residuals is known as liquidation.

At the completion of the relaxation process we have two sets

of results. Firstly we know the loads on constraints A^, A^ and

D , that is the magnitudes and directions of the components of

the reactions are known. Secondly we know the component dis-

placements or deflections of all the moveable joints of the frame-

work. From the latter information it is a simple matter to compute

the strains in all the members and thus obtain stresses and forces.

(2). It will become evident that nothing is to be gained by making the

constraint completely force free at this stage.
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In applying relaxation methods to a framework problem the fore-

going mechanical process of adjustment is replaced by an arithmeti-

cal one, each operation in the latter corresponding directly to one

in theformer. Thus, for a framework problem of this type, and indeed

for other structural engineering problems also, the description

liquidation of residuals by the systematic relaxation of constraints

is natural and meaningful. In the more recent applications of re-

laxation methods, for instance to the solution of some partial

differential equations, this terminology is not a particularly good

one. It continues in current usage, however, and is convenient.

Other terms in the nomenclature may also be illustrated by con-

tinuing the discussion of plane pin-jointed frameworks. Consider

the arrangement of members shown in Fig. 3. The members are con-

nected together by a pinned joint at A, the joint itself being free

to move in any manner in the (x,y) plane; joints B,C, ... ,F are also

pinned so as to allow rotation of the other ends of the members but
no displacements are possible. In applying the numerical relaxa-

tion process the following problems arise: What are the magnitudes
of the X and Y components of the force that must be applied to

joint A in order to give it a uni

t

(3) displacement in either the x or y

(3), We are not concerned with dimensions in this discussion. It is to
be understood that everything suggested falls within the framework of
elastic theory.
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direction, and what are the components of the resulting reactions

at joints B,C,....,F? These questions in turn may be reduced to a

simpler problem. Let Fig. 4 represent a single framework member of

known orientation. Cne end is fixed in position but can rotate about

a pin joint, tne other is quite free. If the free end is given a unit

displacement in either the x or y direction what systems of forces

are called into play? These are two very simple problems and are

termed the unit problems . The answers constitute unit displacement

operators or, in short, unit operators . Given these operators for

each member then everything else follows by superposition.

Whilst joint displacements of the type describedin the mechani-

cal loading process will allow a framework to deflect gradually into

its loaded equilibrium position, for some structures the process may

be very slow. Convergence of the associated relaxation treatment

is poor. Thus, for example, the deflected position of the structure

shown in Fig. 5 will be that indicated by the broken lines; however,

when any one joint of the structure is displaced while the remain-

der are held fixed in position, the displacement necessary to reduce

the residual at that joint approximately to zero will be much smaller

than its final deflection. Consequently it would be helpful if dis-

placement operators could be devised which would have the effect

of moving portions of the framework as rigid bodies as, for instance,

in Fig. 6. Use of these types of displacements in the early stages

of relaxing would speed up convergence considerably. Since, in the

case of frameworks, joint displacements are related linearly to the

applied forces, multiple operators are readily constructed by super-

posing the effects of unit operators. Such multiple operators are

known as block operators

.
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CHAPTER I

LINEAR ALGEBRAIC SIMULTANEOUS EQUATIONS

L Two concepts are fundamental to relaxation methods, namely two

operators, known respectively as the residual operator and the re-

laxation operator. A few simple examples will suffice to make their

use clear and so, rather than attempt to describe them, we shall

consider several problems which, while trivial in themselves, will

illustrate the point.

2 . A SIMPLE EXAMPLE. Let us solve the two equations

6x + 5y = 27

9x — 6y = 0

for the unknown quantities x and y.

As the first step we rewrite the equations

6x + 5y - 27 = R
l

9x — 6y = R
2

For the correct values of x and y both R
1

hence in the numerical process of solution

make them so. In the relaxation methods terminology R
1
and R

2
are

known as residuals . If incorrect values of x and y are substituted

in the equations, then Rj and R
2
cannot both be zero. As such they

are obviously measures of the error or of the accuracy of the solu-

tion.

We concentrate our attention, then, on the residuals. Let us

commence the process of solution by assuming — obviously in-

correctly — that both x and y have the value zero. Substitution in

(2) gives the residual values

R
x

= -27 ,

r
2

= 0 .

Let us now try the values x = 4, y = 0. It will be noticed that

we are altering only one of the two unknown quantities. It may be

7

}
a)

as

}
(2 )

md R
2

will be zero,

he object will be to



8

asked c<
v»hy try x = 4?”; that question, however, will not be an-

swered immediately. Let it suffice for the moment to say that we
are, in fact, using some sort of an operator. The full reason will

become obvious shortly. Note, however, that in the first equation of

(2) we then have 6x = 24 which approximately cancels the residual

-27.

The residuals are now

~ —3 ,

R
2

= 36 .

Next we alter the value of y from 0 to 6 keeping that of x con-

stant at 4, giving

R
x

= 27 ,

R
2

= 0 .

It is clear, now, that the chosen values do not constitute the

solution. One or both of the quantities x = 4, y = 6, is still wrong

since Rj and R
2

are not both zero; furthermore, since the sign of

Rjl has changed from what it was originally, it is probable that the

values are too large.

3 . As the next step let us add -2 to the value of x, so giving x = 2,

y = 6. The residuals have the values

R
x

= 15 ,

R
2

= -18 .

For the final step we obviously require the addition of -3 to the

value of y, giving

R
x

= o
,

R
2

= 0 .

Totalling up the increments in x and y the solution to the problem
is given by

x = 0 + 4 — 2 = 2 ,

y = 0 + 6 — 3 = 3 ,

the equations (1) having been solved exactly.

The above procedure may conveniently be presented in the fol-

lowing tabular form, Table I:
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TABLE I SOLUTION

Increments in Values
of Unknowns

Progressive Values
of Residuals

X y Hi R 2

1 0 . 0 -27 0

2 4 0 ^-3 36n 0 6 27 0

4 -2 0 15 -18

5 0 - -3 0 0

Totals x= 2 y= 3

To complete the problem the values of x = 2
, y = 3 should be

checked by substitution in the original equations (1 ).

4. ANOTHER SIMPLE EXAMPLE . Find the values of x and y
which satisfy the equations

2x + 12y = 5.5
, ^

12x + 8 y = 1.0 .

As before, we rewrite the equations in the form

+ 12)' - 5.5 = I4 ,
(4

-

12x + 8 y - L0 = fi
2 .

This time, instead of giving in detail the steps of the solution they

are presented directly in Table II :
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TABLE II SOLUTION

Steps

Increments in Values
of Unknowns

Progressive Values
of Residuals

X y R i *2
1

i 0 0 -5.5 -1.0

2 0 0.4 -0.7 2.2

3 -0.2 0 -1.1 -0.2

4 0 0.1 0.1 0.6

5 -0.05 0 0 0

Totals x = -0.25 y = 0.5

5. There are several aspects of the solution of this problem that

warrant consideration* At the completion of step 3 it can he seen
that the residuals, Rj and R

2 , have been reduced from -5.5, 1.0 to

-1.1, -0.2 respectively. They are both of the same sign and con-

siderably smaller than they were originally. Accordingly it can be

said .that at the end of step 3 an approximate solution had been

reached that would not differ greatly from the final answer. The
approximate solution, found by totalling up the increments in the

x and y columns is

x = -0.2 ,

y = 0.4

It will also be noticed that in each step the largest residual was
operated on and reduced considerably; at the same time (unfortunate-

ly, but unavoidably) the other residual was also altered. That the

other residual became larger is a pity, but it is not always so. It

will be seen later that not only is it usually necessary to (approxi-

mately) liquidate the largest residual at each step, but in many in-

stances it is beneficial, in that it speeds up convergence, to

over-liquidate it, that is to so operate on it that it actually changes
sign. This is largely a matter of experience.
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1

6, The method of solution just used may be systematised readily.

In equations (4) the residuals Rj, R
2

are both functions of the un-

known quantities x and y, and it is easy to see by what amount they

change as the values of the unknowns are modified. From equations

(4), if the value of x is altered by the addition of +1, that of y being

held constant, then R
1
is altered by + 2 and R

2
by +12* If y only is

altered, by +1, then R
x
changes by 12 and R

2
by 8. From these

results we immediately have two unit relaxation operators which

can be used for reducing the IPs or, as wc say, for liquidating the

residuals . They are given in Table III. Alterations in the values of

the variables are known as displacements by analogy with the frame-

work problem from which the terminology springs.

TABLE III UNIT RELAXATION OPERATIONS TABLE

In the table for convenience the largest change in the residual

in each operation is underlined. Obviously, to reduce the residual

R
x

an increment of the unit operation number 2 is used, whilst

number 1 is used for the reduction of R
2

.

7c RESIDUAL AND RELAXATION OPERATORS . These oper-

ators maybe derived more generally. Consider the set of n equations

a
li

x
l

+ a
l2
x
2

+ + a
in
x
n

_ c
l

a
2l

x
l

+ a
22
x

2
+

a
nl

x
l

+ a
n2
x
2

+ a
2n

x
n

• + anrxn
= c

n
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which, rewritten in the residual form becomes

a
ll
X

l
+ a

!2
X
2

+ + a. x — c, = R,
*n n 1 1

C
2
~ ^2

>(6 )

a
nl
X

l
+ a

n2X 2
+ + Vn ~ C

n
R.

the a.., i = 1, . . n,
j

= 1, . . n, all being constants.

Equations (6) may be regarded as residual operators . For any
set of chosen values for the unknowns, or variables, x^, . .

. , x ,

they allow the residuals R v . . . ,
H

n
,to be immediately written down.

For problems of this type they are particularly simple, but, as will

be seen later, they are not always necessarily so. As the residuals

are each functions of the unknowns, i.e.

Rj ~ R
£ ^2 9 • * * *

etc., their first differentials are given by

dR,
dR

dx
i J

dR
x ,

<?R,
- dx t + — dx 0 + . . . + ——- dx

d R9
dR

2
= —^ dx, +

2
<3x,

1

dx

5R
2 <?R

2— dx
9 + * • * + dx

dx
2

2
dx& n

_ *. *,
dR*'£r <k

‘
+ -

5r dx
’
+ -

> (7)

dR
+ —idx ,

<?x

which, from (6) become

dR^ a
1 x

dx^ + a
l 2

dx
2 +

dR p *21 dx
i

+ a
22

dx
2

+

* + a . dx
in n

* + a
2n

dX
n

dR
n

= a
nl

dx
i

+ a
n2 ^2 + • • • + a

nnK

>(8)



Putting dx
ls dx

2 , ,
dx^ each in turn equal to unity, the

remainder being zero, gives the unit relaxation operations in

Table IV. It can be seen that the matrix of the coefficients is

simply the transpose of the matrix of the original equations.

TABLE IV. UNIT RELAXATION OPERATIONS TABLE

Operation

Number
Operation

Change in Residual

Ri r2
- Rn

1 xi = 1 a ll a 21
- anl

2 x
2 = 1 a12 a 22 a

n 2

- - - ~

n x n - 1 a ln a2n ann

8. A MORE DIFFICULT EXAMPLE . Consider now the slightly

longer problem, the solution of the following set of five equations

for the unknowns x,y,z,a,/3. It will enable details of the relaxation

procedure to be seen more clearly. The equations are given directly

in their rewritten, or residual form. Obviously the original equations

are obtained from those given merely by making each R equal

to zero.

8x + 4y + 17z + 57a + 23/?- 696 = R x

4x + 8y + 17z - 33a + 80/3 — 526 = R 2

8x - 43y - 22z + 4a + 5/3 + 155 = 83

3x + 21 y + 25 z - 16a - 3/3 - 68 = R 4

16x + 4y + 5z + 22a + 29/3 - 455 = R 5

\

j

(9)

The unit relaxation operations table follows immediately,

Table V.



TABLE V UNIT RELAXATION OPERATIONS TABLE

Operation
Displacement

Change in Residuals
|

Number Ri *2 «4 R
5

1 x = 1 8 4 8 8 16

2 y = l . 4 8 -4.3 21 4

3 Z = 1 17 17 -22 25 5

4 a = 1 57 -33 4 -16 22

5 0 = 1 23 80 5 -3 29

As already mentioned, for convenience the largest number in

each line has been underlined. This enables us to see at a glance

which particular operator is most convenient for reducing any given

residual. Thus, if should be the largest residual, use of the

second unit operation is indicated. How much of it is required is

determined not only by the magnitude of R but also by the effect

of that operator on the other residuals.

The relaxation procedure leading to the solution of the problem

is given in Table VI. The asterisk indicates the particular residual

which is to be (approximately) liquidated in the next step. The
Table differs slightly from Tables I and II. For each step in the

solution, or each use of an operator, two sets of values of the resi-

duals are given; the first row in each case is the alteration to the

residuals, obtained by multiplying the chosen unit operator by an

appropriate number, the second row gives their progressive totals.

From the Table it can be seen that at no stage (except the

final in this instance) do we go to any pains to reduce any resi-

dual to zero; it is sufficient merely to reduce c onsiderably the

magnitude of the greatest. At the end of step 4 it seems likely that

the relaxation process has been carried to far, for three of the five

residuals have changed sign whilst the other two are much smaller

than they were originally. This is known as over-relaxation. Here
it is no great disadvantage, and results merely in a slowing down
of the convergence of the process to the final solution. As already

mentioned, in many instances it is advantageous to over-relax.

In this problem the residuals are relatively insensitive to x

displacements. Such a characteristic may be misleading. Thus, for
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TABLE VI RELAXATION TABLE

Table continued next page



TABLE VI. RELAXATION TABLE - Continue*

1

Step
Operation

Numb er

Operation

Mu ltiplier

e s i d u a 1 s

^2 «3 m R
5

15 2 -1 -4 -8 1 -21 -4

-17 -17 mSm -25* -5

16 3 1 17 17 -22 25 5

0 0 0 0 0

Solution x = Operation 1 = 5-3= 2

y= u 2 =2+2-1=

3

z= 11 3 = 10-2-4+1 = 5

a = 11 4 = 10 - 4 + 1 = 7

6= " 5 = 10 - 3 + 1 = 8

Substitution of these values in equations (9) shows them to be

correct.

instance, if at step 14 the R
5

residual had been over-relaxed by

by using a displacement of x= -4 instead of -3, then at the com-

pletion of the next two steps the residuals would have been

—8, -4, -8,-8, -16. These are all very small compared with the

initial magnitudes, so that it might be said that at that stage the

problem was approximately completed, the approximate solution

being x = 1, y = 3, z = 5, 0i= 7, @ =8. It is obvious, here, that to

reduce the residuals to zero requires the additional displacement

x = 1. This, however,* doubles the value of x in the final answer,

that is alters it from x = 1 to x = 2. If x was an important factor in

the problem the first approximate solution, although seemingly

justifiable may have been misleading. It is not sufficient to Leave

off relaxing when the residuals have been considerably reduced.

Their magnitudes must be considered in comparison with those of

the available operators.

Should the problem not be exactly soluble numerically (and this

is usually the case in practice) and, with the residuals already very

small, suppose it is desired to obtain greater accuracy in the solu-

tion. This is readily done by multiplying the existing residuals by

10 or by 100 and continuing the relaxation process.
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Attention is again drawn to the nature of the unit relaxation

operators. Each operator is a measure of the change in the resi-

duals caused by a unit^ displacement or unit change in the value

of one of the variables, all the other variables being temporarily

held constant.

9. CONSTRUCTION OF OTHER RELAXATION OPERATORS In

the previous examples the operators were quite convenient for use

in relaxing; however, in many of the problems met with in practice

this is not so. In such circumstances, to speed up convergence it

becomes necessary to tune up the operators or, in fact, to con-

struct new ones.

Consider the following operations table^
5)

TABLE VII RELAXATION OPERATIONS TABLE

Operation

Number

Operation Change in Residuals

x 10
"3

Rl r2 r 3
r 4 r5

1(a) *1 = 1 -900 -450 0 0 9

2(a) X
2
= 1 -450 -1650 -375 0 2.75

3(a) X
3
= 1 0 -1650 -450 -6.25

X
4
= 1 0 -900 0

5(a) X
5
= 1 9 2.75 0

These operators, although capable of good 'service as they

stand, may be made more useful (although basically no different,

of course) by reducing each of the underlined numbers to 100, or

to 10 or 1. The underlined portion of each operator is its most

powerful portion, its handle so to say. Doing this gives the revised

operators 1(b), 2(b), 3(b), 4(b) which appear in Taole VIII.

Operators 1(b) to 4(b) will be useful for relaxing residuals R
to R

4 ;
however, operator 5(a) is by no means as useful for relax-

ing R . For this purpose it is desirable, although not essential,

that the number which operates on residual R
g

be larger than any

other number in the operator. Such an operator may be constructed

(5). See Page 32, Ref. 1.

(4). The word unit used here does not necessarily imply any particular

system of dimensions.
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TABLE VIII. REVISED RELAXATION OPERATIONS TABLE

Operation
Number

Operation Change in Residuals

x 10*3 *2 «3 R
4 "b

1(a) x
l
= 1 -900 -450 0 0 9

1(b) x
x
= 0.1111 -100 ^50 0 0 i

2(a) x
2 - 1 -450 -1650 -375 0 2.75

2(b) x
2
= 0.06064 -27.3 -100 -22.75 0 0.167

3(a) X^ = l 0 -375 -1650 -450 -6.25

3(b) Xg = 0.06064 0 -22.75 -100 -27.3 -0.379

4(a) X
4
“ 1 •

0 0 -450 -900 0

4(b) x
4 = 0.1111 0 0 -50 -100 0

5(a) x
s = ! 9 2.75 -€.25 0 -1.389

5

without difficulty. It may he found by approximately liquidating the

other numbers of operator 5(a), by relaxing with the aid of operators

1(b) to 4(b), leaving the number —1.3895 virtually unaltered. Table

IX gives this relaxation process. The first line gives the initial

set of residuals, and it is desired to so operate on them as to leave,

finally, the residuals R
x
to R

4
all less than the final value of

TABLE IX. RELAXATION OF RESIDUALS R*, R
2 , R 3

,and R
4

.

Step
Operation
Number

Operation
Multiplier,

Residuals

**2 R
3 *4

1 5(a) 1 9* 2.75 -6.25 0 -1.3895

2 1(b) 0.1 isa
—5.0 0 0 0.1

a -2.25 -6.25* 0 -1.2895

3 3(b) -0.06 0 1.365 1.638 0.0222
-1 -0.885 1.638* -1.2668

Table continued next page
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TABLE IX. RELAXATION OF RESIDUALS Rp R
2 ,
R

3 ,
and R

4
.

Step
Operation Operation Residuals

Number Multiplier R i r2 R
3

r 4 R5

4 4(b) 0,016 0 0 -0.80 -1.600 0

-l -0.885 -1.05* 0.038 -1.2668

5 3(b) -0.01 0 0.228 1.00 0.0038
-1* -0.657 -0.05 HH -1.263

6 1(b) -0.01 1 0.500 0 0 -0.010

0 -0.157 -0.05 0.311 -1.273

Having done this, adding together all the operations in the

second column gives a new operator, 6(a) say. From this is ob-

tained the desired unit operator, 6(b), in which the R
g
number is

unity, Table X.

TABLE X. AN ADDITIONAL RELAXATION OPERATOR

Operation
Number

Operation Changes in Residuals

x 10'3 a 1*2 *3 R
4 «s

6(a)

1(b) x 0.09

3(b) x -0.07

4(b) x 0.016

5(a) x 1.0

0 -0.157 -0.05 0.311 -1.273

6(b)

1(b) x 0.07070

3(b) x -0.05499

4(b) x 0.01257

5 (a) x 0.78555

0 -0.12333 -0.03928 0.24431 -1.000

Thus, instead of the set of operators given in Table Vll, those

that would finally be used are 1(b), 2(b), 3(b), 4(b), 6(b). Operators

of the 6(b) type, that is operators in which more than one displace-

ment is made at a time are known as group operators.
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10 . GENERAL REMARKS So far, in the various examples treated,

the variables have been few in number, and the equations had

simple solutions. It is obvious, however, that as the number of

variables are increased no new difficulties are introduced. Such

problems take longer to solve, but the procedure remains the same,

and can be quite automatic.

The fact that the correct exact answers were obtained in the

preceding examples is possibly a little misleading. Relaxation

methods are not intended as a means of solving simple problems,

and those exactly. Rather, they enable approximate answers to be

found to more difficult problems;^ answers which, depending on

the amount of work done, will become more and more correct. The

methods thus make it possible to take advantage of knowledge re-

lating to the degree of uncertainty that exists in the original data

of the problem, for there is little value in having an answer more

precise than are the original assumptions.

If, for example, the problem to be solved relates to the force

distribution in some elastic framework, then, in practice, many un-

certainties exist. The elastic modulus of the material concerned is

an experimentally determined value, and so may be inaccurate to

the extent of 1% or so. The magnitudes of the loads which the

structure is being designed to safely sustain are rarely known
exactly. The cross-sectional dimensions of the framework members
are subject to variation in virtue of the manufacturing or rolling

tolerances. These, and other factors of this nature all tend to mean
that extreme precision in the solution of some practical problem is

largely of academic interest, and accordingly the relaxation proce-

dure can be terminated when, in comparison with the operators, it

is felt that the residuals are small enough .

11. So far the relaxation process as described is purely automatic,

the method being always to liquidate the largest residual. Temple 2

has shown that if the set of equations (5), that is

2
j=i

a..x. = c.
U 3 i i — 1, * . . , n

(6). Difficult in practice although not necessarily difficult in principle.
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are derived from the condition that some positive definite quadratic

function is to be made a minimum then there will always be conver-

gence by this procedure. In many of the problems met in practice

this will be the case. One characteristic of such equations is that

the Maxwell reciprocal relations hold, that is

The satisfaction of this condition, however, does not necessarily

imply their derivation from such a quadratic function, and so does

not automatically guarantee convergence. In fact the process of

always liquidating the largest residual may, under certain circum-

stances diverge. If this happens then no definite guiding rule can

be given. The method can only he try something else, being guided

at all times by the resultant behaviour of the residuals as a whole.

Even if the equations are symmetric (a.. = a..) and conver-

gence, by using the automatic process, is assured, it still does

not follow that the convergence will be the most rapid. Thus Fox 3

suggests that more rapid convergence is obtained if, at each step,

that residual is reduced which requires the largest displacement

for rt$ liquidation. Other devices, also, are available for speeding

up the method of solution. Over-relaxation, already mentioned in

Sec. 8 is frequently very useful; instead of just liquidating the

residuals the applied displacements are of sufficient magnitude to

cause them to change sign. Particularly is this device of advantage

if it is found that there is a tendency to repeat a certain operation,

or sequence of operations. Under-relaxation, in which only portion

of the residuals are liquidated, is useful if the process shows

signs of retracing itself, that is of requiring the application of

displacements opposite in sign to those already applied. Although

the desirability of either of these devices may not be obvious from

the operations table, usually only a few steps in the relaxation are

sufficient to indicate the need of them.

Probably the most powerful of these subsidiary tricks is the

use of operators known as group operators. Their construction has

already been discussed in detail, and their importance cannot be

overemphasized. Not only is it possible to construct such opera-

tors which will be more powerful for liquidating particular resi-

duals than are the operators that arise naturally from the original

equations, but also operators can be constructed which will
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liquidate more than one residual at a time. The necessity for these

also becomes evident as the relaxation proceeds.

Occasionally, at some stage in the relaxation it may be noticed

that all the residuals are roughly proportional to the original ones.

If so, then, since superposition holds, a simple multiplier applied

to all the operations used up to that stage will reduce all the re-

siduals approximately to zero.

It is usually useless to reduce any residual exactly to zero.

One beauty of the method is that the liquidation may proceed in

easy stages, the multipliers of the operators at all times being

simple and easily handled mentally. Making a residual exactly

zero each time would usually not be possible without the use of

some calculating aid, and would be of little value since that resi-

dual would almost immediately change as the result of some other

subsequent operation. At no time should a calculating machine be

necessary to carry out the actual relaxation.

Where so many numerical steps are used, even though they are

all simple, it seems to be extremely easy to make mistakes. This

is by no means fatal. It does not mean that the problem must be

reworked and the mistakes found. It does imply, however, that

checks on the residuals should be made at frequent intervals, and

not left until the problem seems completed. If, on checking, (which

is simply a matter of multiplying the total displacements by the

appropriate operators and adding the results to the original resi-

duals), some or all of the residuals are found to be wrong it is only

necessary to accept the new residuals so found and to carry on re-

laxing from there. This frequent checking offers other simplifica-

tions. In practice the coefficients which form the operators are

rarely simple integers. However, in virtue of the checking, for re-

laxation purposes the operators may be rounded off so as to be

more easily and quickly handled mentally. Note however that in

calculating residuals originally, or in checking them, the correct

operators must be used. Obviously in relaxing with the simplified

(but slightly incorrect) operators, even though no errors are made,

checking will show slight discrepancies in the residuals. These
will be small, and can be easily liquidated by a little extra re-

laxation.

12. ILL-CONDITIONED EQUATIONS There exist some equations

which, for all practical purposes, cannot be relaxed; convergence
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is too slow. Such equations are said to be ill-conditioned. The
following example, given by Fox3 was devised by Wilson. As can
be seen the equations are symmetric and, although it might be

suspected that the operators are a little sluggish, for the rest

there is nothing obviously suspicious about them.

5 Xj + 7x
2 + 6x

3 + 5x
4
— 23 = 0

7x
1
+10x2+8^ + 7 x

4
— 32=0

6 x
1

+ 8 X
3 + 10x

3
+ 9x

4
- 33 = 0

+ 7 x
2 + 9xg + 10x

4
-31 = 0

The solution is

X
I

= X
2

= X
3

= X
4
=1 -

r do)

Three approximate solutions, together with their corresponding

residuals, are given in Table XI^

TABLE XL THREE APPROXIMATE SOLUTIONS

Approximate
Solution
Number

Variables Residuals

X
1 *2 *8 X

4 h R
\

1 14.6 -7.2 -2.5 3.1 0.1 -0.1 -0.1 0.1

2 2.36 0.18 0.65 1.21 0.01 -0.01 -0.01 0.01

3 1.136 0.918 0.965 1.021 0.001
'

-0.001 -0.001 0.001

The residuals given in the first row are already quite small com-

pared with the relaxation operators that follow from (10). The ap-

proximate solution, however, bears no relation to the correct one.

Normally a problem would be considered as reasonably satis-

factorily solved at that stage. In the second row, for satisfaction

the residuals have been further reduced. The resulting approximate

solution now, however, bears little resemblance to the first solu-

tion, and also about as little to the correct solution. The third

solution has the residuals all less than 1/10 5 of the initial con-

(7). Actually these solutions were not obtained by relaxation but were

specially constructed.
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stants. Even so, the approximate solution is still in error by more

than 10%.
Mere inspection is not sufficient to reveal whether or not

equations are ill conditioned. As far as relaxing is concerned,

however, suspicion would be aroused by the extreme slowness and

difficulty encountered in carrying out the process. Small residuals

will require very large displacements for their liquidation. Luckily,

ill-conditioned equations are rarely met with in practice, and in

general it is unlikely that relaxation will lead to incorrect solu-

tions. Obviously the final solution should always be checked by

inserting it in the initial equations.

The peculiarities in the approximate solutions given in Table

XI do not arise solely because of the use of relaxation methods.

Applied to ill-conditioned equations other iterative methods of

solution can be equally misleading. Direct methods of solution

are also not above suspicion. Thus Crout’s4 method applied to

equations (10) gives an answer of

x
x
=-4.7375 , x

2
= 4.3750 , x^^ =*2.6875 , x

4
=-0.0125

with residuals of

0, 0, 0.3375, 0.

It is true that the third residual is a little large; the solution,

however, is hopelessly incorrect.

Ill-conditioned equations, together with suggestions for re-

conditioning or for solving them, have been discussed by Morris,
5

Neville 6 and others.

13 . In this chapter the basic principles and many of the auxiliary

devices of relaxation methods have been discussed. The illustra-

tive examples have all been simple; however, it is not suggested

that problems of such magnitude should be solved by relaxation.

The power of the methods lies in the fact that they may be applied

to problems having many unknown quantities with no more trouble

than that already indicated. The time taken to obtain a solution

may be longer, but tbe difficulties are no greater.

Problem types to which the foregoing techniques have been

applied directly include:

Continuous girders with and without end thrust;
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Plane and space £rame.works having either pinned

or rigid joints;

Adjustment of errors in a level survey;

Electrical networks.

All have the common characteristic that, mathematically

speaking, they are linear systems having a finite number of de-

grees of freedom, and from that viewpoint any problem falling with-

in that category should be amenable to relaxation methods.
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CHAPTER II

FINITE-DIFFERENCE APPROXIMATIONS

A. ORDINARY DERIVATIVES

i. Although many problems may be reduced, finally, to that of

solving a finite number of simultaneous linear algebraic non-homo-

geneous equations, this is not true generally. Thus, in considering

the mechanics of continua, the associated problems involve either

ordinary or partial differential equations. Differential equations

differ .from the types of equations so far treated in that they are of

infinite degrees of freedom. Given some differential equation

f (x, y, y', . . . , y
(n) = 0 ,

(where y
(n> stands for <t

ny/ dxn
), for each point x there is a corres-

ponding y, and in any x interval of definition with which the

differential equation is concerned there is an infinite number of

such points.

To bring differential equations within the ambit of relaxation

methods it is necessary, first, to approximate to them by systems
of equations having a finite number of degrees of freedom. This is

done by using finite-differences. Their use for obtaining approxi-

mate solutions to differential equations is, of course, not

new. 1 ’*"' 9 For the application of relaxation methods their use is

an essential preliminary; however, the relaxation process, as
applied to differential equations, refers to the methods of solving
the finite-difference equations so obtained, not to their derivation.

Using them, approximate numerical values of the wanted function

are obtained at a finite number of nodal or pivotal points within

the range, or region of integration of a particular problem. In this

chapter we are concerned with obtaining finite-difference expres-
sions for various derivatives, and so far differential equations.

26
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2. SIMPLE DERIVATION OF FINITE-DIFFERENCE EXPRES-
SIONS Consider the function y = f(x) shown graphically in Fig. 1.

by

The first derivative, y^x), at any point on the curve is given

*L u lim + ~M .

dx h ° h

For the point x = 0 we may write

h f (x
q

+ h) — f (x
q ) + eh

where 8 approaches zero with h, and the point x = 6 approaches

the point x = x
q , By (dy/dx)^ is meant the value of dy/dx at the

point x = /P‘.

Approximately then, when h is small, and therefore with an

error that is small and approaches zero with h, we may write
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'dy\ f (x
p
+ h) — f (x

q
)

d7j/ h

or, with f understood to mean the value of f(x) at the point x =

This is the desired finite-difference expression. It gives, ap-

proximately, the value of the first derivative, y
7
(x), at the point

x = 8 in terms of the values of y ( = f (x)) at the two adjacent points

x = x
q , x = x . The expression is, of course, well known from

elementary Calculus. For some purposes it is better to use a

spacing of 2h, and so we have, also,

2h
(ar)

“ f
1
~ f

-x (2)

Finite-difference approximations to higher derivatives can be

obtained in a like manner. Referring again to Fig. 1, for y= f(x)

we have

Also

£V = £ [Ay\
dx 2

dx Vdx/

so that

« f. + f . -2f
1 -1 o

(4)

on substituting (1) and (3).

Similarly, it can be shown that
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,
/d 3

y\
2h3

f
—- » f _ 2f + 9f _ f

V dx 3
/

2 1 -1 *2 ’

' 0

/d 4
y\

1,4ti) -
*,

- *. f
.2

^ ' o
*

(5)

(6)

Expressions (2), (4), (5) and (6) constitute the main ones with

which we shall be concerned.

3. DERIVATION USING THE TAYLOR SERIES. It is possible to

obtain the foregoing expressions by other means. Let us consider

the Taylor series expansion
4
around the point x = a

f(x) = f(a) + (x — a)f'(a) + (x — a)
2
f"(a)/2! + - - - , (7)

and use it to obtain* for example , the finite -difference approxima-

tion for (y") corresponding to (4).

Evaluating the series for the points x = x,, x = x_
x ,

gives

h
2

h
3

h
4

f, =.f + hf' +— f"+— f"' + — f
lv

+ - - -
i o 0

2!
0

3!
0

4!
0

h2 h
3

!i
4

f, =f -hf'+—f"
f
lv

-1 o 0
2!

0
3!

0
4!

0

and, adding these, we have

, 2h
4

h
2 f" + f

lv+
0 4! 0

f, + f , - 2f1-1 0

Thus we see that in using the expression

h 2
*1 + — 2f

0
(9)

the error involved is (2h 4
/4 !) (d

4y/dx 4
)
o

+ .

4. POLYNOMIAL REPRESENTATION The expressions so far

derived are all symmetrical with respect to the point at which the

derivative is evaluated. Thus the finite-difference formula for

(d
2 y/dx 2

)
o
involves the points x = x

,
x = x

q ,
x =x^ Circum-

stances arise, however, in which this type of expression is not
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convenient for use, and it becomes desirable to consider other

point configurations. Using polynomials in x it is possible to

derive such non-symmetrical expressions. This method will be con-

sidered in greater detail later; however, an example here will make
its use clear.

Consider a set of points x
q , x^ x

2
,— , spaced a distance h

apart, as in Fig. 2,

Fig. 2

and let us find an expression for d
2y/dx 2

at the point x = x in

terms of the values ofy(=f (x)) at the points x
q , x 1?

x
2 ,

- - To do

this we shall assume that, locally, the function f(x) can be re-

presented approximately by the polynomial

y(x) = f (x) = a
o

+ t^x + ^ x2 + x3 . (10)

With x
q
as origin of coordinates it is obvious that a

Q
in (10)

has the value f
Q
so that, using the previous notation, (10) may be

written

f
x
- f

0
= a

!
X+ a

2
*2 + a

3
x3 > ( 11)

and it follows that

Substituting the abscissae values of x at the points x
1 ,

x
2 > *jj >

in (10) gives the three equations

f

f

f

1

2

3

= ajh + a
2
h 2

+ a
3
h 3

= 2 ajh + 4a
2
h 2

+ 8a
3
h 3

= 3a
z
h + 9a

2
h 2

+ 27a
3
h 3
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and, solving for 2a
2 , we obtain

h
2 2£„-5f

1
*4t

!
-f

s (12)

as the desired expression.

Actually this use of polynomial representation differs from the

use of the Taylor series only in the matter of notation, for, on

continued differentiation of (10) and then putting x equal to zero

in the resulting expressions, we obtain

f'(o) = a
x ,

f"(o) = 2a
2 ,

f~(o) = 6a
3

Insertion of these expressions in (10) shows its identity with (7)

when the latter has' been suitably terminated, and point a is the

origin of coordinates.

5. A MORE GENERAL METHOD OF DERIVATION The polyno-

mial method of derivation or, as has just been demonstrated to be

the same thing, the terminated Taylor series expansion, may be

„ made rather more general and systematic. Suppose it is desired to

obtain the finite-difference approximation, evaluated at the point

x. , for some expression (of some or all of the first k derivatives)

k

p v (x)
<Tf(x)

v=0‘ " dx
v

From the Taylor series (7), by writing down the expansions for

f(x. + ph), p = — 1
,

. . . , m, it will be seen that we may write^

2 p (x )f
(v)

(x ) + X p (x )f
(v)

(x.) + 2 C f(x +pli)
, (13)

y=o
v 1 1 v=k+r v 1 1

1
p 1

where p = -1, -1 + 1, ... ,m-l,m, with 1 and m as integers, h is the

(8). More correctly, this expression is

I Pv(x s
)^(x.) + e d

I
^”1_ = + ph)

wher^
|
9

|

< 1 , D is a constant independent of f(x) ,
and

|

f^
+r+1

^| is the

maximum value of f^
+rfl\x) for x. < x £x. +ph.
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finite-difference interval shown in Fig. 2, and f
v
(x.) stands for

(d
v
f(x)/dx

v
).. It is not possible to make the coefficients of all of

the derivatives after k
1*1 vanish; however, it is reasonable to expect

some of them to do so. In (9), for example, the coefficient p 3
(x )

of f'"(x
o) is zero. If, in (13), for v = k + 1, k + 2, . .

.

,
k + r, the

coefficients p v are all zero, then we say that the expansion
’

(14)

is correct up to the (k + r)**
1
order. For this to be so it can be shown

v — 0,1,..., k,

v = k + 1, . . . , k+ r .

(15)

that we require
10

p v (xj)i/!/h
v
=
p?_1

Cp (p)
w

0 -
Pi^r

)V

The coefficients p v (x.), v = 0, 1, . . . , k, are, of course, numbers,

and the integers 1 and m are such that 1 + m = k + r.

Using (15) a finite -difference expression, correct to any order,

may he constructed for any derivative, or sum of derivatives

suitably multiplied by desired coefficients p^(x). We shall illus-

trate the procedure by considering again the previous problem:

to construct an approximation of order three for d
2f/dx 2

, evaluated

at the point x = x
q

in terms of the values of f(x) at the points

x=x
1? x2 ,

Here

k = 2 ,
and p 2

= 1 ,

pv = 0 for v = 0, 1, 3 ,

r = 1 ,

1 = 0, m = 3, l + m= k + r = 3 ,

so that, from (15) we have for

v = 0

v = 1

v = 2

v = 3

C
0 + c

x
+ c.

2 + C
3 = u

Cj + 2C
2 + 3C

3
= 0

C 1+ 4C
2
+ 9C

3
= 2!/h

2

C
1
+ 8C

2
+27C

3
= 0 .
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The solution of this set of equations is

C
q
- A , C

J
= -5A/2 , C

2 = 2A .

where

A = 2!/h 2

and hence, from (14), the required expression is

C
3
= -A/2

d^f

dx 2
= 2^-Sf, + 4f

2
-f3+C -

d 4
f

d^1
• + - - - '(16)

which agrees with the previous solution (12).

6. LINEAR DIFFERENTIAL EXPRESSIONS L[f(x)]. With the

aid of the formulae now at our disposal, it is an easy matter to

write down the finite-difference expression for -any linear ordinary

differential expression L [f(x)]. One example will suffice to make
this clear. Consider, for instance, the expression

<i
2
y dy .

*?-

Using (2) and (4), for any point x = x we have

d2 y dy

t dx
2 dx

4y')
]j2

^1 +
*-i

^ +
2jj

^1 4f
o’

' /o

= ^2*^1 (2 + 3h) + f.
1
(2-3h)-4£

o
(l + 2h 2

)^. (17)

Obviously, this representation is not unique, for the number of

terms included depends on the orders of accuracy of the indivi-

dual substitutions.

B. PARTIAL DERIVATIVES

7. We consider, now, the finite-difference approximations to

partial derivatives. We shall concern ourselves with equations in

two independent variables only, equations of the form

dw dw d
2w d2w

dx
’

dy * dx 2 * dxdy
*
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and so shall he interested in derivatives of the type

dw <?
2w

H ’ <?x
2 ’

dw d2w

Ty ’ d Y
2 ’

d
2w d 3w

dxdy dx
2dy

In these, w is a function of the two independent variables,

w = w(x,y). Geometrically we may think of it as representing the

surface in x,y,w space described by the point with coordinates

(x,y,w) as the point (x,y) ranges over the domain of definition of

the function. In general the x,y and w axes will be taken as

Cartesian axes/ 9^

8. FINITE DIFFERENCE EXPRESSIONS FOR SQUARE NETS .

The desired approximations may be derived in a manner similar

to thate of Section 2. Consider a region R of the x,y plane sub-

divided into rectangles by a superposed net or mesh of lines

parallel to the reference axes. Although not essential, it is very

desirable that the pattern so formed be regular, and for most pur-

poses a square subdivision is the most useful. Accordingly, we
shall take it as such, the squares being of side length h, as shown
inFig. 3. For reference purposes several of the intersection ornodal

points of the net have been numbered. The third coordinate w(x,y)

maybe thought of as being plotted normal to the plane of the paper.

In the figure let the point marked 0 be any point. For con-

venience we shall assume it to be at the origin of coordinates

x = 0, y = 0, and for the value of w(x,y) at that point we shall write

w . The coordinates of other points are obvious, although there is

no connection between the number of a point and its coordinate

values. For example, point 5 has coordinates (h,h), the value of

w there being written as w . This notation, although not the one in

general use, is very useful for our purpose.

(9). We shall also be concerned with problems in which w is a function

of the independent variables r,z of a cylindrical coordinate system. The
same remarks hold, however, in that the axes r,z,w will also form a Car-
tesian system.
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Fig. 3

Without essential modification the expressions derived in

Section 3 will still hold. In the above notation, and referring to

<dg. 3, we have(10)

2h

2h

h2

h
2

w, — 2w^ +
1 O <5

wn — 2w + w.
2 o 4

9

y (is)

(10). From now on we shall drop the use of the approximately equals

sign, =, unless a special circumstance demands otherwise.
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2h*

2h
3

d3w

<9x
3

53w

y

a4w

a X 4

a -- 3

h 4
a4w

ya
-4

= w
g - 2wj + 2w

3
- w

xl

= w
10

“ 2w
2
+2w4~ W

12

= w
9
- 4w

x
+ 6w

q
- 4w

3
+ wu

= w
10 - 4w

2 + 6w
o
- 4w

4 + w12

>(18)

The mixed derivatives, also, may be obtained readily* Since

d
2w d fdw \ d /<9w^

5x<9y dx\dy) dy\dxj

have

<?
2w

dxdy
4

chv

<9y

<9w

dy

and, substituting expressions similar to that for (c?w/dy)
Q

in (18)

gives

that is

md2w

\dxdy
*

4h"

W5~ W
8

W
6
~

o

<9
2w

2h 2h
/2h ,

= w
5
-w

6 + w7
-w

8

2h
3

2h
3

dxdyl
o

Similarly it may be shown that

c?
3w

dx
2dy

\

<9
3w ^

d^l = W5~ 2v
i
+W8- W6 + 2W

:

a 4~

(19)

= w
5
- 2w

2
+ w

6
- w

8 + 2w
4
- w

7

3
W7- > (20)

h W 2
dy 2

)
“ W

5
-2W

2
+ W6-2W

1
+4W

0
_2W

3
+W8“ 2W

4
+W

7 J
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Expressions (18), (19) and (20) include all those normally en-

countered. As for the simple derivatives they chn equally well

be derived by considering Taylor series expansions or appropriate

polynomials in x and y. To illustrate them again, however, would

be mere repetition.

9. A -SHIFT OPERATOR Another method of derivation is avail-

able,
11 and since it is easy to use and is also fairly flexible it

may, at times, be of value. It is best described with a notation

different from that already used. Let w
x

be the value of w at the

point (x,y), for example w
L 2

is the value of w(x=x
Q
+h, y = yo +2h).

We define shift operators E“ , ,
such that

E 1 w = w, n ,x o,o 1,0

E 1 w = w n , ,

y o,o 0,1 9

and in general

Em E n w = w
x y o,o m,n

Their use is best shown by means of an example. Let us find

an expression for c?
3w/dx2

dy. From (18) we have

d
2w 1

which can be written as

:(E’
1 -2E 0+E1

)w

<9w 1
— (w - w ,)

dy 2h

— (E
X-E'V

2K y y 0)0
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©dx2dy dy

-h(E* - E'l) ^(E'1 - 2E° +E 1
)

2h 7 7 h 2 x x x'

(E^E 1 - 2E°E 1
+ E 1 E 1 -E' 1 E* 1

+ 2E°E‘ 1-

E

1 E" 1)™
2h 3 x r x y x y x y x y xy o fo

J (
w-i,i~ 2w o,i

+ w
1( i “*-i,-i +2w o,.i

,

(21)

which is the same expression as that given in (20).

Symbolic operators have also been discussed by Bickley 12
.

10. LINEAR DIFFERENTIAL EXPRESSIONS L[w(x,y)L To illus-

trate the use of expressions (18), (19) and (20) let us write down
finite-difference approximations to

<9
2w <9

2w

J72
+ d^ ’ (22)

<9
4w <9

4w d4w

^ + 2
i^V

+
a7 ’ (23)

<?
2w k dw <3

2w
TT + “ ~7~ + ~T~2 (24)

at r or dz

In problems of mathematical physics these expressions, or varia-

tions of them, occur frequently.

From (18) we have immediately for any point 0

/<9
2w <?

2w \ "

w,)+ (w — 2w + w )
3 2 o 4 J

= w. + w +w, + w -4w
A 2 3 4 €

. (2S)

and similarly, for the biharmonic expression (23)
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<?
4
>

' + 2
<9
4
,

20w
q + w2 +w3 +w4)

;<9x
4

<9x
2
<9y

2 dy4j

+ 2(w
5
+ w

6 +w7 +w8
)+ (w

9
+w

10
+wn +w12 ) ,

the points 0,1, . . . , being those shown in Fig, 3,

(26)

In the third linear expression, (24), the axes of the independent

variables are the radial direction r and the axial direction z of a

cylindrical coordinate system. Since they are perpendicular the

discussion of Section 2 will still be essentially true. Now, however,

since the coefficient of one of the terms involves the variable r,

the r coordinate of the point 0 will enter into the finite-difference

expression. This can be seen from Fig. 4, in which t
q

is the r

coordinate of any point 0.

Fig. 4

From (18)



11. OTHER REGULAR NETS. In addition to the square net on

which are located the points selected in the finite -difference

representation, Christophers on and Southwell
13

have shown that

for some purposes two other regular nets may be used, namely,

hexagonal and (isosceles) triangular, Fig. 5.

FIG. 5

Neither net is in general use; however, the triangular one has been

applied to the Laplacian expression V2
w, for which a finite-

difference representation
13

is

3 2
f9

2w <9
2w\

—h -—5- + - = w + w + w„ + w + w, + w, - 6w
2 \dx 2 dy 2

4
1 2 3 4 5 6

It can be shown that for the same mesh size h this expression is

more accurate that that for the square mesh, (25). An approximation

using the triangular net is also available for the biharmonic

expression14 (23). It is much more complicated than (26), and its

use does not seem warranted.
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MORE CORRECT EXPRESSIONS. As for ordinary derivatives,

it is possible to develop finite -difference representations for linear

differential expressions which are correspondingly more correct

than those of Section 10, in that the first term in the Taylor expan-,

sion to be neglected is of higher order. For example, one possi-

bility is

12h 2
<9
2w <9

2w\

“ 16(w
1 + w2 + w

3
4- w

4
) - (w

9 + wx 0
+ wn 4- w

12
) - 60w

o ,

the point numbering system being that of Fig. 3. This expression

is correct up to the fifth order, whereas (25) is correct up to the

third only.

Approximations of this type have not been used to any extent

in relaxation methods. As will be seen later, for partial differen-

tial equations there is much to be said for keeping the approxi-

mations as simple as possible. Accuracy can be increased in other

ways.

13.

In addition to the foregoing finite-difference expressions

special circumstances demand the development of others. One

such possibility that will occur to the reader is that in which the

mesh spacing is not constant. There are others also. Rather than

introduce them here these cases will receive consideration as the

necessity arises.

C. INTEGRALS

14.

Given a set of quantities y. (i = 0,1, . ..,n) spaced equidistant

at points x. along some coordinate axis and which represent point

values of some function y(x), as well as obtaining the derivatives

of various orders at the points it is also necessary to be able to

integrate the function numerically. Many formulae are available

for this purpose.

Referring to Fig. 1 a very simple one-strip rule results from the

assumption that the curve y. = f (x) is replaced by the piecewise

straight line that joins the points y , y. + 1
. Then, for any two

adjacent points ,x
q ,

x , we have simply



(28 )
=P

D t O+h I

J x
0

£(x)dx = (f, + f )
—

1 0
2

Replacing the curve by polynomials of various orders which pass

through the points y leads to formulae of increasing complexity^
Thus, on fitting a parabola to three consecutive points, Simpson’s

(first) two-strip rule is obtained,

A
o,o+2h

f (x)dx = (f
Q
+ 4f

1
+ f

2
)~-

(29)

Another useful result is tlie five-strip rule

o# o+5h

=

J

^ f(x)dx = ^19(f
o
+ f

5)
+ 75(f

x
+f

4)
+ 50(f

2
+ f

3)|~. (30)

As for the finite-difference expressions, the above rules are ap-

proximations, the correctness of which depends on how closely the

fitted polynomials represent the function f (x). In addition to (28),

(29) and (30) several other such rules have been collected together

and published by Bickley,
1"6

the error in each being indicated.

For integration with respect to two independent variables

similar expressions can be obtained by simply applying the fore-

going ones twice over. Referring to Fig. 3 we can apply (28) to

find the surface integral of w(x,y) over a single cell, for example,

over the square region bounded by the nodal points 0,1 ,5 ,2. Inte-

grating first with respect to x gives

and

x=h,y=0

,-fJ x = 0, y

=

w(x,y)dx - *(w
]L
+ wq

)~

(11). It dees not necessarily
|C J

accurate results.

follow that such formulae give mare
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X=h,y=h

w(x,y)dx = (w
5 + w2 )

and hence

Aw '/,

V
0, 1,5,2 = J J

w(x,y)dxdy

r y*h
= I A
J ysO

A dy

~ (A
2>5 + A 0^

h
2

= K + W
1
+ W

5
+ W

2Y (31)

In a similar manner double application of Simpson’s rule gives, for

the surface integral overthe region bounded by points 1 ,5 ,2 ,6 ,3 ,7,4 ,8,

A f h h2 r

I I w(x,y)dxdy * —J (w
6 + 4w

2 + wg
) -f- 4(w

g + 4w
q + wx

) +
J -h J-ii ^ V .

+ (w
7 + 4w

4
+ Wg) k

-VC
16w

o + 4(w
1
+w2 +w3

+w
4 ) + (w

5
+w

6
+w

7
+w

g)^.; (32)

however, as Bickley
3
has shown, it is possible to do better than

this still using only the nine quantities w
q , Wj , * * . ,

w
Q

.

For many surface integrals for computational purposes it is

more convenient to use Simpson’s rule, or some other alternative,

in a slightly different manner, that is to integrate along each of

the mesh lines in turn but in one direction only, and then finally

to complete the calculation by integrating in the other direction

using all of the just-obtained partial integrals. For example, using

(29), let w. be the nodal values of the function w( x,y)in, say, the

x direction on any one mesh line for which y is constant. Then,

for these values we have
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x +2nh,c

A = / w(x,y)dx

x ,c
0

-l{
W

o
+ 4w

l
+ 2w

2 + 4-w
3
+ . . . + 4w

2n_1
+ w

2n
j.

= l|{
(w

o
+ W2

n}
+ 2 (w

2
+ w4 + • • • + + 4(w

l
+ w

3
+ • • • + V

''2n-l
)

|
*

Repeating this for each such mesh line gives a set of quantities

A., i = 0,1, . . . , m,

which can then be integrated, in a similar manner to give the com-

plete integral.
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CHAPTER III

LINEAR ORDINARY DIFFERENTIAL EQUATIONS

1 , It will be recalled that the general solution of a differential

equation includes arbitrary constants. By means of imposed ter-

minal conditions the constants appropriate to any particular problem

can be resolved; however, lack of knowledge of those conditions

does not prevent the general solution from being written down. In

the approximate numerical solution of a differential equation this,

however, is not the case. The answer takes the form of a set of

numerical values of the wanted function, given at a discreet num-

ber of nodal points in the domain of the function. It is argued that,

if the equation can be solved approximately to give such nodal

numerical quantities, then it can be regarded as approximately

solved everywhere in the interval, sinc£ values of the function at

other selected points can be obtained by interpolation.

This brings to notice the main difference between numerical

methods and analytical methods of solution of differential equa-

tions. Apart from the approximate nature of the answers, numerical

methods are concerned only with obtaining answers to particular

problems. No answers involving arbitrary constants are possible.

Answers of the form y = f (x) cannot be obtained. Before a numeri-

cal solution is possible complete details of the problem must be

known, that is not only the governing differential equation, but

also the complete set of terminal conditions necessary to give a

unique solution must be specified.

2. In integrating differential equations numerically it quickly be-

comes evident that two main classes of equations exist. In one the

range of integration is finite, or closed, and. terminal conditions

are specified at both ends; in the other the range is open and initial

terminal conditions are given. For example, a second order differ-

46
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ential equation in one independent variable requires for its com-
plete solution two terminal conditions. Those most commonly given
are:

(i) the function and its first derivative are specified at one end
of the range, or

(ii) the function or its first derivative is specified at each end of

the range.

The first type of problem would be solved by a step-by-step or
build-up process, the second can conveniently be integrated by
relaxation methods. Y\e shall be concerned only with the second
type of problem.

1 *2

As was mentioned in Chapter II, in order to obtain an approxi-

mate numerical solution to a differential equation the system is

first reduced from one of infinite degrees of freedom to one of

finite degree. This is done by the use of finite-difference expres-

sions as developed in that chapter. In this chapter we shall con-

sider a method of solving the resulting set of algebraic equations

that arise from their substitution.

3. REDUCTION TO A SYSTEM OF FINITE -DIFFERENCE
EQUATIONS. Let the interval [a,b] of the independent variable

x, [a<x $b], for which the problem is specified, be subdivided

i nto n equal subintervals

as in Fig. 1. The length of each subinterval is

h = (b-a)/n

4

—

i—-—I
1

+ i 3Cn-i b

Fig. I
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Substituting the appropriate finite-difference expressions in the

governing differential equation gives, for any point x., i=l,2, . . .,

n - 1, a simple algebraic equation in terms of the (unknown)

function at points x.
±1

, 1=0,1,... . There will be one such

equation for each internal point x., so that, since the equations

are linear, we have finally a set of simultaneous linear algebraic

equations instead of the original differential equation.

Consider the equation

d y
+ 3 —— - 4 y = 0 .

d x
(1 )

The corresponding finite-difference equation has already been

obtained, (17) of Chapter II. Accordingly, for any point x., (1) may
be replaced by

(2 + 3h)f.
+ 1 + (2 - 3h)fw - 4(1 + 2h

2
)f. = 0 , (i-1,2, . .

.
,n-l),(2)

where f. is understood to mean f(x.). To complete the specifica-

tion of the problem, let the range of integration be

[ a = 0 £ x £_ b = 1]

and the terminal conditions

at x = 0, f =0,7 a 7

at x = 1, f
fc

= 1000.

For convenience we shall take n = 10, so that h = 0.1, and substi-

tution in (2) gives

i = l, l-7f -4.81 + 2«3f = 01 a 1 2

i = 2, l-7f
x
- 4-08£

2
+ 2-3f

3
= 0

i = 9, l-7f
g
— 4-08f

g
+ 2*3f

b = 0 .

(4)

In virtue of (3) we thus have a non-homogeneous set of nine

equations for nine quantities, so that a unique solution exists.^

(12). The determinant of the coefficients is not zero.



49

4 . RESIDUAL AND RELAXATION OPERATORS. Hie procedure

to be used in solving (4) in principle is the same as that of Chapter
1. For each internal point we devise a residual operator and a unit

relaxation operator. Application of the residual operator to a

giessed set of values for f., i = 1, . . . , 9, gives the error at each

point, and systematic liquidation of the residuals is effected by

means of the unit relaxation operators.

Both operators are easy to obtain. Let us assume that by some
means or other (guessed usually) values have been obtained for

f., i = 1, . . . , 9. Since in general these values will be incorrect

we may write (4) as

1 * 7 f
a - 4 • 08 f

x
+ 2*3 f

2
= R

x

1*7 f
x
- 4 • 08 f

2 + 2 • 3 f
3

= R
2

1. 7 f.
,
-4*08 f. + 2-3 L

,
= R.

i-i i l+j i

1-7 f
B
- 4-06 f

9 + 2-3 f
b = R

9

r (5)

where, for a correct solution, we desire all the R. to be zero.

Equations (5) are, in fact, the residual operators/
13

^ Note, however,

that they are virtually all identical, the equation

1 ‘ 7f
i-i

-4-08f. + 2 • 3 f.
+1 = « (6)

being typical since they are all independent of the actual position

of x. . For computation purposes there is only one residual opera-

tor, namely (6).

This remark applies also to the unit relaxation operator. Let

us write down all the residual equations that contain the termf..

They are

(13). This is not quite correct. Actually, as will be seen, the coeffi-

cients constitute the operators.
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' 7
h-2

-4-08 f..j + 2-3 f . = R._j

-4-08 f. +
1

2-3f
i+ i

= R. y

1-7 f.
1

- 4-08 f
i+1

+ 2 - 3 f
i+2

= R
i+J

y

A unit relaxation operator has already been defined as the effect

on all the residuals of a unit alteration (or displacement) to one

of the unknown quantities, the remainder of them being unchanged.

By inspection, or by writing down the differentials for R.^, R.,

R. + 1
in (7) and then putting df. = 1, df. = df.

+ j
= 0, it can he

seen that for a unit displacement to f. we have

(fj-1) , Rw -2.3 , R .
= -4-08

,
R.

+1 « 1*7 . (8)

This is the unit relaxation operator. As mentioned above it is in-

dependent of the position of the point x..

These two operators may be presented pictorially as in Fig. 2.

hPi
h7| -~4’Q6| 2-34-

1 1-4*03

(a) Residual operator (b) Unit relaxation operator
for point for point

Residual and relaxation operators, h = CH

Fig. 2

For the residual operator, to the left of each point is written

the coefficient which multiplies the value of f at that point, and to

the right of the point for which the residual is being calculated is

given the value of any quantity that is to be added independently

of the value of f at that point. Summing all the quantities so ob-

tained gives the residual at the point^i. For the unit relaxation

(14). Rather than refer to a point as the point with abscissa x., or more
simply as the point x., it is convenient to call it the point i.
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operator, to the right of each point is given the increment of resi-

dual to be added as a result of the (unit) displacement given on the

left of the point i. Using the residual operator the, residuals can

be calculated at all points. Using the relaxation operator the resi-

duals can then be systematically reduced to zero everywhere, or,

as is more usual in practice, to quantities as small as desired.

The more general operators, applicable to any subinterval of

length h are given in Fig. 3.

(2-3h)

|

-4(l+2h*)| (2+3 h)

|

(a) Residual operator
for point i

|

(2+3h) I|-4(l+2h
2

) j(2-3h)

(b) Unit relaxation operator
for point l

General residual and relaxation operators

Fig. 3

5. SOLUTION BY POINT RELAXATION . Using the operators of

Fig. 2 let us integrate the problem given in Section 3, namely the

differential equation (2) with terminal conditions (3). This we shall

do in an automatic manner, that is simply by approximately liqui-

dating the largest residual at each step.

To do this the problem is set up in the following manner. Cn a

suitable sheet of paper is drawn a set of columns in number equal

to the number of subintervals n. It has been found that a satisfac-

tory column width is about 1 inch. To the left of each vertical line

are written increments in displacements, and to the right progres-

sive totals of residuals. To obtain the initial set of residual values

a guess is made at the solution. Failing any guide, we shall here

assume all displacements (except those specified by terminal con-

ditions) as being zero. Several steps in the solution are given in

Table L



TABLEI. SOLUTION USING

Line
*0 f

l
f
2

R
2

f
3

P f1 v

3
x
4

8 f

i 0 0 0 0 0 o

2

3

4

5

6

7
,

8

9

10

11 230 100

12

13

14

15 115 50 26

16

17

18 141 50

19

20

21

22

23 256 50

24 230 50 52

151 0 1 1.0

TOTAL 0 161 0.9 286 -0.8 383 0.3 477 1.4 560

CORRECT
SOLUTION 0 161.1 286.0 388.4 477.8 560.5
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Line 1 shows the initial displacements, and the resulting

residuals obtained by the use of the residual operator given in Fig,

2. As can be seen the largest residual (in fact the only one) is at

point 9, and is of amount 2300. This is approximately liquidated in

line 2. The handle of the relaxation operator is of magnitude -4.08,

so that we apply the operator multiplied by 500. As well as reduc-

ing the residual R
9

from 2300 to 2300- (4.08x500)= 260, the dis-

placement gives a residual at point 8 of amount 1150 (=500 x 2. 3),

and also at the terminal point of amount 850 (=500x1.?). At the

latter point, however, the displacement is given initially and is

not to be altered, so that the residual there will never be relaxed.

It is unnecessary, therefore, to write down the residual R-
10

. This

applies to point 0^ also.

The largest residual is now 1150 at point 8. To approximately

liquidate this requires a displacement there of 300. This reduces

the residual R
g

to 1150 - (300x4.08) = —74, and at the same time

throws residuals of 690 and 510 onto points 7 and 9. There is,

however, already a residual of 260 at point 9, so that the total

there will be 260 + 510 = 770. These are the results given in line

3. The remainder of the steps represent a continuation of this

process, the solution finally being obtained after 151 steps, at

which stage die maximum residual is 1.4. Adding the displace-

ment increments in each column gives the result shown.

For this problem an exact solution is possible. It is

f(x) = 370 • 375 (

e

x - e"
4x

) (9)

and, evaluating it for the points x = 0-1, 0-2, . .
. ,0*9, gives the

correct result shown for comparison at the bottom of the table.

6. DISCUSSION . Neither this problem nor, for that matter, the re-

laxation of linear ordinary differential equations will be discussed
in great detail. In many respects the technique is the same as that

to be applied to partial differential equations, and accordingly

major discussion will centre around that topic later. Almost all the

remarks to he made there will carry over, with abvious simplifica-

tions to the integration of ordinary differential equations. It is ap-

(15). Here, point a is point 0 and point b is point 10.
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propriate at this stage, however, to discuss some aspects of the
technique just used.

Attention, as always, is concentrated on the residuals, or on
methods of reducing them. In the first step of the procedure, Table
1, the initial residual (total) is 2300. In one operation, line 2, that

total has been reduced to 1410 (=1150 + 260). By the end of line 6
the total has been further reduced by 990. By the end of line 10,
however, the total has fallen only a little to 881, and by the end of

line 20 to 756. Although it may be surprising at first, .this is to be

expected, and is a direct consequence of the nature of the relaxa-

tion operator. From Fig. 2, for a unit displacement at one point,

the total effect on the residuals is very small, being

2.3 + 1.7 — 4.08 = -0.08

Thus, at each relaxation of an internal point (other than points 1

and 9) only a small part of the total residual is lost. The result of

relaxing is mainly to smear the residuals over an ever wider portion

of the region of the problem, until finally they are reduced in part

by being pushed over the boundary. This is a very general feature

in die solution of differential equations by relaxation methods .

Viewed in this light the relaxation process should be directed to

the end of getting the residuals to the terminal points, or boun-

daries, as soon as possible.

It is obvious, now, why the previous problem took so long to

relax. Although not shown completely in Table 1, 151 steps were

necessary. Since only one point was displaced at a time the side-

ways movement of the residuals was very slow. Also, and un-

fortunately, for any one displacement residuals are moved in both

directions, so that even when a residual has been strategically

worked into a position near a terminal point, its liquidation throws

portion of it back towards the centre of the domain again.

This brings to notice another, but not unrelated point. At each

step in the process we were content merely to liquidate approxi-

mately one residual. After one or two steps it is obvious that noth-

ing is gained by exactly liquidating a residual since, almost in-

evitably an adjacent point will be displaced sooner or later, so

causing a new residual to be added to that just liquidated. The

situation is similar to that discussed in Chapter I. Over relaxation

would here be very desirable. Rather than merely reduce a residual
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considerably, time would be saved if the residual were made to

change sign, by a considerable amount, instead of only slightly

overshooting zero as has been done for instance in line 3. In this

way there would then be something in hand to be used for concel-

ling any new residual that would be added to it later* By how much

to over-re lax can only be determined by experience, and this can

only be gained by working out problems. It is in this manner that

the application of relaxation methods becomes an art. Methods of

speeding up convergence can only be indicated, but no precise

laws are available. In over-relaxing it is obvious that should a

point be so displaced that, in absolute magnitude, the new resi-

dual is greater (although of opposite sign) than it was prior to

relaxation of that point, then the rule for liquidating the largest

residual must be used with discretion. If followed without devia-

tion in this instance it would amount to immediately reducing that

same residual again, in fact to merely retracing one’s steps.

7. LINE RELAXATION OPERATORS. As in Chapter I it is pos-

sible to speed up the convergence of the relaxation process by

the use of special operators. For differential equations these

operators are very easy to construct, and involve merely the re-

peated use of the unit operator. For application to this problem we
shall find it sufficient to have available line operators in which two
or more points are displaced simultaneously by unit amount. Con-

sider, for example, the construction of a unit two point relaxation

operator. Obviously it can be obtained merely by summing the

separate effects of two adjacent point displacements. This has

been done in Fig. 4 in which the first two diagrams give (a) the

summation of the two single displacements, and (b) the total

result. Fig. 4(b) is the desired operator. Fig. 4(c) gives a unit

three point relaxation operator obtained in the same manner. Note
that this operator has a very desirable feature. The alteration to

the residual at the central point is very small compared with the

others. The residual alterations take place at the ends of the

operator, and there is practically no wash hack towards the centre.

Use of operators of this type can go far towards removing the first

troublesome point mentioned in Section 6. Unfortunately the

operator is not symmetric. As will be seen in the example to follow
this has its disadvantage, but it is not a cause of major trouble.
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(e)

Unit line relaxation operators
Fig. 4

From diagrams 4(b), 4(c), it follows that longer operators can

be written down by inspection. In this way are obtained the four

and five point operators 4(d) and 4(e). Actually it is not even

necessary to write them down at all for, from the general manner
of construction of the operators, and from the fact that the unit one

point operator affects only its two neighboring point residuals, it

follows that ail the internal points will have -0.08 effects, whilst

the two values at each end will be the same as those of 4(c).

Using these new operators, and keeping in mind the points men-

tioned in the previous section, Section 6, let us again relax the

problem of Section 2.

8 . SOLUTION USING LINE OPERATORS. The solution is given

inTablell. Line 1 shows the initial residual, R
? , of 2800; however

in line 2 it has been only partly liquidated. The reason is this. Our

aim is to manoeuvre the largest residual towards the central point 5

as rapidly as possible. This could be done in a variety of ways,

one of which is by using overlapping blocks of increasing length,

which is the method actually used. If R
9
were liquidated com-

pletely by the first displacement then subsequent block displace-

ments involving point 9 would cause R
9

to become more and

more negative. This is undesirable. No precise rule can be given

as to why a displacement of 200 is used initially; however it can

be made plausible by the following argument. It is obvious that the

residual can be pushed from point 9 to point 5 in four steps. The
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TABLE n. SOLUTION
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USING LINE OPERATORS
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necessary displacements are: point 9; points 9 and 8; 9, 8 and 7;

9, 8, 7 and 6. It seems reasonable, also, to suspect that the total

displacement of i
g
will not differ greatly from that of f

x Q
. Conse-

quently, since there is no obvious reason why the block displace-

ments should not all be of the same magnitude, and since at this

stage there is little to be gained in using a number smaller than

100 as the unit of displacement, 200 seems a reasonable displace-

ment to impose. Alternatively, lacking any intuitive insight as to

what may result, the reader should try the effects of, say, 100 and

800.

Line 5, then, sees us in the desired situation. The central

residual R
5 ,

of magnitude 460, is the largest, the others all being

considerably smaller. Totalling the residuals for the steps leading

to line 5 gives 2300, 1944, 1572, 1184, 780, showing a steady

decrease. In lines 6 to 10 inclusive the line operators are being

used in such a way as to move the residuals sideways in each

direction. In lines 6, 7, 8 and 9 the residual totals are 772, 748,

708 and 652, whilst in line 10 they have been reduced to 180. The
operations in lines 6 to 9 are merely preliminary to that of line 10,

the latter being powerful in that residuals are lost over the terminal

points. Furthermore there is no wash back of residuals, as occurred

in the first solution.

Line 10 practically exhausts the possibilities of displacements

of the order of 100, so we next commence using 10 as a unit, still,

however, using blocks wherever possible. In lines 11, 12, 18 and

14 the operations are somewhat similar to those in lines 2, 3 and

4 in that we are endeavouring to make the residuals more central.

In line 14 it seems desirable to liquidate R
3

. Although not the

central one it is the largest one, whilst towards to right the resi-

siduals are becoming negative (R
3

being positive). In lines 17, 18

and 19 the residuals are being smeared more evenly* and at the

same time are being lost over the boundary.

With the completion of line 19 the situation is quite satisfac-

tory. The residuals are now all fairly small and alternate fairly

regularly in sign. As such they are suitable for the application of

small block and point displacements. In line 20 the displacement

increments are totalled, and the residuals checked. Since decimals

have not been recorded up to that stage there are small discre-

pancies, but luckily no major errors. If, however, errors had been
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introduced in the earlier work no great harm would have been done.
Further relaxation would be necessary to reduce the new residuals,
but it would not be necessary to retrace the moves and locate the

errors. In lines 21 to 27, only two of which are shown in the

table, the positive and negative residuals are played against each
other, the final residuals and displacement totals being given in

line 28. The solution, of course, agrees with that given in Table I.

The very considerable saving in labour is obvious.

9. The solution in Table II serves to illustrate another useful

type of relaxation operator. Summing the increments up to and in*

eluding the operation of line 10 will show that the displacements

vary linearly. They may be regarded as being wedge-shaped. The
sole purpose of the series of operations leading to line 10 was to

liquidate the very large residual located adjacent to the right hand

terminal point, without introducing correspondingly large residuals

elsewhere. A few attempts show that it is possible to construct a

line relaxation operator, differing from those so far developed, that

will fulfil this requirement. Consider the operators shown in Fig. 5.

That marked (a) is the single point unit operator. Adding to it a

two point line operator gives (b), and the addition to (b) of a three

point line operator gives (c). It can be seen that in each case the

handle of point a is large; at the same time the carry over or side-

ways effect on the right is confined to the adjacent point but can

be displaced as far as desired to the left. In between the extreme

left point and point a the residuals are all very small. This type of

line operator we may conveniently call a unit wedge relaxation

operator .

The advantages of the use of this type of operator, where the

distribution of residuals is similar to that of line 1 in Table II,

are obvious. Instead of taking another nine steps to arrive at the

situation in line 10, it could be accomplished in one step. It would

require the application of operator (e), Fig. 5, point a coinciding

with point 9 and point b with point 1. This type of operator is use-

ful, in fact, in situations in which large isolated residuals are

located near the terminal points,, although not necessarily adjacent

to them.

The reduction of residuals as has been done in lines 11 to 19

inclusive, of Table II, may also be effected in other ways. Table
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III gives one example, both wedge and line operators having been

used. Note, however, that the wedge operators used in lines 3 ? 4 ,

5 etc., flow in the reverse direction, so to speak, to those of Fig.

5. Due to- lack of symmetry of the unit operator, it is necessary to

construct new ones, some of which are shewn in Fig. 6 .

|2-3 t|-4*Q8
j

1*7

|4*6 2|-5*66 l|-Q68 il*7

6*9 31-7*64 21-0*76 11-0*66 1 1-7>|-7*64 2 0*76

1

9*2 4|-*9*42

3J-0&4
2j-0*76 lj-O-66 |1*7

Unit wedge relaxation operators

Fig.G

The position at the end of line 12 of Table III corresponds

roughly with that of line 19 of Table II. Line 13, Table III, is a

check row; in it residuals have been calculated accurately using

the unit residual operator. It shows that the residuals are pre-

ponderantly positive, indicating (as is obvious from line 28 of

Table II) that further positive displacements will be required al-

most everywhere.

10 . ACCURACY. Line 28 of Table II shows that for that solu-

tion the residuals are all very small compared with the initial

residual,, and, what is equally important, their sum (2.3) is also

small. Further, apart from the time involved there is no reason why

they could not be still more reduced. Since they involve decimals,

for further liquidation it would be convenient to multiply them all

by 10, or 100 say, and so eliminate the necessity of using deci-

mals in the added displacement increments. In this way the resi-

duals could be reduced indefinitely, so that errors resulting from

the fact that they are not truly zero could be made as small as

desired. This does not imply that the solution in line 28, or even
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an answer obtained by further relaxation, would of necessity be in

good agreement witb the correct answer. For this problem it

happens to be so.

An obvious question that arises, then, is: How good is a solu-

tion so found and how may it be improved if desired?

As well as the errors that arise through incomplete liquidation

of the residuals, another type is also possible. For the solution of

differential equations by numerical methods the derivatives are re-

placed by approximating finite-difference expressions. This is a

second source of error, for reference to the methods of derivation

of the finite-difference expressions shows that certain terms are

neglected. For the second derivative, for example, we had, (8) of

Chapter II,

aw

and so could write

h 2f>f1+ £.1
-2f

o , (11)

the remainder of the terms on the right hand side of (10) being the

error in this approximation.

The nature of this error gives an indication as to how any

particular solution can be improved. The terms all involve powers

of h; consequently, as the subinterval size is decreased, so the

error terms become smaller. We can improve any solution by using

a finer subdivision of the interval of integration, recalculating the

new residuals and so liquidating them by further relaxation.

Naturally, it is not necessary to start anew each time with zero

displacements. Commencing values for the new displacements may
he obtained from the old ones by interpolation.

In order to know at what stage to discontinue this process we
compare solutions for each particular subdivision. We commence a

problem using avery coarse spacing of points and obtain a solution;

we halve the spacing and obtain a second solution. We continue

this halving and solving until there are no appreciable differences

in two consecutive solutions. At that stage we halt, and say we
believe we have a fairly correct answer. There are no means avail-

able whereby, even at the end of such a series of solutions, we can
say with all certainty what the error is. Many worked examples, for



67

'which correct solutions are known, show that about three or four
stages of subdivision suffice to contain the error within one per cent.

By differencing a solution it is possible to obtain a fairly

good guide as to its accuracy. Thus, for instance, in (11) the first

terra neglected is h4 f^v/12. If we were solving a problem the equa-
tion of which involved only the second derivative, for a reliable

solution we would require that the fourth difference be both small

and fairly constant/ 16
^ If, for any particular solution this were not

so, that in itself would be grounds for suspecting that the spacing
was still too coarse. This topic of improving the accuracy of a
solution will be discussed again later, see Chapter IX.

In Table IV are given the solutions to the problem of Section 3
for the three consecutive subdivisions h = 0.2, 0.1 and 0.05. Com-
paring the first with the second shows a noticeable difference in

the displacements; the third, however, is almost identical with
the second, so that we can accept the third as being sufficiently

accurate for all practical purposes. Comparison with the correct

solution shows this to be so.

TABLE IV. COMPARISON OF SOLUTIONS

Point
Solutions

isa h = 0.05 Correct

0 0 0 0 0

i 86.2 86.1

2 161 161.2 161.1

3 227.2 227.1

4 291 286 286.2 286.0

5 339.5 339.3

6 388 388.6 388.4

7 434.4 434.3

(16). In fact it is sufficient that h4 x (fourth difference) be small even
though the fourth difference itself is not so.



Solutions

Point h = 0.2 h = 0.1 h - 0.05 Correct

8 482 477 477.9 477.8

9 519.6

10 560 | 560.5—
11 601.0 600.9

12 644 641 .4 641.3

13 682.0 682.0

14 723 723.4 723 .3

15 765.7 765.6

16 811 809 809.2 809.2

17 854.2 854.2

18 901 900.9 900.9

19 949.4 949.4

20 1000 1000 1000 1000
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4 477

5 560

6 641

7 723

8 809

9 901

10 1000

-89

-83

-81

-82

-86

-92

-99

Since equation (1) involves the first derivative, the first term

to be neglected in the finite-difference approximation is h
3 f^/3,

consequently for the influence of the neglected terms to be neg-

ligible it would be sufficient that the third differences be small

and fairly constant. In the difference table this is not so, which

would justify a suspicion that the second solution is still a little

in error. If, however, the values given for the third solution and

for the correct solution are differenced it will be found that the

third differences vary but slightly from those of the second solution

given above. In this problem, although (for the second solution)

the third difference is neither very small nor constant, on allowing

for the magnitude of the interval of subdivision, h, the combined

effect is negligible.

11, GENERAL REMARKS. In this chapter we have discussed the

application of relaxation methods to the integration of ordinary

differential equations. The essential techniques have been illus-

trated largely by solving one problem. The problem itself, however,

was not a difficult one, the terminal conditions being the most

simple possible. In this respect"; and in others also, questions

will undoubtedly occur to the reader. What is to be done, for

instance, if a derivative is specified as one of the terminal con-

ditions, instead of the value of the function itself? Or again, since

the finite-difference expression for the fourth derivative involves



70

five points instead of the three points for the second derivative,

given a differential equation of the fourth order, how can the first

internal point of the interval be relaxed?

These and other questions have their counterparts in attempt-

.ing to solve partial differential equations. Discussion of the

latter will make clear such matters.
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CHAPTER IV

SECOND ORDER LINEAR

PARTIAL DIFFERENTIAL EQUATIONS

1 * In discussing partial differential equations we shall be con-

cerned only with problems in which the dependent variable is a
function of two independent variables; in Cartesian coordinates,

for instance, w = w(x,y). As with ordinary differential equations

more than one type of partial differential equation exists. Three
classes are distinguishable, and are known as elliptic, hyperbolic

and parabolic equations, respectively. Examples are

(i) elliptic equation

<9
2w <9

2w
, ,

c?x
2

(ii) parabolic equation

<?
2w dw

aT2
=
!t

(iii) hyperbolic equation

d
2w c?

2
\v

dx 2 ~
dt

2

From our point of view the essential characteristic of each of

these classes is similar to that of ordinary differential equations^

Section 2, Chapter III. For a solution of the elliptic type of equa-

tion to exist it is necessary that boundary conditions be specified

at every point of a well defined (closed) boundary. Any local

(17). A mathematical definition of these classifications is given in

books dealing with partial differential equations. See, for example, ref. 1.

Although the examples given above are of second order, the classifica-

tion applies to equations of higher order also.

71
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variation in the boundary conditions suffices to alter the solution

over the entire region of the problem. For the parabolic and

hyperbolic equations this is not so in general, and in fact specifica-

tion of the boundary conditions on a segment of the boundary only

is sufficient to determine a solution within a certain portion of

the problem region. The boundary itself is usually not closed.

Relaxation methods are suitable for solving elliptic equations,

that is the so-called boundary value problems, and it is with these

that we shall be concerned.

With respect to ordinary differential equations it was possible

to describe processes and techniques fairly generally. For partial

differential equations, however, it is more useful to consider

in detail some of the equations commonly encountered. The most

frequently met with equations of the second order, for instance,

involve either the plane -harmonic expression (in Cartesian

coordinates)

<9
2w d 2w

dx2 +
dy 2

or (in cylindrical coordinates) the rotationally symmetrical

expression

d 2w k dw a 2w
dr 2 +

r dr
+

dz
2

Among fourth order equations the biharmonic expression

d 4w d 4w d 4w

dx 4 +
dx 2dy 2 +

dy 4

is not uncommon.

*We shall devote considerable space to discussing the first of

these, and in particular shall consider Poisson's equation

d 2
y

dy"
= g(x,y)

Of all partial differential equations this is probably the easiest to

integrate by relaxation methods. At the same time many of the

tricks and devices used therein may be carried over to other

equations without much modification. Details of technique will

continue to be illustrated largely by examples.



73

2. POISSON’S EQUATION AND A SQUARE REGION . Let us find

an approximate solution to the equation

<9
2w d 2w
J^ +

~dy^
= g(x,y) (1)

for the square region 0 < x < 4, 0 < y < 4. We shall take the function

g(x,y) as being a constant, say

g(x,y)=-100. (2)

In general, whether constant or not, g(x,y) is always given, and so

can be evaluated everywhere within the region. As will be seen,

apart from initial computation its precise nature involves no extra

labour. For boundary conditions we have w - 0 all round the

square.® This allows a unique solution for w to be found. The
problem is shown in Fig. 1. The method of solution 2 ' 3 is similar

to that used for ordinary differential equations. On suitably sub-

(18). The number and type of the boundary conditions which com-

pletely determine a problem and make possible a unique solution depend

on the nature and order of the equation. This question will not be dis-

cussed; suffice it to say that in a physical application the problem itself

will usually indicate the appropriate conditions.
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dividing the region the finite-difference equations corresponding

to (1) can be written down. From these the unit residual and relaxa-

tion operators can be derived and with their aid the equations

approximately solved, numerically, by re laxation.

1 2 3 4 S

6 7 6 9 IO

II 12 13 14 IS

16 17 18 19 20

21 22 23 24 25

h = l

——

—

Fig. 2

3. FINITE-DIFFERENCE EQUATIONS. We commence by sub-

dividing the x,y region into squares of side length h = 1 and,

for reference purposes only, number the nodes of the network as

shown in Fig. 2. The mesh is deliberately made coarse for ease in

description. From (25) 'of Chapter II we have^

<9V
dx 2 dy*)

- w, + W0 4- w5 + w . - 4w
1 Z 5 4 o

and substituting this in (1) and using h = 1, g(x,y) = —100, gives

w
2
+ w

2 + w3
+ w

4
- 4w

o
= - 100 (3)

as the typical finite-difference equation for any point 0. We shall

call (3) the general equation for this problem. Applying (3) to the

mesh points as numbered in Fig. 2 gives the set of equations

(19). The numbering of the points here refers to Fig. 3 of Chapter II.
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W
8
+w

2
+ w

6
+w

12
- 4w

? =

W
9

+ W
3

+ W
7

+ w
l3
“ 4w

8
=

™I0
+ w

4
+ w

8
+ w

14
" 4w

9
=

-100

-100

-100 > (4)

M W
20

+ W
14

+ W
18

+ W
24

~ 4W
19
= -100

There is one such equation for eacli internal point of the net,

giving a total of nine equations involving twenty-five different

values of w. Of the w ,
s, however, all the boundary values, sixteen

in number, are specified (and here are actually zero), so that we
have nine equations to he solved for nine quantities. A unique

solution is possible.

As usual, to solve (4) we rewrite the equations in the residual

form w
8

4- w
2
+ w

6
+ w

12
- 4w

?
4- 100 = Kj ,

W 4- W
3

4- w
?

4- W
13
- 4w

8
4- 100 = Rq , (5)

The R’s are the Residuals, or errors. For correct values of w every-

where they will all be zero. For values of w which are approxi-

mately correct they will all be small, whilst for values of w far

from correct, one of more of the residuals will be large. For

instance, putting each w. equal to zero in (5) gives for each R. the

value 100.

4. RESIDUAL AND RELAXATION OPERATORS. Equations (5)

as they stand constitute the residual operators. Obviously, however,

they are all the same in general form, so that in terms of any

central point 0 and the four surrounding points 1,2,3,4 of the

standard mesh pattern. Fig. 3, Chapter II, the general residual

operator is given by

w
l
+ w

2
4- w

3
4- w4 - 4w

q
4- 100 = R

0 . (6)

The unit relaxation operator is also independent of any par-

ticular mesh point, and indeed this is true for most partial differen-

(20). Without actually showing that the determinant of the coefficients

is non-zero we believe this on physical grounds.



76

tial equation problems. In accordance with the previous definition

we need an operator which shows the effect on all the residuals

caused by a unit alteration in the value of w, that is a unit dis-

placement, at any one mesh point. The operator could be written

down immediately from inspection of (5). Alternatively it can he

derived in the manner already done several times previously. Let
us take point 13 of Fig. 2 as a typical point and write down all

the equations that involve the quantity w
13

. They are five in

number only, and are

W
14
+ w

8
+ W12'

+ W
18

“ 4W
13

W
15

4-

w

9
+ W

13
+ W19“ 4w

14

W
9

4- W
3
+ W

7
+ W

13
~ t

CO

W
13

+ w
7
+ W

11
+ W17~ 4w

12

W
19
+ W

13
+ W

17
+ W23“ 4W

18

4-100 = r
13

4- 100 = R
14

4- 100 = r
8

+ 100 = r
12

+ 100 - «18

y (7)

The differentials of R^, . . . , Rlg are given by

dR.
13.

dw,
14

14

aR
1.

<9w„

-3 d'w
8

+
<^3— dw.„ 4-

dw^ 12
dw.

dR

18
18

+
<9w

13
dw,

13

13

= ldw
14 + ldw

g + ldw
12 + ldw

lg
- 4dw

13 ,

dR
14 = ldw

15
+ ldw

9 + ldw
13 + ldw

19
- 4dw^ *

Put dw
13
~ 1, with all the rest zero, that is, give a unit displace-

ment to w
13
leaving all the others unaltered. We obtain

dR
13

= -4,

dR
14 = dR

8 = dR^ = dR
lg = 1,

a result which, as mentioned above, is independent of the position

of the (central) point 13, or of any other mesh point. From the

nature of (5) this holds generally for any selected central^1
* point

of the mesh which covers the problem region.

(21), By central point we mean point 0 of the five points involved in
the general equation (3).
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Both operators can conveniently be presented in diagrammatic

form as in Fig. 3. We continue the use of the scheme adopted for

the ordinary differential equation treatment, and write the w co-

efficients to the left of the points and R coefficients to the right.

(b) Unit relaxation operator

Fig.3

Again in words: To compute the value of the residual R
q

at any

point 0 we multiply the values of the w’s at the five points

0,1,2 ,3 ,4 by the multipliers shown on the left of the respective

points in Fig. 3(a), add the products, and to their sum add the

quantity (100) on the right of point 0 of that figure. That is

R
o = lw

x + lw
2

-4* lw
3 + lw

4
— 4w

q
+ 100.
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To liquidate the residual at any point 0, Fig. 3(b) shows that a

unit alteration to the value of w at that point alters the residual

R
q
by -4, and at the same time alters the residuals of the four

surrounding points each by +1.

From a consideration of the w. at five points we obtain the

residual at the central point. By altering the value of w
q
at a cen-

tral point (and each point is a central point for one group of five

points) we change the residual at that point, and also at the four

surrounding points. Obviously, since everything is linear, in using

the unit relaxation operator the principle of superposition holds.

We are now in a position to commence solving the system of

finite-difference equations (5) by liquidating the residuals.

5. SOLUTION BY POINT RELAXATION . Solving the equations

is actually carried out on the problem region itself. It is found

convenient to draw the boundary of the region to scale such that,

having decided on the size of the subdividing squares, the figure

as drawn. gives squares of at least one inch side length. Since

there will be considerable erasing during the relaxation it is

necessary to use a paper that will stand up to the hard usage.

Experience has shown that the transparent tracing paper used in

drafting offices is admirably suited for the purpose. If this is used,

then it is advisable to draw the figure, together with the mesh,
backwards on one side of the paper and do the relaxing work on the

other side. In this way the mesh lines are not in danger of being

erased.

Displacement increments are written to the left of the vertical

lines, and progressive totals of residuals to the right. As the work
progresses it will be found that columns of figures grow, and
quickly tend to exceed the confines of the subdividing squares. In

all the illustrative examples used so far in this text a careful

record has been kept of every step. This has been solely for

descriptive purposes, and in practice is unnecessary. In the manner
of solution to he used in the present problem a complete record is

physically impossible. The paper is not large enough. Accordingly,
as the columns of figures grow, at any convenient stage they may
be erased and replaced by the figures that are significant. At any
mesh point these will be the total displacement, found by summing
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all the displacement increments in that column, together with the
last residual that was written down.

Without more ado we now present several consecutive steps of
the solution. The boundary values of w, being given, will not be
relaxed, consequently it is not necessary to record any residuals
there. Only one internal point will be relaxed at a time, the chosen
point being that for which the residual is the largest. The p-ocess
is not quite automatic, however, in that it is desirable to reconcile
the rule of operating on the largest residual with the advantage of
preserving symmetry of displacement. For the starting position the
displacements have been taken as w. = 0 everywhere, giving
residuals R. = 100. The reader should now consult Fig. 4. In each
step an asterisk has been placed against the displacement and
residuals involved.

(This figure continued on next page.)
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Fig 4 Steps I to. 16

We shall not present every step in the complete process.

Steps 1 to 16 give a clear indication of the method. Instead is

given the final solution, Fig. 5, and the reader should fill in the

intermediate steps as an exercise.

C 0 0 0 0

G9 0 66 -1 G9 0 0

66 -1 113 0 66 -1 0

69 0 66 -1 G9 0 0

0 0 0 o

Fig. 5 Solution
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6. DISCUSSION. Examination of steps 1 to 16 of Fig. 4 reveals

many points of similarity with the solution of the problem of the

preceding chapter. To a certain extent then discussion of them is

mere reiteration. The points are sufficiently important, however, to

warrant this.

In step 1 it will be found that the total of the residuals is 900.

In step 2, although the central residual has been completely liqui-

dated it will be found that the total is still 900. It is obvious from

the relaxation operator. Fig. 3(b), that in this instance the net

change in the residuals, for the displacement of any point other

than a point adjacent to the boundary, is zero. The total of the

residuals is, in fact, reducible only by pushing some of them over

the boundary. There is no other way. Other operations are designed

to this end, and in general have the effect of smearing the residuals

over an area larger than that originally occupied.

The tendency for the residuals to wash back will again have

been noticed. In step 2 the central residual was reduced to zero,

yet by step 6 it had increased and was larger than it was originally.

Over-relaxation is clearly indicated. *

In steps 3,4,5 and 6, to a certain extent the same operation is

being repeated four times over. Corresponding points are being

displaced by the same amount. Much time and labour would be

saved if an operator could be devised by means of which all four

points could be displaced together. We are thus led to consider

again the concept of line and block operators on the one hand,

and on the other the use of any lines of symmetry that might be

inherent in the problem.

7. LINE AND BLOCK RELAXATION OPERATORS. Let us con-

struct a relaxation operator in which two adjacent points are

displaced simultaneously and by the same amount. Keeping the

notion of unit operators we shall displace each point by +1.

Obviously, the combined operator may be constructed by writing

down the effects of each displacement separately, and then adding

them together. Doing this gives Fig. 6(a) so that, leaving out the

intermediate steps, the required two point line operator is as

in Fig. 6(b).



(This figure continued on next page.)



(C)

Fig. 7

Comparing them reveals features common to all. At the end points

of the operators the residuals are -3, at internal points -2. This
indicates a generalization, leading to a simple rule whereby all

such operators can be written down by inspection. Note that end
points like a are connected directly to three points that are not

displaced, while internal points like b are connected directly to

two points that are not displaced. For the +1 residuals at the non-
moving points, note that each such point is connected directly to

one point that is displaced. Thus we have the rule: At each point
that is displaced there will he a residual of —

1 for each direct
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connection to a stationary point. At each stationary point there

will he a residual of + 7 for each direct connection to a displaced

point.

Similarly we may construct block operators also. The three

shown in Fig. 8 have been obtained in this manner. It can be

seen that the rule still holds.

(c.)

Fig. 8
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Finally, consider the large irregular block relaxation operator

of Fig. 9. Its shape has no significance, and is intended solely

for illustration. The reader should check for himself its correct-

ness, both by adding the separate effects of each point displace-

ment, and by counting Strings.

For partial differential equations block operators of the type

shown in Fig. 9 fill the same role as that of line operators for

ordinary differential equations. As the figure shows, by their

use residuals are largely prevented from washing back. For the

harmonic operator the total of all the residual alterations caused

by any such block is exactly zero. The effect of the use of blocks

in relaxing is not to reduce the residual total in any way, but to

sweep them rapidly out to the boundary where they are finally lost

over the edge .

It must not be thought that the use of one block, even though

cleverly chosen, will suffice to reduce all the residuals inside it im-

mediately to zero. This is rarely so. The correct way to use a block

is to apply it in such magnitude, that is to multiply the unit block

by some number, as to reduce the total of the residuals inside it

approximately to zero. Judicious point relaxation, later, will enable

each residual to be approximately liquidated by balancing positive

ones against nearby negative ones. The magnitude of the unit block

multiplier is readily obtained. Consider, for example, the block

operator of Fig. 9. The total residual alteration for the block, that

is, the sum of the residuals at all the displaced points, is —26. If

in some problem the residual at each point was +5, then, since

there are 29 points in the block, over that portion of the problem

covered by such a block the total of the residuals would be 145.

fjy applying the block multiplied by 6 that total would be reduced

to —11 although the residuals themselves would be both positive

and negative. At the same time the residuals for that portion of the

problem lying outside the block would be increased by 156. These
in turn could be pushed closer to the boundary by an even larger

block, a block embracing both the original block and other points

as well.

Before proceeding further with this discussion an example will

help to make clear some of the features just mentioned. Let us

consider again the problem already solved, the solution of Poisson’s

equation inside a square region.
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8 . THE PROBLEM OF THE SQUARE REGION REWORKED.
Although not immediately obvious it will be found desirable to use

two blocks in obtaining the solution. These are given in Figs. 10.

(b)

fig. io



9 1

For the initial step in the problem we again assume w. = 0

everywhere, so making each residual R. 100 in magnitude. This is

the situation given as step 1 of Fig. 11. For the purpose of discus-

sion each internal point has been lettered as shown. The solution

follows, Fig. 11, steps 1 to 7.
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In order to sweep the residuals towards the boundary we com-
mence by relaxing the centre point e. Using the unit point relaxa-

tion operator of Fig. 3 we apply a displacement of 25. This
liquidates the residual R

&
exactly, giving the residuals shown in

step 2.

Now we apply a block^to points b,d,e,f,h. The operator is that

of Fig. 10(a). The residual total for points b, , h, is 500,
whilst the total for the operator is —12. A multiplier of 40 enables
us to push 480 of the 500 outside the region of the block. Doing
this gives step 3. Next we apply a block to all points a, . . . , j,

inclusive. The operator, Fig. 10(b), has a residual total of —12.
The total of the residuals for points a, . . . , j, is 740, so that the

multiplier to be used is 60. Applying this gives step 4.

The total of all the residuals in the problem is now 20, but it is

made up of +60 >

s and —55’s. Therefore, point relaxation would
seem to be indicated. The disposition of the residuals indicate

another alternative, however. The block of Fig. 10(a) can again

be used with advantage. In this instance the multiplier must be

negative, and the operator will have the effect not only of reducing

the residuals inside the (problem) block, but also of reducing them

at points a,c,g,j. In point of fact our earlier use of this operator,

step 3, was not of the best. Experience, and also the general

arrangement of the residuals, would indicate this. The multiplier

was too large. In selecting it we neglected the effect of the boun-

dary. Using the operator Fig. 10(a) with a multiplier of —20

gives step 5.

Further application of a block to points a, ... , j, is now

desirable. Operator Fig. 10(b), with a multiplier of 8, gives step 6.

The relaxation is now practically completed. Point relaxation is

required at points a,c,g,j. A unit displacement at each point

is all that is necessary, as in step 7.

Thus we have the final solution. The enormous reduction in

labour by using suitable operators is obvious. Of course, the

example is a little artificial in view of the small number of points

used; however, it illustrates the advantage of block relaxations as

(22). By block is meant a block of displacements; that is, a block

relaxation operator is being used.
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a very powerful aid in reducing residuals. Their importance cannot

be over-emphasized .

In doing the actual computation it should be obvious that only

one diagram is necessary. Progress from step to step is made

simply by writing on the same diagram. This has already been

explained. Similarly, in practice it is rarely necessary to draw

particular blocks for the harmonic operator. Use of the rule for

obtaining them rapidly becomes automatic, so that a contour

lightly drawn on the diagram itself serves to indicate the block

of points being relaxed in any particular operation. After use and

to avoid confusion the contour can be erased.

9. LINES OF SYMMETRY . In many problems the regions con-

cerned will exhibit one or more lines of symmetry, so that in

solving for the unknown quantities at all the mesh points there is

considerable duplication of effort. In the problem just solved there

is symmetry about the vertical and horizontal centre lines, and

also about the two diagonals. If a solution is found on the area

bounded by a vertical or a horizontal centre line, a diagonal and

the enclosing portion of the boundary, then the problem is solved

completely, for the solution in each of the other seven portions

follows by repetition.

Introduction of this new feature does not require any markedly

different relaxing technique. It is necessary merely to remember
to preserve symmetry of point displacement each time a point

adjacent to one or other of the lines of symmetry is moved. Such

an operation means that the corresponding point on the other side

of the symmetry line is displaced automatically and by the same
amount. As a consequence a point lying on the symmetry line and

between the tw7o displaced points will receive a change in its

residual from both displacements. Fig. 12 will make this clear.

In Fig. 12(a) let CC be a line of symmetry, and let the region A
be that portion of the problem for which we are trying to find a

solution. Suppose the displacement at point a is altered by +1. As
a consequence, and in addition to those at other points, the

residual at point b is altered by +1. At the same time, by virtue of

the line of symmetry, the displacement at point c is altered by +1.

This displacement is not recorded as the region B is not being

dealt with. Nevertheless, Its effect on points and residuals lying
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(a) (b)

fig. 12

within region A (including its boundary CC) must receive attention.

Thus, due to the automatic alteration to the displacement at point c

by +1, the residual at point b receives a second increment of +1.

For points like a then, the unit relaxation operator is that given

in Fig. 12(b).

In similar manner other typical relaxation operators can be
constructed. Fig. 13 shows several such examples.

( This figure continued on next page*)
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The requirements of symmetry must also be kept in mind when
computing residuals. Only residuals of points lying on a line of

symmetry are affected, and it is easily seen that the residual

operators concerned are as in Figs. 14(a) and (b). The quantity a
is the quantity h

2 g(x,y) obtained from the equation V 2w a g(x,y).

(a) (b)

Fig. 14

Let us now solve another problem involving Poisson’s equation,

making full use of all the techniques at our command.

10. POISSON'S EQUATION AND A RECTANGULAR REGION

.

We shall find an approximate solution to the boundary value problem



for the region

9 7

<9
2w d

2w

0 < x < 10, 0 < y < 8.

We shall take g(x,y) as constant,

g(x,y) = -100

as before, and for the boundary condition we have

w = 0

allround the boundary. The problem is as shown in Fig. 15.

Hi ere are two lines of symmetry so it is necessary only to

consider one-quarter of the total region. This is subdivided into

squares of side length h = 1, so that

h
2 g(x,y) = -100

and, for reference only, each node of the mesh has been lettered.

With w = 0 everywhere for the initial step, there is a residual of

100 at each internal mesh point. In the solution, for convenience,
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instead of allowing columns of figures to grow as the relaxation

progresses, and then erasing them at appropriate intervals, pro-

gressive figures are given at each step. Thus each step will show
the overall position at the end of the previous step, together with

the change representing the current step. Progressive steps to-

gether with the final solution are given in Fig. 16, steps 1 to 23.

0 0 0 0 0 OU
o 0 100 0 100 0 100 0 too 0

r
100

a b c d e

0 o )0C 0 100 0 too 0 IOO 0 100

f
i

9 h j k

0 0 100 0 100 0 100 0 100 0 IOO

l m n o P

0 0 10O 0 IOO 0 100 IOO 0 100

r s t u

Step I

0 100
.

0 IOO 0 IOO 0 too 0 too

0 too 0 too 0 too 0 too 0 too

0 too 0 oa o too o too 0 too

140 t40

0 too 0 IOO 0 IOO i~0 too 0 too

140 40 -20 40 *20

Step 2
(This figure continued on next page*)
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(This figure continued on next page.)
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The steps, and the reasons for them, are as follows:

Step 1. Displacements are taken as zero everywhere, making each
E . - 100

i

Step 2. In the usual manner liquidation of residuals is commenced
at the centre, the residuals being pushed outwards as uniformly

as possible. For this reason, rather than liquidate R it is

preferable to displace points t and u at the same time. The
residual total for points t, u and t' (t' being the image point of t

in that portion of the problem not being specifically relaxed) is

300. A unit three point line operator has a residual total of —8
(—3 for t, —2 for u, —3 for t'). Therefore, a multiplier of 40 is

suitable.

Step 3. A block displacement is applied to the points n,o,p,s,t,u.

The residual total inside the block (always remembering to allow

for symmetry) is 1500, whilst the magnitude of the unit operator

is —16. Since, in the early stages of relaxing, it is futile to

reduce residuals quite to zero, or even almost so, we use a

multiplier of 100.

Steps 4 and 5. We could now apply a block^ of 150 to points

g,h,j,k,m,n,o,p,r,s,t,u; this, however, would leave a large residual

at point g. Rather than do this it is better to obtain the desired

result in two moves, putting say 50 on points h,j,k,m,n,o,p,r,s,t,u

as the first block, followed by a block of 100 on points g, . . . ,
k,

m, . . . , p, e, . . .

,

u as in step 5.

The obvious step now is to apply a block to all the internal

points. The residual total is 6300; an all embracing block has a

value of —32, so an appropriate multiplier would be 200. This

again would leave a large isolated residual (of amount —300) at

the corner point a. Such residuals are difficult to liquidate. Con-

sequently we shall apply the block in three steps, firstly to

points c, . . . , e, g, . . • , k, 1, . . * , p, q, .

.

• f
n, then to points b, . . »

,

e,

f, . . . , k, 1 , . . . , p, q, . . . ,
u, and finally to all points.

(23)

. Ru is the residual R at the point u.

(24)

. To shorten the description it is necessary to use some of the

relaxation terminology a little loosely. Thus, by block we shall mean a

block relaxation operator, or alternatively, a blocl^ of points, depending

on the context. By magnitude of a unit block will be meant the total of

the residuals inside the unit relaxation block operator. The meaning of

other similar terms will be obvious.
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Step 6. A block of 50 on points c, . * . , e, g, . . . , k, 1, . . .

,

p, q, . .

,

f u>

Step 7. A block of 50 on points b, . . . ,
e, f, . . .

,

k, 1, . . .

,

p, q, .

.

, $ Ut

Step 8. A block of 130 everywhere, the residual total being 4300.

and the value of the block operator —32.

Pausing to review the situation, it can be seen that already we
have progressed considerably towards a solution. The residual

total is now 140 compared with the commencing total of 6300. It

will be noticed also that the residuals are of both signs, so that

many of them could be cancelled against each other by judicious

use of suitable block and point operations.

Points g and n now have the largest residuals. We shall leave

them for a moment, however, and shall attempt to work more

residuals outwards from the centre. We start with points p and u.

Step 9. A block of 10 on points p and u.

Step 10. A block of 30 on points j,k,o,p,r,s,t,u.

The remainder of the steps are essentially point operations,

together with small blocks.

Step 11. g « -20 Step 17. b = 10

Step 12. d,e = 20 Step 18. f - 10

Step 13. k - 15 Step 19. e = 5

Step 14. m,r,s,t,u = —10 Step 20. j
= 5

Step 15. q = 10 Step 21. p,u = 5

Step 16. a = — 10 Step 22. l,m,n,q,r,s = -5
Step 23. s — —5 .

After 23 steps the position is as shown. The residuals are of

both signs and are everywhere equal to or less than 10 in absolute

magnitude. The residual total is 20, so that die solution approaches

completion. The reader should complete the relaxation, block and

point displacements of small magnitude (all less than 5 and mainly

l’s and 2’s) being all that are necessary.

Fig. 16 includes also the completed solution. The residuals

are all less than ±2, and their total is 4.

Ti. LAPLACE’S EQUATION

.

Turning now to problems involving

Laplace’s equation

d2w d 2w
(9X

2 +
dy1 (8 )
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it is readily seen that nothing basically new is introduced. The
general finite- difference equation is independent of the mesh size.

Substituting from (25) of Section 10, Chapter II, in (8) gives

W
I
+ w

2
+ w

3 + w4
“ 4w> = 0 , (9)

and, writing this in the usual residual form, we have for any point 0

\\ + \^2 + w
3 + w4 *— 4w

q
= }i

q . (10)

From (10) it follows that the unit point relaxation operator is

the same as that for Poisson’s equation, Fig. 3(b). Consequently,

the general relaxation technique will be similar to that already

demonstrated. The same line and block operators can be used.

In the residual operator the term h2 g(x, y) is no longer present.

This will only affect the initial residuals. Depending on the

displacement pattern chosen for the first step in obtaining a solu-

tion, the general arrangement of the residuals may differ consider-

ably from that so far experienced.

Consider the following problem: To find a solution to Laplace’s

equation (8) inside the square region

-5 < x £ 5, -5 < y < 5

together with

w = x2 -f y
2

on the boundary.

Since, in this problem, there is eight-fold symmetry, in obtain-

ing a solution it is necessary only to consider one-eighth of the

square region. Taking the mesh size as h = 1, and lettering all the

internal mesh points gives Fig. 17 which represents the actual
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The diagonal line of symmetry introduces the need for addi-

tional residual and relaxation operators. They are given in Figs. 18
and 19- By writing down all the mesh points concerned in any
operation and making due allowance for symmetry it is easily

checked that they are correct.

(a) (b)

Residual operators
Fig. 18

(cl) (e)

Unit relaxation operators

Fig. 19
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To obtain a solution we proceed in the usual manner. For the

first step values are assumed for the displacements and the

residuals calculated. Choosing w = 0 everywhere, except on the

boundary where it is already specified, gives a line of residuals

adjacent to the boundary, all others being zero, Fig. 20, step 1.
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Step S

Solution

Fig. 20
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1

File next step is obvious, We require a block displacement on
all the internal points. The residual total for the whole problem is
1140. A block covering all points has a residual total of -36. Thus
it would appear that the block multiplier is 32. Due to the disposi-
tion of the residuals, the largest one being in the corner/25^ point a,

such a displacement is too big. This is not of great importance,
however, and we shall ignore it. Step 2, then, is a block of 32 on
all internal points. Applying it gives a rather nasty grouping of re-

siduals. They are both positive and negative but are not well mixed
and are still adjacent to the boundary. This is a situation not

so readily dealt with. It is necessary to work the groups together

gradually, and usually considerable point relaxation is involved.

In tills instance it is not too awkward. For step 3 we put a
displacement of 5 on point a so reducing the largest residual. In

step 4 we attempt to move some of the negative residuals towards

the positive pocket. A block displacement of —4 applied to points

d, . . . , p, inclusive does this, and at the same time prevents the

spread of residuals inwards. In step 5 we again liquidate the

largest residual by a displacement of —2 to point b. The position

is now rather better, so we shall not discuss the process in any

more detail. Two more moves are obvious, however. A block of — 1

applied to points k and p will further reduce the negative residuals

there, and a positive block applied to points e and f will also be

be neficial.

The reader should complete the problem. Very little woik is

required to obtain the solution given in Fig. 20.

12. GENERAL REMARKS. The example involving Laplace’s

equation completes the general discussion on the harmonic operator.

Special emphasis has been placed on the use of block and line

operators; however, it must be obvious to the reader that no rigid

rules for their use can be given. It is sufficient to say that they

are the most powerful tools available to the relaxer. They should

be used wherever possible, and facility in their manipulation can

reduce enormously the working time involved in solving a problem.

(25). When a corner point is relaxed half its residual is dissipated

over the boundary, whereas the displacement of any other point adjacent

to a boundary only loses a quarter of its residual.
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Although general techniques are now clear, several points re-

main to be discussed. We have been careful, for instance, to

discuss problems in which the boundary shapes are very simple,

the regions being squares or rectangles in fact. What can be done

with problems in which the boundaries are curved? Or again: Are

problems tractable in which the boundary conditions are not simply

the displacement specified? These, and other questions, will form

the subject matter of the next chapter.
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CHAPTER V

SECOND ORDER LINEAR
PARTIAL Dl FFERENTIAL EQUATIONS

(Continued)

1 . In many of the boundary value problems that occur in the fields

of engineering and physics the boundaries are curved, rather than

straight and parallel as have so far been considered. Even in those

cases in which they are straight it may not be possible to have the

mesh lines of the associated problems parallel to them. It often

happens, then, that on covering the problem region with a (square)

mesh one or more nodal points located adjacent to the boundary

will be so positioned that not all of the arms 01, 02, 03, 04, of the

regular five-point operators, Fig. 3, Chapter IV, will be the standard

length h. For such points obviously it would be incorrect to use

the standard unit operators for calculating or relaxing residuals,

since they are derived on the basis of all arms being of equal

length. A group of points, 0,1, 2, 3, 4, having one or more arms of

non-standard length is termed an irregular star. In order to be able

to solve problems involving curved boundaries it becomes neces-

sary, therefore, to have available special irregular star operators.

These may be constructed in a variety of ways.

2. CURVED BOUNDARIESAND IRREGULAR STAR OPERATORS .

Let r in Fig. 1 be portion of the boundary of some problem region.

Point 0 is a typical mesh point located adjacent to the boundary,

and is such that

\ 4 h
,

h
2
4 h .

The group of points centred around point 0, points 0,1,2,3, 4, con-

stitute an irregular star, and we require a residual and a relaxa-

1 13
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i) w > for point 0.

An irregular star
Fig. 1

( d 2 d 2

tion operator for the harmonic operator, 4-
—

—

Let the mesh lines used for the finite-difference equations be

extended beyond the boundary as shown in the figure, the external

intersection points being marked 1., 2.. These points, and others

like them, are known as fictitious points.

A method of sidestepping the difficulties associated with

irregular stars suggests itself immediately. Instead of the curved

boundary F, we could substitute another that approximates to it in

broad outline but departs from it in detail. In particular we could

use the piecewise straight line boundary which passes through

the points 2., 2, 0, 1, 1., etc. If this is done then all irregular

stars are eliminated and no difficulties are encountered. The

boundary conditions to be used on this substitute boundary would

be taken as those specified on the true boundary.

This method lias been used for solving some problems and good

results obtained. If the answer to a problem involves an overall

consideration of the pattern of the w function, for example an area

integral

ff (w) dA

where f (w) is some simple function of w, and D is the region of the

problem, then an accuracy sufficient for most practical require-
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merits is readily obtained* The problem of finding the natural

frequencies^ of a vibrating membrane is of this type*

In many problems, however, we desire to know the values of

derivatives of w as part of the complete answer, and usually those

of most importance occur at the boundary. For this purpose such a

substitute boundary is of little value. The true boundary itself

must be considered.

3 . If an assumption is made concerning the nature of the unknown
function, w, in the neighborhood of point 0, it is possible to derive

an expression for the harmonic operator at that point in terms of

values of w at the surrounding points and, from this, obtain the

desired residual and relaxation operators. Because of the irregular

arm lengths it is not to be expected that the resulting operators

will he as simple as the standard ones.

Suppose, for instance, we assume that in the region 2,0,1, Fig. 1,

the function w is representable, approximately, by a polynominal

in x and y of first degree. In effect we assume a linear variation

of w between points 0 and 1, and points 0 and 2. If values of w
were available at points 1., 2., the usual finite-difference approxi-

mation for the harmonic operator could be used. We would have

h +
d

2w \

dflo
w

l-
+ 'w2

i
+ w3

+ w
4
— 4W

q . (1)

Using the linearity assumption we can eliminate w^, w2 ,
from (1)

and so obtain the desired operator. We can write
‘ 1

= Wi
i

+
(

x ~ 7) (

w
°
“ Wl

i)

which, on putting h
1
/h = a

,
gives

Similarly, with a
2 = h

2
/h

9

(26). This class of problem is considered in Chapter VIII, Section 14.



Substituting (2) and (3) in (1) gives an expression for the har-

monic operator in terms of the values w
Q ,

w^, . .
. ,
w
4

. It is

h 2
<9
2w c9

2w\ i
+—W

2
+ W

3
+

a
2

(4)

From (4) the residual and relaxation operators are obtained in

the usual manner. For example, for Poisson’s equation, for points

like 0 we have the general residual operator immediately. It is

given by

+ ^W
2
+ W

3
+W

4

2

h2 g(*>y) 0 = R
0 (5)

For the unit point relaxation operator, a unit displacement to w
q

(that is at point 0) changes the residual there by — (2 +—
]

\ a
l

a
2/

and at the same time changes the residuals at points 3 and 4 by+1.

For the types of boundary conditions so far considered we are not

concerned with recording residuals at points 1 and 2. Note also

that a unit displacement at point 4, or point 3, alters the residual

at 0 by +1. For some other operators that will be derived this is

not so, and, unless care is taken, confusion can result.

This method of treating irregular stars is due to Southwell.1
It

has the advantage of simplicity, but at the same time is needlessly

lacking in accuracy. It is argued that since for any problem a

fairly fine mesh is usually used in practice, the loss in accuracy

is not considerable, whilst the simplicity of the operators makes

for rapid and easy computation.

4. Emmons2 has suggested a procedure even simpler* than the

foregoing. In lieu of calculating any irregular star formulae he

proposes a graphical treatment.

Values of the function are assumed at all mesh points including

the irregular star centre points 0, and residuals calculated at all

the regular points. These can be liquidated by relaxing, the w
q

values being temporarily held constant. Graphs can then be

sketched for the last few of the lines of points approaching the

boundary, leaving out the w
q

values but including those at the

boundary. Obviously the curves so obtained must be smooth, and
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to satisfy this requirement revised values of w will usually be
necessary. These can be read off the graphs, the treatment being
applied to all points 0. Using the revised values new residuals can
then be calculated and the whole process repeated until the dis-

placements have all settled down, and graphing gives no further

alteration to the w values.
o

This method introduces an element of iteration into the relaxa-

tion process. For any one mesh size it is necessary to 'carry out

more than one complete liquidation as it were, although those

following the first or second round will be largely in the nature of

corrections. Even so, residuals will wash back* and so relaxation

time is increased. The procedure has the advantage, however, that

at no time is any relaxation operator other than the standard one

used.

5. Continuing the numerical treatment of irregular stars, for any

particular mesh size it is possible to obtain accuracy better than

that of Section 3, but at the cost of introducing more complicated

operator s.
3#4

* Let us assume that in the neighbourhood of point 0

the function w may be represented approximately by a second

degree polynomial in x and y,

w (x,y) = w
o + ajX + s^y + a

3
x2 + a

4y
2 + a^cy . (6)

At point 0, (x a 0, y = 0) we have

2a
* 01 • 2-‘ • m

Referring to Fig. 1, and evaluating (6) at the points 1, 2,3,4, we

obtain the set of equations

W
1

*“ W
o
= a

i^l
+ ’

w
3
“ W

o
= _a

i
h + a

3
h2

>

W
2
“ W

o
= a

2
l7
2
+ a

4
h
2

2
>

W
4
_ W

o
= -a

2
h + a

4
h2

»

and, on solving these for a^ and a
4 , it is found tha*

d
2w\

=
Mw

1
- w

o
) + h

1
(w

3
-w

0 )

<9 x
2

yo
hh^h + h

x
)
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9
h(w

2
-w

o ) + V*4
-w

o )

hh
2
(h + h

2)

Thus we have

h
2

2 2 2 2
W, + W„H \V + W —

^(1+^)
1 o

2
(l+d

2)

2
(I+ctj)

3
(l+a

2 )
4 w

0 >(9)

where a. = hj/h
, a

% = h
2
/h .

He case in which all of the arms, h
lt ... f h ,

are of non-
standard length may be treated in the same manner. Doing so gives
the expression

°

*yy o

=

a
l
(a

l
+a

3
) 1 a

2
(a

2
+a

4
)

2+
^(a

1
+a

3
)

W3+
a
4
(a

2
+a

4)

VV4

e^a)"0
' (10)

It is almost impossible for this configuration to occur in solving
problems, however, so (10) will not be considered further.

For convenience we may write (9) as

h2
+ Awj + Bw

2
+ Cw

3 + Dw
4 - (E + F) w

o

where

A =
2

c _
2 2

Ctjfl+aj) (1 + Oj)
’ E

a
i

B-
2

D-
2

a
2
(l + a

2) o+<9 ' F =~
a
2

(ID

and, since for all irregular stars

0 < 1 ,
(i = 1,2)

values of A, F, or, what is the same thing. A, C and E, can be
calculated and tabulated once and for all. Tables of these values
are given at the end of this text.
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6. Using (11) we can again construct the residual and the relaxa-

tion operators. Continuing to use Poisson’s equation for our example
we have, for the residual operator for any point 0

Aw
1
+ Bw

2 + Cw
3
+ Dw4

- (E + F)w
o
- h2

g(x,y)
o
= R

q (12)

in which, for particular values of the coefficients A,

are numbers immediately obtainable from the tables. Diagrammatically

for an irregular star centred at the point a
Q
the operator is as shown

in Fig. 2. Since each irregular star will have different multiplying

coefficients A,...,F, it is necessary to distinguish between the

points and the coefficients pertaining to various stars. Thus, in

lieu of points 0,1, . . . , 4, for the star centred at point a
Q
we have the

four associated points a. , . . .

,

a
4 ,

and the associated multipliers

A
a , . . .

,

F
&

. The system is that already used in earlier chapters.

The number to the left of a point (represented here by a letter) is

the multiplier of the value of w at that point. The five products so

obtained are summed, and to them is added the number —h 2
g (x,y),

the result being the residual at the particular point a
Q

.

Residual operator
for point a0

Fig. 2

The relaxation operators are not quite as straightforward to

obtain as formerly.
5

If a unit displacement is made to waQ,
where

w^ is the value of w at the point a
Q ,

the residual at that point is

altered by -AE
a
-t~F

a
). Also, since the stars centred at points a

3
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and are ordinary or regular stars, the residuals there are each

altered by +1, and no residuals are recorded at the boundary points.

So far this is in accordance with previous experience, and the

operator is as shown in Fig. 3(a). There are additional effects,

however.

(a)

(c)

(This figure continued on next page,)
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Fig.3 Relaxation operators

Point a
Q
of the star centred at that point is also point 2 of the

regular star centred at point a
4

* From (12) it follows that a unit

displacement at point a
4

alters the residual at point a
o

by an

amount D
a

. Thus the unit residual operator for the regular star

(centred at) a
4

is no longer (-4, 1,1,1, 1), but is as shown in

Fig. 3(b). A similar situation holds for the regular star a
3

. To
obtain that operator it is necessary to consider not only the

irregular star a
Q ,

but also the irregular star b
o ,

Fig. 3(c). The

residual at point b
Q

is given by

+ B b
w b + C b

w b,+D bw b -(E b+Fb)wb -h2g(*>y)b = Kb (13)
1 z o 4 o o o

the modification in notation being self-explanatory, lienee, due to

a unit displacement to the residual at point b
Q
is altered by Djj

and, since b
4

is also point a^, the same unit displacement alters

the residual at point a
Q
by an amount C But the star a

3 ,
or b

4 ,
is
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a regular star, and therefore the unit displacement at that point

alters the residual there by—4. Accordingly, the relaxation operator

for this point is as shown in Fig. 3(c).

This discussion may convey the impression that the derivation

of the relaxation operators is complicated. Actually it is not so,

as is readily seen by adopting a different scheme of lettering the

points, Fig. 3(d). Writing down the residual equations for points

4,6,9 and 11 we have

A
4
W
5
+ D

4
W

3
+ C

4
W

1
+ D

4
W
6
“ (E

4
+F

4K ~ = R
4 >

"

w
9 + w

4 + 'v
2
+ w

?
- 4w

6
- J»

2
g(x.y)

6 = tt
6 ,

A
9
W
10
+ B

9
W
8
+ C

9
W
6
+ D

9
W
ll“(E 9

+F9
)W

9
~ !l2g(x.y)g = «

9 ,

w
i3
+ w

9 + w7 + w12
~ 4wn - h 2

g(x»y)n= > >

in which A
4 ,

for instance, is the A multiplier appropriate to the

irregular star centred at point 4, and obtained by virtue of the

length of the arm (4,5). From (14) all of the above results follow

directly. For example, if w
6

is altered by unit amount, the residual

R
4

is altered by an amount D
4 ,

R
6

by -4, and R
9

by C
9
. These

together with the two unit alterations that arise in the normal

manner, constitute the residual operator for point 6, and are

represented diagrammatically, with suitable change in notation, in

Fig. 3(c).

The first method of derivation, that is by inspection of the

residual operators, is all that is necessary actually, and a little

practice quickly rids the process of its apparent difficulties. In

practice it is not necessary, even, to draw diagrams for points

like that in Fig. 3(c), for the effects at points ’a
Q ,

b
Q , are imme-

diately obvious from inspection of the residual operators for those

points.

It is also a simple matter to use these more complicated

operators in relaxing a problem. To illustrate the process we shall

consider an example in which, for ease of discussion, all the

irregular stars are identical.
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Unit relaxation
operator

Points 3,7 and 12

(c)

Residual operator
Points 3,7 and 12

(b)

Unit relaxation
operator

Points 6 and II

(d)

Fig. 4
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7. Let us integrate Poisson’s equation for the region shown in

Fig. 4(a). As usual we shall take g(x,y) = -100, h = 1, and w = 0

on the boundary. The mesh lines have already been drawn on the

figure and the internal points numbered for reference.

Points 3, 7 and 12 are centres of irregular stars and, by virtue of

their location, points 2, 6 and 11 will also have irregular relaxa-

tion operators.

It is necessary, as a preliminary, to obtain the irregular star

operators. Consider point 3. Since

\ - h
2
= 1/2

we have

a
x
= a

2
= 1/2 ,

so that from the tables we find that

A
3
= B

3
= 2.6 ,

C
3
- D - 1.3 ,

E
3 = F

3
= 4.0 ,

the same being true for points 7 and 12 also. Accordingly, the

residual operator is as given in Fig. 4(b). From this is obtained

the unit relaxation operator of Fig. 4(c). The relaxation operator

for points 6 and 11 is included for the sake of completeness.

Fig. 4(d), although, as already explained, it is not necessary to

construct such operators in practice. Note that the operator for

point 2 is essentially the same as that of Fig. 4(d), the only differ-

ence being that no residual is recorded at the boundary.

We are now in a position to commence relaxing the problem.

Since our main interest, at the moment, lies in the use of the

irregular star operators, no general discussion of all the steps in

the complete solution will be given.

A commencing pattern of zero displacements everywhere gives

initial residuals at all points, including points 3, 7 and 12, of

100 each. Let us assume that after a little relaxing the situation

(27). Note that if boundary displacements were specified as other

than zero, operator Fig. 4(b) would give residuals at points 3,7 and 12

which would differ from those at the other internal points.
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shown in Fig. 5(a) lias been reached p8 -* The residual at point 7,

for example, has been obtained in the following manner; Using the

operator of Fig. 4(d) the contribution to from is

(R
7 ) 6 = (80 x 1.3) = 106 * 6 ,

and from wn is

(R
7)n= (50 x 1.3) - 66-6

so that, recalling that -h 2
g(x,y) = 100, the total residual is given

by

R
?
= 106-6 + 66 - 6 + 100

= 273

to the nearest integer. Chacking this by means of the residual

operator. Fig. 4(b), shows it to be correct.

Fig. 5(b) shows the relaxation of points 3, 7 and 12. The

residuals are liquidated separately although the figure shows all

three steps. No confusion should arise however, as, for illustrative

purposes, wherever possible the residual alterations have been

written on the same level as the applied displacements. Fig. 5(c)

gives the final solution. The reader should relax the problem as an

exercise, and finally check the solution using both the standard

residual operators and the special one of Fig. 4(b).

W,R

70 -20 80

“V
-50 0k

80 20 100 20 80

\
-50 0

(This figure continued

on next page.)

70 -20 60 20 70 30 50

\
-30 0 tck (a)

rv
(28). In this discussion it is not of interest whether this is a good

or bad situation, that is whether the relaxing up to this stage has been

well done or not.
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(b)

Fig. 5

Obviously, this general method of treatment can be applied to

all types of irregular star operators irrespective of the bases of

their derivation.

8 . The derivation of irregular star operators by use of polynomials,

that is to say the development of irregular star finite-difference

expressions for partial differential operators, may be generalized

in a manner used by Fox.6
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Fictitious points L, 2., Fig* 1, are introduced so as to make
the star 0 regular, the imaginary points then being eliminated by

means of the Gregory-Newton interpolation formula. This is given

as

f(x) = f(a) + xA'f(a) + ^|^A"f(a) + y=^A"'f(a) + •••

which, in terms of the notation of Fig, 1, for points on the hori-

zontal line through point 0, bee ones

w
x
= W}

.

+ xA i1; +
xi^-iV
2 !

' .

x(x-l)(x-2)

!i
+

3!
A

li
(15)

In (15), x is the quantity (l-h^/h) and n =1,2, •••, are the

leading differences obtained from a difference table:

A'a.= w
0 - wx .

A'i.=
- 2w

o + w
1; 1

(16)

By retaining only -a few terms in (15) an expression can be written

down for Wj_ in terms of w
3
, . . . , which can then be used to

eliminate w
x from the regular star expression.

The irregular star expressions (4) and (10) can be regarded as

particular examples of this method of derivation. Consider the

expression obtained by terminating (15) after the second difference:

x(x-l)
#w

l
= w

l- + x ^i* +
— A". . (17)

Substituting from (16) gives

x(x~l)
= w

x.+ x(w
0 - wx .)

+—-— (w
3
- 2wc + wvJ

* i JL

and, on solving for w1# we have

2
Wi. = w, H wv

l. = w
1 1 (x-2)(x~-l)

2x x
+ w0

(x-1) 3(2-x)

Putting

x = (1-hjA) = 1-dj

and substituting (18) in the expression

(18)
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Wi + w_ — 2w
o o

we obtain, finally,

V<?

which agrees with the corresponding terms of (9)*

The simpler expression, (4), can be obtained from (15) by

neglecting terms after the first difference.

>w
= w. + W

3,^(l + a^
3
(l + o

1
)

(19)

9. OTHER BOUNDARY CONDITIONS . The discussion of irregu-

lar stars concludes the consideration of the more important points

that arise in relaxing problems involving the harmonic operator. It

by no means exhausts the subject however. Although not encoun-

tered frequently, one difficulty that can arise is related directly to

the boundary conditions. In all discussion so far it has been as-

sumed that the boundary displacement was specified. For Poisson’s

equation we had w=:Q, whilst for Laplace’s equation w was a given

function, w = w(x,y), so that in either case it could be taken as

known (or calculable) all round the boundary.

Other boundary conditions are possible however. A very general

condition could be the requirement that on the boundary we have

dw dw
a(x,y) — + b(x,y)— + c(x,y)w f(s)

os d n

where dw/ds, dw/dn, are the derivatives along the tangent and

outward normal at the boundary, s is the arc length round the

boundary, and a(x,y), b(x,y), c(x,y) and f (s) are given functions.

A particular example of this is that associated with the so-called

Neumann problem, namely to find a function harmonic inside a

given region, and on the boundary satisfying the condition

dw

dn

where f(x,y) is given. A slightly more complex condition could be

the specification of w on one section of the boundary, and of

dw/dn on the remainder.7* 8

As a result of conditions like these we are led to consider the

development of additional techniques. We wish to relax problems

(x,y)
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in which, among other things, the outward normal derivative, dw/dn,
is specified on portion or on all of the boundary. The extensions
necessary are best illustrated by means of an example.

10. NORMAL DERIVATIVE SPECIFIED ON THE BOUNDARY .

Let us find the function w(x,y) that is harmonic (that is, it satis-

fies Laplace’s equation d^/dx2 + d
2w/dy 2 = 0) in the circle

2 +y2 =l (20)

and on the boundary satisfies the condition^

dw _— = 3x(4x 2 - 3) (21)
o n

For this problem an exact solution exists, and is given by

w = x 3 ~ 3xy 2 + C (22)

where C is any arbitrary constant.

From (21) it is obvious that the function w is symmetric about

the x axis, and antisymmetric about the y axis. It suffices, there-

fore, to consider a quadrant of the unit circle (20). Fig. 6 shows

the problem region together with the superimposed mesh. The

nodal points of the relaxation problem are those marked c, g, h, j,m,

n,o,r,s,t,u, while points a, b, d, e,k, p, z, v, are fictitious points.

Pursuant to the symmetry remarks we have

w, as —

w

w = —

w

w
y
- w }

(23)

One difficulty introduced into this problem and not previously

encountered comes from the irregular stars at points h, j
and o.

Considering point h, for example, the finite-difference expression

for the harmonic operator includes the value of w at the fictitious

point d. In previous work this was eliminated by using the specified

(29). A further condition is implied, namely that

the line integral being taken right around the boundary T . If this is so, then a

solution exists which is unique to within an arbitrary constant.
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y

t

w boundary value lying on the mesh line dh, together with the

Gregory-Newton interpolation formula. Now, however, no such
boundary value is available, and it becomes necessary, for the

elimination of w^, to use instead the given boundary value of <9w/<9n.

One method of doing this has been presented by Fox. We shall

follow his treatment.

Fig. 6 shows the necessary construction. Values of dw/dn
are calculable from (21) for the boundary points c, A, B, C, D, u,

which lie on the radial lines drawn from the fictitious points

a, d, e, k, p, v. They shall be regarded as known. Using linear
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interpolation, and introducing a point E as shown, we have

cE

^ = w
c + (w

h
- w)

ch
or

ch w
E - Eh w

c + cE w
h

Also, to the same order of approximation

K
d n JA Ed

so that

wE = w
d
-Ed(4^)

(24)

(25)

Eliminating from (24) and (25) gives

w,
cE— w
ch h

Eh
4- —w + Ed
ch c

Idw\

\dnj
J

and substituting (26) in the expression

d
2w

K
dx2 dy7h

J d g n -h

gives the required irregular star

J* w <?
2
w'

— +
.

dy 2

Eh Idw\ / cE
= w -fw + w. -f— w +Ed )

— w, 4-—
g n J ch c

\d n/ A

h
\ ch

(26)

(27)

(28)

The lengths Eh,ch, are all calculable, or obtainable from an

accurate drawing, and a is the mesh length (used here in lieu of h

as previously to avoid confusion). Note that (28) departs a little

from stars previously encountered in that an extra value w
c
has

been introduced. This is an added complication, but entails no real

difficulty as we shall see.

For point
j

it is necessary to modify this treatment, for if w
d

were introduced by interpolating between points d and
j

it would

then be necessary to eliminate it again along with w
e

(in addition

to w^). Continuing to interpolate linearly we have

hj wp = Fj w
h + hF w. (29)
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so that

In like manner

a 1! 1
a>

o>

T

qJ

w
(30)

hF Fj fdw

hj J hj
h U B

(31))

oG Gj fdw\— w. +—w + Gk ,

oj 3 oj
0 \dn) c

(32)

and hence the irregular star at point
j
is given by

W .
-

w, + w + w, + w - 4w.

FA

%
Gj

°J

/<9w
\

fdvt\

(33)

= 1+ — w. + 1+— w +Fe — +Gk — -w, 4--—1(34)
\d nj V n/

hF oG\

4 °iy

Point c as well as being a mesh point is also a boundary point,

and normally would not be relaxed. In this instance, however, since

w is not given on the boundary it is necessary for that point to be

relaxable also. We have

a
2

d y
2
J

c

= w, + w + w, + w
d a b g

(35)

in which points d, a and b are fictitious and are to be eliminated.

For w we have immediately
"

fdw>
W — W as
a g

'<9w\

w
a
= w + ga — I (36)

An expression, (26), has already been derived for w
d ,

and symmetry

of the region allows that for w
b

to be written down from (26) by

inspection, giving

cE Eh /<9w\= “7
'W
, + Ed[—

I

ch ch
(37 )
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in which X is the mirror image, about the vertical axis, of the

point A, Substituting (26), (36) and (37) in (35) gives

Expressions for the irregular stars at points o and u may be

obtained by inspection from (28) and (38).

11. We can now write down the residual operators and, from them,

derive the unit relaxation operators. It is convenient at this stage

to introduce numerical values for the coefficients^ cE/ch, etc.,

as well as those for the normal derivatives at the various boundary

points. Symmetry properties also can be used to give added

simplification. For example, in (38) we have

^ = -w
f

'dw\ f <9w\

5n/A- V?nJ.'A'

etc.

Accordingly, since the governing equation is

d
2wa2- d 2w

Sx 2 ' dy 2
= 0

we have the residual operators

(30). Details of computation of these quantities will not be given here.

Results are:

Ed = Hp = 0-264 ,

Hu/ou = cE/ch - 0*750 ,

hF/hj = oG/oj = 0*3

(dw/dn)
A = ~(<Wdn)A.

= -2*466

(<9w/dn)
c
- 0 ,

(dw/dn)c

C

=-0*575 ,

Fe « Gh = 0*401 ,

oli/ou = Eh/ch = 0*250 ,

FjAj = Gj/oj - 0*&

0Wdn)
D =

(dw/dn)
D

, = 1*708 ,

(<*w/<to£- -2*944
>

(dw/dn)
u
= 3*00 .



134

2 w — 3*5 w R
g c

0*25w 4 w + w + w. — 3*25 w — 0*650 — R,
c g n j n n

1*6 4* 1*6 w
q
— 3*3 \v. — 1*410 = R^ (39)

0*25w 4- w + w 4 w, — 3*25 w 40*450 — R
u t n j

o o

2wt 4 1*5

—

3*5wm 4 2*900 — R
ti

The relaxation operators are obtained in the usual manner, and

are given in Fig* 7. Note that although points g and tare apparently

regular points, their relaxation operators are not the standard

(1,1,1, 1,-4) type.

Point h Point j
(This figure continued on next page •)
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Point t

Fig.7 Unit point relaxation operators

With all the operators now available the problem can be

relaxed. Taking zero displacements everywhere as the first step

enables residuals to be obtained from (39). For computation pur-

poses it is convenient to multiply the residuals (and so the final

displacements) by 1,000. Doing this gives Fig. 8(a). The relaxa-

tion itself is straightforward. Doing point relaxation only a few

steps in the process could be:
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u = 1 ,000 ,

(31)

j
= -500

,
h = -400

,

t = 300, o = 200, u = 100

,

t = 100, s = 100, h = 50.

The reader should relax the problem for himself, the solution being

given in Fig. 8(b). The quantities in braces are the exact values of

Initial residuals (xlOOO)

(a)

(0) *N%i-822)
1

-1002

0 ! -367 0 -517 io^
981’

(0) (-407) (-592) -167

V-192)
0 1

-26 1 179 I \ 774
(0)

;

(-74) (74) \(S69)

d 85 1 393 1 1130 lO
(6)1 (37) (296) (1000)

Final displacements (x 1000)

(b)

Fig. 6

(31). By this is meant an increment of displacement 8w of amount 1,000
is added at point u.
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w, obtained from tbe known solution (22). In addition to the relaxed

solution the values of w are given on the boundary. These have
been obtained from the nodal values by linear interpolation. For

example, from (24) and (26) w£ and w
d

can be calculated, after

whi ch

EdwA EAv*
d

-f AdwE (40)

allows wA to be obtained.

12. From Fig. 8(b) it can be seen that the relaxed solution is

very inaccurate. This is to be expected. For illustrative purposes

a very coarse mesh, a = h = 1/3, was used and in addition the

linear interpolation method of obtaining irregular star operators

leaves much to be desired. To obtain better accuracy a finer mesh
would be necessary, although how fine could not be predicted

without seeing the manner in which the displacements behave for

successively smaller meshes. It would be possible, of course, to

increase the accuracy of representation of the irregular stars, but

only at the expense* of considerable complication in the star

patterns. As Fox8 has indicated, if the normal from d, Fig. 6, were

terminated such that dA — AE, point E no longer lying on a mesh

line or a diagonal, then the approximation

Idw\
dEUA

‘"'-~ W
G

assumes a parabolic variation in w. To the same order of approxi-

mation the value of w£ could be deduced from those at surrounding

points, so enabling w
d

to be eliminated. Rather than do that, how-

ever, it is preferable to use finer meshes.

The problem just solved contains an artificial simplification.

From the relaxation operators, Fig. 7, it can be seen that (because

of antisymmetry) no displacements of points other than those lying

on the y axis can affect residuals on that line, whilst from (39) the

initial residual at point c is zero for the choice of zero initial

displacements. Thus the displacements w
c ?
w

g
?
wm j

w
r
never change

during the relaxation process. If other initial displacements had

been adopted, after once liquidating the residuals at points c, g, m
and r, again they would have remained unaltered by further relaxa-

tion elsewhere. This feature is in keeping with the remark that the
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solution of the problem is unique to within an arbitrary constant*

The choice of zero initial displacements automatically fixed the

value of the arbitrary constant, making it equal to zero.

The independence of a set of points like c, . . . ,
r, is not a

general characteristic, and here arises from the antisymmetry of

the problem. Usually there is an interdependence, with the result

that such points will be relaxed in the usual manner along with

the other points. In this circumstance the arbitrary additive con-

stant of the solution would introduce a difficulty, for unless care

was taken the constant itself would be altered with each displace-

ment alteration. The displacements would never settle down. To

overcome this it would be necessary to hold the displacement at

one point, say w
f ,

fixed at one value and never relax it. At the

same time, nevertheless, it must have no residual (or a negligibly

small one) in the relaxed solution. To achieve this requires a little

juggling, but it is not very difficult. This phenomenon will occur

again later^ so it will not be considered in detail here. Even so

it is worth remarking that should a residual tend to accumulate at

the fixed point, as it would inevitably do in the normal manner, it

could of course be liquidated by adding an increment of displace-

ment, £w, there. This would be equivalent to altering the constant

(and so the solution everywhere) by an amount <$w. To restore it to

the previous situation it would then be necessary to add •—8w to all

points. That is to say, if an amount Sw^would be required to liqui-

date R
f ,

rather than relax point r (and so alter the constant) the

same result could be achieved by adding -§w
r
to each point exclu-

sive of point r.

13, Prior to Fox, Southwell and Vaisey7 gave a method for

solving plane potential problems for which mixed boundary con-

ditions were specified. By considering the membrane analogue for

such problems, the normal gradient, dw/dn, may be regarded as a

measure of the intensity of transverse edge loading acting at the

boundary. This force can be integrated round the boundary and

distributed to the mesh lines, or strings, that cross the boundary

in accordance with the principles of statics. From this physical

viewpoint residual and relaxation operators can be derived, but

(32). Chapter VIII.
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they will not be the same as those obtained by Fox’s mathematical

treatment. Equally accurate solutions appear to be obtainable by

both methods. Since relaxation methods are not being regarded from

the physical point of view in this text, the Southwell and Vaisey
approach will not be discussed further.

14. MULTIPLY -CONNECTED REGIONS

.

A complication of a

different nature can arise if the region of definition of the problem

is multiply -connected,^ Two classes of such problems are

common. In the first it is required to solve Laplace’s equation

<9
2w d 2w

<9x
2

<3y
2

(41)

over the region, values of w being specified on each boundary.9 The
second class10 requires the integration of Poisson’s equation

<9
2w <3

2 -"

dx 2 dy2
(42)

D being a given constant, whilst on each of the (n + 1) boundaries

w is constant:

w — G . (i = 0,1,2, ..., n) (43)

The constants C. are in general all different but are not known

beforehand. We are at liberty to choose one of them (usually taken

as that on the outer boundary, C ) to be zero, the values of the

constants on the n internal boundaries then being required to satisfy

the n relations

r <?w

^ d n
ds = DA (i — 1,2, « • • ,

n) (44)

The contour of integration, F., is a closed curve lying within the

region of the problem and completely enclosing the i
th

internal

boundary only. A. is the area within the curve F., n and s are the

outward normal and tangent to the contour F.

(33). Roughly speaking a region is said to be multiply-connected if it

contains one or more holes. More precise definitions can be obtained

from books on pure mathematics; see, for instance, Ref, 12, p. 25.



140

The first of these two classes of problems is directly amenable

to relaxation. No further discussion is necessary. The second,

however, requires more consideration.

Since (42) is linear a solution can be obtained by the method
of superposition. We may write the complete solution as

w = w
o + k

1
w

1
+... + k

n
w
n (45)

where the k., i = 1,2, . . . n, are arbitrary parameters, and then

consider the series of problems:^

(0) V 2w
o
= -D ,

with 0 on all boundaries F
o , Fj, . . * ,

F
r ;

(1) v 2w
1
= o ,

Wj=0on r, r
2
,...,r ; w

1
= 1 on r

x ;

(i)

w. = o on r
c , rlf

V2WS = 0

r.
i—

1

.,r w. = 1 on F

(n) V2w
n = 0 ,

w
n = 0 onr

o’
r

i
r_i; w

n = ionrn .

Substituting (45) in (44) gives the n linear equations

—5ds + k. / —Jds = DA
,

(i = 1,2, ... ,n) (47)
dn jtt

fli
an

which may be solved to give the parameters k.

.

Nothing new is required to solve each of the n problems of (46);

the relaxation process is straightforward. The new feature comes
from (47) in which it is necessary to compute various line integrals

round closed contours. As far as the particular contours are con-

cerned, subject to the conditions already given it is a matter of

indifference which paths are selected. It is natural, therefore, to

L

(34). Dy V 2
is meant the operator

V 2 = JL ii
dx

2+
dy 2
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select contours made up of portions of the mesh lines of the

relaxation net,
1 An element of the contour will be the arm of a

mesh line joining two adjacent nodal points. Choosing it in this

manner means that no irregular stars will be involved.

15. Considering Fig. 9, let AB be portion of the contour. On it

we may identify the normal and the tangent, n and s, with the x and

y directions as shown. Then, by linear interpolation, along the

element of contour ab the gradient dvt/dn has the average value

Fig. 9

so that

which, rising the approximation

(dvA
= (wj - w

2
) / 2h

\dnJ b
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becomes

|ds = {(wj + w
4)
- (w

2 + w
3
)l/ 4 . (48)

From this the value of the total integral can be found by summing

all the elements.

Formula (48) can be found directly by using the polynomial

representation

w = a
o + a

x
x + a

2y + a
3
x2 + a

4y
2 + agey

. (49)

We have

a
l
+a5X

so that

= a
x
h + a

5
h 2

/ 2 .

On substituting the coordinate values of points 1,2,3 and 4 in (49),

and solving for a
1
and a , (48) is obtained, so that (48) is of the

same order of accuracy as the irregular star operators.

Given the contour integrals obtained from the solutions to (46),

equations (47) can be written down and solved for the parameters

k., whence the complete solution to the problem defined by (42),

(43) and (44) follows from (45). In view of the simplicity of the

expression for the contributions to the contour integrals, it is

unnecessary to work out an illustrative example.

16. An alternative approach to the problem is also possible. To a

certain extent it involves some iteration as well as relaxation. We
shall consider the case of a doubly connected region, that is to

sayaregion having one hole in it. There is but one inner boundary.

Equations (42) and (44) now bee one

V 2w = -D , (50)

DAr (51)
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Ar
being the area enclosed by the contour F. Choosing some value

for the constant C on the inner boundary, the problem is relaxed in

the normal way, and values of

calculated. It is unlikely that (51) will be satisfied, so that putting

r

the necessary magnitude of k can be found.

The w values located at points on and between the inner

boundary and the chosen contour of integration, together with the

values for points on two or three mesh lines on the other side of

the contour are now modified by all being multiplied by k. New
residuals are then calculated and the points in the modified region

relaxed, the complete cycle being repeated until (51) is satisfied.

This whole process requires relatively little work, speed being

attained at the expense of accumulating rather large residuals at

those mesh points situated immediately adjacent to those of the

modified region. The line of accumulated residuals is easily

liquidated by systematic block relaxation. A minor disturbance

may wash back during this last relaxation, necessitating a further

cycle of modification and relaxation (k having been disturbed by

the wash back so as to be not quite equal to unity). The final

cycle will be only of a corrective nature, however.

Of these two methods the former is undoubtedly the more

elegant; the latter,
4 though, leads on in turn to the treatment of

other problems,^ and so cannot be ignored. If the region is more

than doubly connected the latter method is probably extremely

tedious in use.

17. Colin and Newmark11 have developed a third method of treating

the same class of problem. Although similar in some respects, it

also is more elegant than the foregoing second method* Like the

first method it lacks some of the flexibility of the second, but it

(35). The problem of the plastic torsional behavior of a hollow prism

has been solved using this technique.
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can be applied to problems in which the domain contains more than

one hole. For the particular case in which the internal boundary

(or boundaries) is formed entirely by portions of the finite- difference

mesh lines the method is easy to use.

h

Fig. 10

Let Fig. 10 represent a section of an inner boundary F, together

with portion of the region of the problem. On F the nodal points

are all to have the same value of w, that is the actual magni-

tude being unknown, Colin and Newmark find it convenient to

choose as the contour on which to calculate the line integral (44)

the line situated midway between the boundary and the first internal

mesh line. On the element of contour ac (= h) the average normal

gradient is given by

<9w Wp — w
rt

dn

so that

(w
r

h

iwr - S w.
(53)

n being the number of nodal points on the boundary.^ Also from

(44) we require that

(36). Note that this requires a corner point like A to be counted as
two points, that is one for each mesh line ending at A.
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/
c3w— ds = D .

dn

which, using (53) gives

nw
p ~ iw. = DA

C (54)

A
c
being the area enclosed by the contour C.

From (54) operators can be derived by means of which the

entire boundary V can be displaced as a unit* We may regard all

the points on the boundary, with value w
p , as being only one point

for purposes of relaxation. For the residual operator we have

nw - Sw. ~DA = H (55)
1 i=i i c r

Also, if any w. receives an increment of +1, then R p
alters by -1,

whilst if w
p

is displaced by +1 then R
p

is altered by +n and at

the same time at each point i the residual R. is altered by +1. This

constitutes the unit relaxation operator. Although it is not easily

presented in diagrammatic form it is simple and straightforward

to use.

If the boundary F is curved, or at least does not coincide with

mesh lines, then the operators become more complex. It is obvious-

ly necessary to have the contour C located adjacent to F and it is

desirable that C be parallel with mesh lines. For these reasons it

is advantageous to take as C the contour formed by the mesh lines

lying just internal to F

.

FiG.il
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In Fig. 11 let AB be portion of the contour C. Using linear

interpolation at any point b we have

so that

f
dv,

\ _ f
w
r
~

•d n
j \ h + h„

(56)

/
<?w

(
-ds - f

dn

= (wr -w2)^2 (57)

where /32
~ h/(h+ 1^). For the complete integral we have from (57)

/
<9w *

and so, in lieu of (54) we require that

2^(w
r -w.)^. = DA

C (58)

This expression is correct^ provided that for every point i

situated on one side of the contour C there is a corresponding

point on the boundary F being used for the gradient expression

(56). For most problems involving curved inner boundaries this

will not be so. Almost inevitably for some elements of the

contour two internal points (and no boundary point) will be

required to obtain the normal gradient. For any particular problem,

however, on suitably numbering the mesh points adjacent to the

boundary the correct expression corresponding to (58) is easily

written down. It does not seem desirable to obtain a general

(37). To within the order of approximation involved.
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expression here as suitable notation and explanation would
render it rather cumbersome.

Given (58) or its correct equivalent the operators follow as

before, and with these the problem can be relaxed, the boundary

r being treated as just another point with an associated dis-

placement w
r ,

a residual R r and with a special relaxing operator.
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CHAPTER VI

SECOND ORDER LINEAR PARTIAL DIFFERENTIAL EQUATIONS
(CONCLUDED)

1. The second order equations next in order of complexity follow-

ing Laplace s and Poisson’s equations are those that are asso-

ciated with axi symmetric problems. Using cylindrical coordinates

(r,0,z) symmetry has the effect of making the behaviour independ-

ent of variation of the azimuth angle 6, so that as far as the

differential equations are concerned only two independent variables

(r,z) are involved. The equations may be regarded as two-dimen-

sional, and are readily integrable by relaxation methods.

The equations with which we shall be concerned are all of

the form

d 2w d
2w A dw

dz 2
dr

2
r dr

(1)

where A and B are constants. Those most commonly encountered

include

<9
2w <9

2w 1 dw

d z
2
+

dr
2

r dr

<9
2w <9

2w 1 dw

A 2
d z

+
dr

2
r dr

d
2w <9

2w 3 dw

d z
2
+

<9r
2

r dr

d
2w <9

2w 3 dw

<9 z
2
+ * 2

F dT

(2)

(3)

(4)

(5)
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2. AX1SYMMETRIC PROBLEMS,
BOUNDARY SHAPES AND

CONDITIONS. The boundary profiles vary with the types of

problems, but, with the exception of those associated with (5),

usually do not consist of single closed curves. This is a feature

new to our discussion. Figs. 1 show an example. Boundary con-

ditions are specified along the centre-line of rotation EF, and
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along the surface of revolution ABCD, but, mathematically speak-

ing, the boundaries AE and DF may be located at infinity. However,

the section BC in which the change in shape of the profile F takes

place is usually of small extent, and at each end of it there exists

a section of F, AB and CD, which is parallel to the z axis. If BC
is located sufficiently far away from AE it can exert little or no

influence^ on the behaviour of w(r,z) at AE. In that circumstance,

in the neighborhood of AE (or DF), to the order of accuracy for

which the problem is being solved there is no sensible variation in

the dependent variable w(r,z) in the axial direction. The governing

differential equation may there be regarded as one-dimensional;

for instance from (4) we would have

d
2w 3 dw

and solving this equation^ gives a boundary condition for w on

AE, and similarly on DF.

(38). from the physical point of view.

(39). The equation

d
2w 3 dw

dr
2

r dr

describes the behaviour of (4) at sections like
v AE, Fig. 1(b). It has the

solution

Ar + b

A and B being constants of integration. With

w « 0 for r - 0

we have

Ar
4

Thus, close to the axis EF, whether near the section AE cr not, w will vary

like r
4

. Similarly for (3) w will vary like r
2

. Since functions having these

characteristics maybe inconvenient for numerical work ithas been suggested

that other functions be used.

Substituting

Wj = w/r
4

in (4), and
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How far 'upstream it is necessary for AE to be located cannot

usually be determined beforehand. From a numerical point of view

it must be sufficiently far from a point like B (the point of depar-

ture of the boundary V from parallelism with the z axis) that the

that the nodal values of w located on four or five consecutive

radial mesh lines adjacent to AE do not vary in the z direction.

This position can only be determined by watching the progress of

the relaxation solution.

The boundary conditions are usually simple. The actual boun-

dary profile associated with (5) is normally a single closed curve

for which

r > 0

everywhere, and on which

w = 0 .

Associated with (2), (3) and (4) the boundary conditions

commonly encountered are:

(i) On AD, Fig. 1(b), either w is a given constant

w = w
B ,

or w is a given function of the radius r

w “ wQ (r) .

(ii) On the centre line r = 0

0

in (3) gives the equations

w
2
= w/rz

d
2
vq d 2w

I 5 dw-

and

dw
2

d
2w

2 3 dw
2

dz 2
dr

2 +
r dr

= 0 .

These equations will not be further discussed here. Their solution by relaxa-

tion methods will be essentially the same as that for (2), . . . , (5).
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3. RESIDUAL AND RELAXATION OPERATORS. For treatmeni

by relaxation methods (2), (3), (4) and (5) are basically the same
A detailed discussion of the solution of one of them can be appliec
with but minor modification to any of the others. We shall considej

(4), therefore, and this will suffice for all.

From (18) of Chapter II the finite-difference expression corres'

ponding to the left-hand side of (4) is readily obtained. Referring
to Fig. 2 it is

FIG. 3
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Unfortunately, the term on the right-hand side corresponding to the

first derivative assumes only a parabolic variation in w whilst

that for the harmonic expression assumes quartic variation, so that

the total expression (6) is not as correct a representation as that

used in previous chapters. This could be remedied by using a more

complex representation for the first derivative, but the extra mesh

points involved make it not worth while. It is desirable to keep the

general operators as simple as possible, even though force of

circumstance frequently makes it necessary to use intricate

irregular star operators.

From (6) and (4) the residual at any point 0 is given by

3h
f

3h\
W

1
+ W

2
1 “~y+ W

3
+ W

4 (1 +^T 1
- 4wn = R n (7)

and, by considering this and also the residuals at the four sur-

rounding points 1,...,4, the unit relaxation operator at point 0

follows. It is displayed in Fig. 3. Note that a displacement of +1

at point 0 gives a residual at point 2 of amount l+(3h/2r
2 ), and at

point 4 of amount l~(3h/2r
4
). Thus, although it is independent of

the z coordinate of point 0, the operator is a function of the r co-

ordinate. Also, since r
4 ^ r

2
the sum of the five residuals of the

unit operator is almost but not quite zero. These are new features

in relaxation operators, and are due to the introduction of the I/r

term in the differential equation.

Using the unit operator line and block relaxation operators may
in turn be constructed. Some typical examples are given in Fig. 4.

For use, of course, the numbers given symbolically would have to

be evaluated. For this purpose it is sufficient to have available a
set of values for

3h

2c
’ 1 = 1,2> •• *> n *

"l

These values can then be added and subtracted mentally where
desired so that it is not necessary to draw a block and evaluate it

in all detail each time it is to be used.

For reasonably large values of r, that is for points well removed
from the centre line r = 0, for relaxation purposes the terms involv-
ing 1/r are small and may be ignored. This simplifies the operators
considerably, in fact they become identical with those used for
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Line and biocK relaxation operators

Fto. 4

Laplace’s equation. Since they are incorrect use of such operators

introduce errors in the residuals and accordingly the residuals

should be recalculated at frequent intervals using the correct

residual operator (7).

Indiscriminate use of the relaxation operator, Fig. 3, leads to

one incorrect result. If the operator is evaluated for r
0
= 2h, that is

for points located on the mesh line second from the centre-line,

the coefficient of point 4 is

3h

~
2r

" ~
2

4

which is negative. This implies that not only does a positive dis-

placement at a point on the second mesh line decrease the residual
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at that point, but also it decreases the residual at the point imme-

diately below it (on the first mesh line)* This negative coefficient

comes from the residual operator for points on the first mesh line;

consequently in order to circumvent this behaviour it is necessary

to obtain a different expression for R
q

for points on the mesh line

r as h. Due to axial symmetry w is an even function of r for z con-

stant. Thus for z constant (adjacent to the centre-line) we may

replace the parabolic variation of w by a quartic, and use

w = a + br
2
+ cr

4
. (8)

From this can be derived expressions for (<9w/<9r)
0 and (<9

2
w/<3r

2
) 0

in terms of w
q ,
w
2

and w
4 , Fig. 3, the coordinates (r,z) of these

three points being

w
4
(0,c), w

Q
(h,c), w

2
(2h,c).

Substituting these in (8) gives the equations

w - w, = bh
2
+ ch

4

o 4

and solving for b and c yields

. b = (16w - 15\

4bh
2
+ 16cb4 ,

• w„)/12h
2

c - (w
2 + 3w

4
- 4w

o
)/12h

4

From (8) and (9) we then have

f
<9w\

3= 2bh + 4ch 3

dr /r=h
= (8w - 9w. + w )/6h

O 4 Z

2b + 12cb2

(-gw_ + 3w
4
+ 5w

2
)/6h

2

and substituting (10) in (4) gives, finally, the residual operator

1 22
w, + —

w

n + wQ + 5w, w = R a (

for all points 0 on the line r = h.
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With the aid of (11) and the general residual expression (7) the

unit relaxation operators can be obtained for points lying on the

lines r = h and r = 2h. These are given in Figs. 5.

r- 2h

r = h

r =0

(a)

r*3h

r-2h

r*h

Point relaxation operators for lines r=h, r-2h

Fig. 5

4. ,4/V PA/4MPLP. Although the consideration of axisymmetrie

problems introduces new types of operators, new that is in so far

that they vary from line to line, they do not differ radically from

those of previous chapters. Since they are not all the same the

relaxation cannot be quite so automatic, and it takes a little more

time to become familiar with them. However, nothing essentially

new is involved, in fact this is true for almost all types of second

order equations. An understanding of the techniques used in solving

Poisson’s equation, together with a feel for manipulating blocks,

is sufficient to enable any other equation to be relaxed without

difficulty.

An example will illustrate the procedure. Actually for these

types of problems (and for others to follow) it is not easy to devise

simple examples. In the nature of the problems, the boundaries

not being simple closed curves, usually a large number of mesh
points are necessary for an adequate treatment* On the other hand

for illustrative purposes only a small number of points can be

used, and as a consequence it appears that almost all the operators

are different. This tends to confuse rather than clarify description.

We shall consider the region shown in Fig. 6, with (4) as the

governing equation. The mesh length shall he taken as h ~ 1. For
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boundary conditions we shall assume

w = 625 on AB ,

w - 0 on CD ,

and in addition BD is to be a line of symmetry. The line AC which

Fig. 6

terminates the problem on the left-hand end should be much further

to the left than is shown, as most certainly in its present position

the solution will not be independent of z. For discussion purposes,

however, we shall assume that on AC the solution is one-dimen-

sional, so that (4) becomes

d
2w 3 dw

^
dr

2
r dr

Allowing for conditions (12) this has the solution

4w - r

from which could be calculated the values of w at the mesh points

on AC. We require, however, not the solution of the differential
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equation but that of the equivalent set of finite -difference equations.
From (7) and (11), with r = 1,2,3 and 4, and with the points on AC
numbered (for this purpose) as in Fig. 6, they are*

40^

1 16
—

w

rt
— —w = 0

1 7
—w. +—w_ - 2w_ = 0
4 3 4 1 2

— w. +—

w

0 - 2w0 = 0
2 4

2 2 3

5 11
“625 +— - 2w, = 0
8 8

3 4

Solving these gives (to the nearest integer)

w
x
= 1 ,

w
2
= 9 ,

w
3

68 w
4 = 243 (13)

as compared with the exact solution, w r
4

,
from which

w
x
= 1 - 16 ,

- 81 , w
4
= 256

The large discrepancies result from the coarseness of the mesh.

For initial values of w we could assume zero displacements

everywhere as has been done several times previously. This would

give a set of residuals adjacent to the boundary AB and to the

line AC which could then be liquidated using both block and point

displacements. However, (13) gives an indication of the nature of

the solution, so we choose instead the values given in Fig. 8(a).

The figure shows also the resulting residuals. These are obtained

by use of (7) and (11) which, for the convenience of the reader,

are presented schematically in Fig. 7(a). Fig. 7(b) presents the

unit point relaxation operators, evaluated for all points*

(40). Note that in obtaining these equations due allowance is to be made
for the fact that (7) and (11) include the terms for (d

2w/dz 2
) also*
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Several possible steps in the relaxation are:

a- -10; b = 20 ; d = -20
; b,c = 30 ; h,i,j,k,l * 20 ;

f,g=10; e,f,g = 20 ;
f - 20 ; k = 10 ;

a,b,c = 10 ;

b-5; i = —10 ; c,g = 5 ; j
= -5 ; a = 5; c = 5;

n,o = —5 ; q = 5 ; 1 = 5;

which reduces the residuals to those shown in Fig. 8(b). The reader

should trace these displacements through, observing for himself

the effect of each. No rigid rule has been adhered to in this partial

relaxation, although in general the largest residual has been
approximately liquidated (either over or under) at each step. The
small number of points, and the initially chosen set of displace-

ments tend to prohibit much use of multiple operators.

The completely relaxed solution is given in Fig. 9.

£25 625 625 625

625 456 O 394 -\ 376

625 £25 J -1 269 O 216 2 204

243 219 -1 160 1 116 0 96 -1 69

ea 59 -1 46 -I 35 1 29 O 27

9 a -2 6 1 5 -1 4

>

0 4

l o 4 0 2 O 2 O ! O*

_o|
|

0 0
t 0 0 _ O

Fig. 9
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5. IRREGULAR STARS . The effect of a curved boundary on the

regular five point finite-difference expression has been discussed

in considerable detail in Chapter V. Due to the non-coincidence of

the boundary with the nodal mesh points not all of the mesh arms

are of standard length h. A pattern of points necessary for a finite-

difference expression in which one or more of the associated mesh

arms is of non-standard length is termed an irregular star. In such

a situation (7) is incorrect.

To derive an irregular star expression corresponding to (4) we
shall follow the method given in Section 5 of Chapter V. As was

mentioned there, ordinarily, at most two adjacent arms are short,

and in the usual mesh point notation they have been taken as

h
1
and h

2
. Let us assume here that all arms of the star of the five

mesh points 0,1,..., 4, are short, with lengths hj , h
2 , h

3 , h
4

. So

doing treats all possible cases at once, and yields an expression

corresponding to (10) of Chapter V. Actually it would be sufficient

to add to (10) a finite-difference expression equivalent to the term

A(dw/<3r)
o
/r

o
from (1), and indeed that is all we shall do. Neverthe-

less, for completeness we shall treat the problem in its entirety.

let the mesh point 0 have coordinates (z = 0, r = r
o
). The most

general quadric function passing through w
q
may be written in the

form

v(z,r) = w + az + b(r -r ) + cz
2
+ d(r-r )

2
+ ez(r— r ). (14)

O O <"»

We desire to find the coefficients a, . . . ,e, which make this surface

pass through those values of w located at mesh points 1,2,3,4,

namely, w
x ,
w
2 ,
w
3 ,
w
4

. The coordinates (z,r) of points 1, . . .,4 are

9 ^> r
0
+h

2) 9 9 (0> r
o
“-h

4 ) ,

respectively, and substituting these one at a time in (14) and

solving for a, . . . ,
e gives

a

b

c

d

= [h
3
(wj - w

Q
) - h^(w

3
- w

Q
) ]/ h

x
h
3
(h

x + h
3 ) ,

= [h^(w
2
-w

o
)-h2(w

4
-w

o
)]/h

2
h
4
(h

2 + h
4 ) ,

- th
3
(w

i
- W

0
)+ \ (w

3
~ W

o
)]/h

l
h
3
(h

I
+ V ’

= ’ th
4
(w

2 - w ) + h
2
(w - w

o
)]/h

2
h
4 (L + h ) ,

with e arbitrary*
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by

From (14) the partial derivatives of (4) at the point 0 are given

Using (15), the expression corresponding to (4) for an irregular star

thus becomes

^2w d2w 3 <9w\

dz 2 dr2
r <9r /

_

where a
l
- hpA^etc. Excluding the last term in each of the three

square brackets of (16), that is the terms arising from —3b./r
(= —3(5w/<9r)^/r

o ),
gives (10) of Chapter V.. In the more usual

irregular star h4 and either hj or h
3
will be of standard length h.

From (16), for each particular irregular star the residual and

relaxation operators can be obtained by the method given in

Chapter V. Since these operators will vary only in minor detail

from those already treated their use will not be further discussed.

6* TWO SIMULTANEOUS DIFFERENTIAL EQUATIONS . For the

final example of different types of second order equations we shall

consider problems involving two simultaneous differential

equations.
3’ 4,5 These are of interest mainly to structural engineers

and elasticians, and so do not have as general an appeal as do the

previously discussed second order equations. Instead of one

unknown function w (x»y) we have now to find two functions u(x,y)

and v(x,y),, The
/

equations are
/

<3
|

fdn dv\
,

d\ X
\— — + — + A * ^ + p—

dx.

'

\dx <9y \dx} dy 2 N
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<9v
~-(- +

.

dy \dx <9yj

+ A
a
2v

+ p- = o
i

(17)

K
dx z dy* fi

in which A is a known constant, and pX/p., pY/p are given functions

which mayor may not be constant. We shall consider only the usual

problems, namely those in which both X and Y are zero. The
constant A has two forms, being either

^

A = 1 - 2a (18)

A = (1 - o)/ (1 + <j) (19)

where a is an elastic constant known as Poisson's ratio, the

magnitude of which is known for any particular metal to which a

a specific problem may refer.

Various types of boundary conditions are possible. In one,

both u(x,y) and v(x,y) are specified round the entire boundary.

These are easily satisfied. In the second type both u and v are

specified on portion of the boundary only; on the remainder more

complicated conditions occur. In their most general form, at any

boundary point p these two conditions will be

r

b

V

du du dv dv
+ b q
— + b

—

3 dx 4 dy
}

du
Cl£ + C2

(3u

dy

dv

3
dx i

d-

dv

yj

B

« c

(20)

For a particular problem all the coefficients

b. ,i 1,...,4

c. ,

i

1, . .

.

,4

will be known,^ as also will B and C, but all may vary from point

(41), Equations (17) and (18) define a problem in elasticity known as
plane strain, (17) and (19) that known as plane stress.

(42). The coefficients hq and c^ involve the cosines of the angles
between the normal and tangent to the boundary and the x and y axes, and
also the elastic constants a and E(Young ?

s modulus). More complete
details are given in the appendix.
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to point on the boundary. A third type is also possible for which
conditions like (20) are specified all round the boundary.

Not many problems involving two simultaneous equations have

been solved. Solutions have been obtained for (17) with A given by

(18) together with the first type of boundary conditions,
3
and also

for (17) and (19) and the second type of boundary conditions.
4,5

In

the latter, the examples solved had simple boundary shapes, so

chosen that the complexities arising from conditions (20) were

largely eliminated. As far as is known problems involving the third

type of boundary conditions have not been solved. As a matter of

fact for this last class of problems an alternative approach is

possible. Although difficult, it has been successfully exploited.

7. A PROBLEM HAVING BOUNDARY DISPLA CEMENTS
SPECIFIED . Whilst problems involving the second type of boundary

conditions occur more naturally, use of the first type of conditions

leaves discussion of the general techniques free of the difficulties

associated with the satisfaction of (20). We shall consider a

problem, therefore, in which for boundary conditions both u and v

are specified everywhere. The boundary shape will be such that

no irregular stars are involved, although from previous work it is

obvious that they would not introduce extra complications.

Let us integrate the equations

d
2
u d

2
u d

2
v

2—2 + (1-^77+ (1 + or)T”T
dx

2 dy
2 dxdy

d
2
v d

2
-.

,
d

2
u

2—5* + (l-oO—7 + 0- + a)7T = 0
dy dx dxdy

(21 )

over the rectangular region

-1 < x < 1
,

0 < y < 1 .

The equations are obtained from (17) and (19) with X = Y = 0. For

boundary conditions we shall assume
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ony=0:u = v= 0 ,

on y - +1: u = 0, v - 500(x
2
4- 1) , (22)

on x = ± 1

:

u=0, v = 500(2y
2
)

Using (18) and (19) of Chapter II the finite-difference approxi-
mations for (21) are given by

2 (1—cr) (1-hj)

,2^1VU>“TT ^ur2 tt>"JT(vVVv
8) “ 0

(1-cr)

4h

(1-kt)/ r»\ x /
/

"TV/

j1

2-(V2
+V2v

t,
)+~ (v

1
+V3"2v

o )+-^I = 0

•(23)

Taking a — 0.3, from (23) we obtain for the residual operators at any
internal mesh point 0,

8(ui+u
3
) + 2.8(u

2
+u

4)-21.6u o
+1.3(v

5
-v

6 + v
7
-v

8 ) = (R
u) o

2.80^ +v
3 ) + 8(v

2 + v4 )-21.6vq
+1.3(u

5
-u

6
+u

7
-u

8)
= (R

y)
c

^

There are now two residuals at each point and, corresponding to
this, from (24) we obtain two unit point relaxation operators. One
shows the effect on both residuals, R

u
and R

y, of a unit alteration
to the displacement u^ the other of a similar change in v . They are
obtained without difficulty, and are presented in Figs! 10. From
these it is easy to construct line and block relaxation operators.
Figs. 11 give examples of a line operator for both u and v displace-
ments. With a little experience it is possible to write down such
operaters by inspection, rather than construct them formally. For
most purposes in using combined operators it is sufficient to use
rectangular blocks only, for if it is obvious that a certain irregular
shaped block displacement is desirable the effect is readily obtain-
able by using one or more rectangular blocks together with appro-
Fiate point displacements at their edges. For all but the most simple
operators this may be quicker than worrying about variations due to
irregularity in shape

.
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2_6 -1-3 K3
2

8 J

(

6

-21-6 6

2

r

5

V

3 o‘

_

l 3

2_8

0

1*3

I

-1*3

7 4 6

Change in residuals Ru Change in residuals Rv

Relaxation operator for u Q =l

(a)

8 - 1*3 1*3

2-6
^
-21*6 2*8

r

8_ __ 1*3 43

Change in residuals R v Change in residuals Ru
Relaxation operator for v0 =l

(b)

Fig. 10 Unit point relaxation operators
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2 - e> 2-8 2-8 2-8 2-8

8 J

,

-13 '6 1
-5*6 i

-56 1
-5-6 1

(

- 13-6 8

2-8 2-8 2*8 2-8 2-8

Change in residuals Ru

-1*3 -1*3 0 0 0 1*3 1*3

0 p ,

0 ,0 0
N- /

0
S- ....

0

1*3

y \

1-3 0

> c

0 0 -1*3 -1*3

Change in residuals R v

(a) Five point unit line relaxation operator
for u displacements

(This figure continued on next page.)
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6 8 8 8 6

28 \

{

-IS-S 1
-16 1 -16

1
(

-16 1 -15-8 28

a 8 8 8 8

Change in residuals Rv

- 1-3 -13 0 0 0 1-3 1*3

0
. >^0 0 p 0

Si r
0 0

1-3 1*3

p c

0

p
" ' " - - c

0 0 - 1*3 - 1*3

Change in residuals R u

(b) Five point unit line relaxation operator
for v displacements

Fig. II Line relaxation operators

For the problem in hand, using a mesh spacing of h = 1/4, with

boundary conditions (22), and choosing the initial displacements all

to be zero, (24) gives the initial residuals. These are presented in
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1
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o
9
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o
oo 0 O'

2
176 63

0 0 0 0 0

0 0 0 0 0

u Ru

V Rv

Initial displacements and residuals

Fig. 12

Fig. 12. For compactness both u displacements and R residuals

are recorded above the horizontal mesh lines, and v and R below
V

them. The mesh points are numbered for later reference. Because
of symmetry it is possible to work with only one half of the rec-

tangular region. It should be noted that whilst the v displacements

are symmetrical about the centre line x = 0 the u displacements

are antisym metrical.

For the actual relaxation it is necessary to liquidate both sets

of residuals. The recording may be done by writing both sets of

displacements and corresponding residuals on one sheet of paper,

or alternatively by using one sheet for each. The former has the

advantage that the problem is kept compact, whereas the latter

requires residuals to be recorded on both sheets whenever a
displacement is added to either. With two sheets it is more diffi-

cult to avoid making mistakes, particularly since it is necessary
to be able to identify each mesh point, which is not so if only one
sheet is used. Unfortunately, with only one sheet very frequent
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erasing becomes necessary, and for a problem with a reasonable

number of mesh points this quickly becomes a large factor in the

time consumed in obtaining a solution.

From the relaxation operators. Figs. 10, it can be seen that a

u displacement affects the R
v
residuals much less than it does R ,

and similarly for v displacements. Because of this it is possible

to operate on either set of residuals fairly independently. If both

sets are of about the same magnitude, then either set may be

reduced considerably before it becomes necessary to consider the

other set. It is not necessary always to liquidate the largest

residual, irrespective of whether it be an R
u

or an R^. One process

that converges quickly is as follows. Considerably reduce, or even

approximately liquidate the largest set of residuals, say all the

Rjs. At the same time, of course, for each u displacement the

corresponding R
v
residuals are recorded. Then repeat the process

on the R
y

residuals. This will alter the R^s, so that in general

they will not be as small as at the end of the first relaxation.

They will not grow alarmingly, however. This back and forth

process is continued uatil both sets of residuals are small, at

which stage final liquidation can be done by point relaxation on

each sheet (or on either set of displacements), the largest residual,

or residuals, being operated on each time. Even at this stage it

is not necessary that this largest residual rule be abided by with-

out exception. At all times it should only be taken as a general

guide. Also, as always, the correctness of the residuals should be

checked at frequent intervals.

In the problem being solved here the R
y

residuals are much

larger than the Rjs. Accordingly, using v displacements only,

these can be almost liquidated without worrying about the growth

of the Rjs. Possible steps in the process are’:

1,2,3 ,4 — 300 ; 5,6,7,8- 300; 4- 200; 9,10,11,12-100;

1,2,3, - 70 ;
3 = 50 ; 5,6, 7,8 = -40

;
8 = 50 ; 2,3,4 - 30 ;

1-10; 9,10,11,12 = 30; 7-30; 11,12-10; 3-10;
6,7,8 = 20; 4 = 15; 1,2,3 = 10; 10,11,12-10; 5-5;

9=5; 11 - 3 ;
6 - -3 .

At the end of this liquidation the situation is as shown in Fig. 13(a).

It can be seen that as a result the Rjs have also altered, but to

nowhere near the extent of the R v
’s. Approximately liquidating the



o 2 0 0 o

500 531 625 761 IOOO

0 o O 104 0 256 0 566 0
390 410 16 470 2 545 6 563

_0 o 0 61 0 163 0 238 0
205 27 277 27 310 “12 330 0 250

0. O 0 59 O 69 0 -78 0
135 -12 140 -2 153 -13 ISO 5 63

0 O 0 0 0

0 0 O 0 O

(a) After approximately
liquidating the Rv’s

oL o o o O
500*r 531 "625

—
IOOO

_0 L° 20 26 36 21 43 II 0
390 j-55 410 -22 470 -7 545 46 563

O O 16 2 29 17 25 59 0
205

•

53 277 62 310 24 330 “35 250

O O 6 24 1! 1 3 14 0
135 35 140 36 153 -4 ISO -33 S3

O Q 0 0 0

0 0 0 0 0

(b) After approximately
liquidating the R u’s

Steps in the solution
Fig. 13
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s by u displacements only then gives the results shown in

Fig. 13(b). The R^s have not altered greatly. Finally, relaxation

of both sets of displacements according to the general disposition

of the largest residuals gives the solution to the problem as pre-

sented in Fig. 14.

0 0 0 0 0

500 531 625 76! 1000

O 0 23 8 42 6 46 -5 0
390 -1 411 1 471 -7 547 -4 563

0 O 21 -1 34 i 30 5 ' 0
272 -9 283 6 312 8 328 II 250

0 0 IO -1 13 -7 5 -l 0

141 -3 145 2 154 1 148 -9 63

0 0 0 0 0

0 0 0 0

Relaxed solution

Fig, 14

8. DISPLACEMENTS SPECIFIED ON PORTION OF THE BOUN-

DARY ONLY. The difficulties associated with the satisfaction of

the boundary conditions on those portions of the boundary on which

displacements are not specified are considerable* Lcjuations like

(20) apply. Without actually solving a problem we shall discuss

a possible mode of attack. Let us consider first of all the satis-

faction of the conditions excluding the complications of irregular

stars. The boundaries are, therefore, taken as parallel to the x and

y axes. For concreteness we shall assume that the region con-

cerned is the rectangle ABCD of Fig. 15. For boundary conditions
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t

y.v

B

X,U

Fig. 15

we assume that on BC and AD both u and v are specified ^ On AB
and CD we shall take each of B

p
and C

p
of (20) to be zero. It can

then he shown*
43

^ that on AB and CD the conditions to be satisfied

are

dv <9u— + o— = 0 ,

dy dx

<9u dv— +— =0 ,

dy dx

the general differential equations again being (21). We shall con-

cern ourselves only with the satisfaction of conditions (25) for the

present. The method to be outlined is essentially that of Wittrick

and Howard.5

In Fig. 16 let EF be portion of the boundary AB, together with

the mesh points shown. The displacements u
q , v

q
are no longer

specified, consequently it is necessary to satisfy (21) at that point

(and at other points on the boundary also) in addition to so doing

at the internal mesh points. The two relaxation operators are again

given by (24), but since values of both'U and v at the fictitious

(43). See the appendix to this chapter.
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Fig. IS

points 6,2,5 are involved they must be eliminated from (24). The
elimination is done by means of conditions (25). By so doing, in

solving (24) everywhere (that is, by liquidating the residuals)

conditions (25) are automatically satisfied at the same time.

Writingdown the finite-difference expressions for (25) we have

at point 3:

a t point 0:

at point 1:

/ (v
6 -y + °-3K- u

k)
= °

V(u
6
- u

7
)+ (v-v

10) = 0

f ^
v
2
“ v4^ + 0.3 ^U

1
- U3) = 0

\ (u
2 - U

4) + (v
x
- v

3
) = 0

j
(v
5
-v

8
) + 0 .3 (u

9
-u

o
) = 0

\ (u
5
- u

8)
+ (v

9 - v
q
) = 0

r (26)

and, from these, values of u and v at points 6,2,5 can be found in

terms of values on the boundary and inside the region. ^7

e have,

for example,

v
6 = v

7
- °.3(u

o -Uio) .

Substituting these values in (24) gives the required residual oper-

ators for points 0 on the boundary. The formulae are

8(u1+ u3)-0.39(u 9+ u10) + 5.6U4 -20.82u
o
-2.8(v

1
-v

3
) = (R

u) o , ^
2.8(v

x
+v

3
)“1.3(v

9 + v10) -f- 16v
4
~19.0v

o
~ 2.4(u

1
-u

3
) = (R

v ) o . j

From (27) and the general equations (24), relaxation operators

can be obtained for mesh points on, and adjacent to the boundary.

These are presented in Figs. 17 and 18. Inspection of them shows
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that again each set of residuals can, if desired, be approximately

liquidated without worrying about the corresponding growth of the

other set. The relaxation procedure can follow that used in the

previous problem in which displacements were specified everywhere.

-0-39 5 I -20-62 6 -0-39 -2-4 - 2-4

1

2-8

1

1-3 - 1-3

Change in residuals Ru Change in residuals Rv

Operator for uQ=l
(a)

-1-3 2-6 I
-19-0 2-8 -1-3 -2-8 2-8

8

r ~
1-3 -1*3

r i

Change in residuals Rv Change in residuals R u

Operator for vQ = l

(b)

Relaxation operators for points on the boundary AB
Fig. 17

5-6

6 1

-21*6 8

2*8 1*3 - 1:3

n
Change in residuals R u Change in residuals Rv

Operator for uD=l
(a)
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16-0

Change in residuals Rv Change in residuals Ru
Operator for v0 = !

(b)

Relaxation operators for points adjacent
to the boundary AB

Fig. 18

One small difficulty still remains. If, in Fig. 16, points 1 and
8 actually lie on the boundary BC of Fig. 15, then point 9 is also

a fictitious point and u
g
,v

g
must be eliminated from (27). This can

be done by means of the boundary conditions prescribed on BC.
Assuming that point 1 of Fig. 16 coincides with B of Fig. 15 then,

at that point, from (25)

(
- +

\ dy dx.i
x

= 0

du dv \

By
+

Bxj
l

(28)

Also, since u and v are specified on BC, then (du/dy)^ (dv/ dy) x
are

both known. Substituting them in (28) then gives (du/dx^ and

(dv/dxjj in terms of known quantities. Further, since

du\

u
9
can then be expressed in terms of and, finally, substitution

for it, and for v
9 , in (27) gives the required residual operators for

the point located one mesh length away from B.



182

Let the given boundary conditions on BC be

u - constant, v ~ 0 .

Then

and hence, at point 1,

Consequently

dn dv
q

dy dy

<9u dv

dx dx.

u
9
= U

o’
V
9
= V

o

and, from (27) the two special residual operators are

8(ui + U
3)
- 0.39u

10
+ 5.6u

4 - 21.21u
o
-2.8(v

1
- v

3 ) = (R
u ) o , j ^

2.8(v
x
+ v

3 ) - 1.3v
10

+ 16v
4
- 20.3v

q
- 2.4 (u

x
- u

3
) - (Ry)

o . J

From (29) are obtained the relaxation operators shown in Figs. 19.

- 0-39 6 I
-21*21 B -2-4

2*3 1*3

Change in residuals Ru Change in residuals Rv

Operator for u0=l
(a)

-1*3 2-3 I -203 B

8

Change in residuals Rv Change in residuals Ru

Operator for vc =l

(b)

Relaxation operator for special boundary point

Fig. 19

-2 8 _ p

,

1-3
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The method used for eliminating the fictitious point 9 cannot

be generalized. If the portion of the boundary BC is not parallel

to the y axis the derivatives (du/dy)
1 , (dv/dy)

x
cannot be evaluated

and so the method fails. Note that point 9 is introduced by elimin-

ating the fictitious point 5 with the aid of (28). If, then, in (28)

expressions are used for (<5u/(?x)
1 ,

(dv/dx)
l
which do not require

the existence of a point 9 the difficulty does not arise. The re-

quired expressions are easily obtained. Using a second order

polynomial in x the desired formula is

2h
(^)

* 3Ul + U3~ 2u
o ’

the mesh points being numbered according to Fig. 16. Replacing u

by v gives the corresponding formula for {dv/dx)
1

.

9. CURVED BOUNDARIES . Continuing the discussion of the

boundary conditions we consider, finally, the situation that occurs

frequently in practical problems. Curved boundaries are involved,

with the result that irregular stars are introduced into the relaxa-

tion treatment.

If displacements are specified everywhere on the boundary no

difficulties are encountered. The method already discussed in

detail may be used to construct irregular star residual operators.

Once they are available the relaxation operators follow auto-

matically, and liquidation of the residuals can proceed in the

manner by which the problem of Section 7 was solved.

If, however, conditions like (20) are given on portion of the

boundary, their satisfaction is not easy. In principle the method to

be used is that discussed in the previous section. Section 8.

Using the standard operators, (24) for example, values of u and v

are introduced at fictitious points, and are then eliminated by

means of the boundary conditions. In practice, to do this may

involve considerable labour. We shall discuss, briefly, one possible

treatment. It is indicative only, as several different irregular star

configurations are possible, and each may need separate con-

sideration.

In Fig. 20, let AB be a representative arc of a curved boundary.

Point 0 lies inside the region of the problem, and points 0,1, ...,8

follow the standard numbering system. In addition, by the construe-
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tions shown, points 9,..., 18 are introduced, points 10,13,15 and
17 being located on the boundary. Let a,/3,y,S be ratios of mesh
arm lengths, for instance a is the ratio of the length of the irregular
arm (3,10) to the length h of the standard arm (3,6). The residual
operators for point 0, (24), introduce u and v values at the fictitious
points 6,2,5 and 1, and these are to be eliminated. For simplicity,
let us assume that in the coundary conditions (20) both B and C
are zero.

are

Consider the boundary point 10. From (20) the two requirements

d u
ai- + a^ + a

du

>dy

dv dv
3
d:

' + a 4

d Y

0

<5u du dv dv
b.-+i>

2
- + b

s
- +S )

.

10
(30)

= 0
dx 2dy «/y/ 1Q

where a., b., i = 1, . . . ,4, may all be regarded as known quantities.
To express (30) in finite-difference terms, and not introduce
unmanageable complication it is necessary to use linear interpola-
tion. Accuracy of representation will thus he poor. From Fig. 20,
for the first of (30) we can write

+
(v
t — V _ 0+ a.
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Substituting for u
10 , un , v10 and vu gives

a
x
{[ u

o
+ a(u

2 -uo
)]_ [u

3 + a(u
6
-u

3)]} +a 2
(u

6
- u

3
)

+ a
3 {[ v

o
+ a(v

2
-v

o
)]-[v

3 + a(v
6
-v

3
)]}+a

4
(v

6
-v

3
) = 0

,

or

a
1
{u

Q
(l ~ a) + au

2
- u

3
(l - a) - au

6
\ + a

2
(u

6
- 113)

+ - a) + av
2
--v

z
(I - a) -- ccv

6
l + a

4
(v

6
- v

3
) = 0 (31)

Replacing a. by b. gives the equation corresponding to the second
of (30). In the like manner two equations are obtained for each of

the other three boundary points. For points 13 and 14, as an alter-

native approximations of the type

(<3u/<?x)13 = (u
14
— u

12) / 2h

may be used

.

In this way, for the four boundary points 10,13,15 and 17, are

obtained eight simultaneous equations in all. From them values of

u and v at the four fictitious points can be obtained in terms of

u and v at interior points only. Their substitution in (24) gives the

desired residual operators. Since the equations do not separate

naturally into smaller groups, even to obtain one irregular star

operator is time consuming. If a problem requires the use of many
irregular stars the time necessary to do the preliminary steps,

preparatory to the actual relaxation, may be prohibitively large.

10. USE OF FINER MESHES . In Chapter III reference was made

to a method of improving the accuracy of a particular solution. It

consisted simply of decreasing the length of each sub-interval of

the range of integration. In the finite-difference representation of

a differential equation the terms neglected have multiplying factors

(h)
n

, n an integer greater than 1, so that as h becomes smaller

the influence of such terms becomes less.

For partial differential equations this is accomplished by

making the mesh spacing smaller.
6
For a given region more mesh

points are used and, consequently, more finite-difference equations

are involved. Solutions are obtained on meshes of increasing fine-

ness, each mesh being obtained from the preceding one by halving

the mesh spacing. An intermediate mesh is also possible, of

course, namely, the one that results on drawing the diagonals of
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the preceding mesh. Relaxing on the diagonal mesh, however,

seems to be an unnecessary refinement. The general subdivision

of the mesh is continued until solutions on two successive meshes

show no (appreciable) difference at corresponding mesh points, at

which stage the process is stopped.

As a mesh is made finer it is desirable to increase the number

of figures in the solution, for although after relaxation all the

residuals may be small there are many more of them than for a

coarse mesh. The combined effect of incomplete liquidation of

the residuals is much more serious for a fine mesh than for a

coarse one. To increase the number of figures in a solution is a

simple matter, for, since the equations are linear, multiplication

everywhere by a factor is allowable and has no effect on the

method of solution other than to increase, the magnitudes of the

residuals so necessitating more relaxation. In integrating Poisson’s

equation

<?
2w <3

2w

dx2 dy2

for instance, it will be recalled that the contribution to a residual

from the loading term is ~h
2
g(x,y). With increasing fineness of

of mesh this contribution becomes smaller, and in comparison with

it the magnitude of a small residual remaining at the conclusion

of liquidation becomes more significant. Multiplying g(x,y) by 10,

or by 100 say for a fine mesh and then further liquidating the new
residuals helps to eliminate this source of error. At the same time,

of course, the displacements are increased in the same proportion.

It usually happens that in a problem the behaviour in some
small portion of the region is of more interest than that else-

where. Also there frequently exists a small sub-region which

exerts considerable influence on the remainder of the solution.

These special neighbourhoods normally occur adjacent to the

boundaries, and in particular are associated with re-entrant

sections of a boundary for which the radius of curvature is small

compared with that elsewhere, or with a boundary condition that

causes the boundary values of the wanted function to change

rapidly on a small length of boundary. In order to examine such

neighbourhoods in detail, or to allow such effects to make their

full contribution to the solution, use of localized fine meshes is

= g(x»y)
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necessary. The same fineness of subdivision will not be required

over the whole region.

Thus it becomes desirable to develop means whereby from any

one size of mesh spacing it is possible to obtain, systematically,

an initial s
k

et of values of the wanted function on the next finer

mesh. One possible way of doing this could be to use linear

interpolation or, even simpler, merely to guess the new values.

Since residual and relaxation operators are available no serious

consequences would follow from the latter procedure. However, it

is necessary to be able to relax on a mesh one portion of which is

of different fineness from the adjacent portion. This requires the

development of special operators.

We shall now give a simple method for dealing with the fore-

going items. For convenience we consider again Poisson’s equa-

tion although, as will be seen, the procedure is general and, on

deriving suitable formulae, can be applied to other equations just

as readily.

11. Let Fig. 21 be a portion of the mesh covering the region of

a problem. In it one section of the mesh is half the spacing of the

other. It is assumed that a. relaxed solution has already been

obtained for the coarser mesh and is available. On any mesh of

spacing h, from Chapter IV the residual at point 0 is

W
1
+ w

2
+ W

3
+ W

4
“ 4w

o
“ h

2
g k>y)0

= Ro ’ (32 )

the numbering of the mesh points following the standard configura-

tion. This formula applies to a square mesh oriented parallel to the

coordinate axes. If a similar formula were available for a square

mesh oriented at 45° to the coordinate axes then, with reference to

Fig. 21, from the quantities Wg^o’^is ,w
20

** wou^ ke possible to

deduce a value for w
13

. Such formulae can be derived using methods

already outlined. In this instance, since the harmonic expression is

invariant for rotation of axes we have

w
10 + w8 + w18 + w20 - 4w

13
- hj g (x,y)

13 = R
13 ,

(33)

where h
l
= (h/2)\/2 -Assuming, now, that R

13
is zero, or rather on

making it so, we have

w
13

= * w10 + W8
+ W

18
+ W

20
“ h

l 8
4 (34)
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which enables values to be calculated at points like 13,15,23,25.
From this point of view (34) is simply an interpolation formula.

With these values available, a similar formula, again obtained

from (32)

W
14 = * W15

+ w
10 + w,3 + w20 - h*g (x,y)

14
}/4 (35)

gives values for w
14
,w

19
,w

21 , etc. Note that h
2 = h/2. Finally,

applying the standard residual operator (32) with h
2
substituted

for h enables residuals to be calculated at points like 20 and 30,

those points now being regarded as lying on the fine mesh. The
residuals will all be small. It is advisable, also, to check the

residuals at all other points on the fine mesh using the same
operator. At points like 13, 14 and 15 they should be at most
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£L or ±2 since in practice no decimals would be retained in the

values of w found by using formulae like (34) and (35),

In this manner residuals can be obtained for all internal points

on the fine mesh* There remain to be treated points located on the

edges of that mesh. From Fig. 21 it can be seen that three distinct

classes of such points exist forwhich special attention is required.

They are

:

(i) points like 8;

(ii) points like 9, 12, 22;

(iii) points like 10, 18, 28.

With values of w known at points 7,8,10, 13,14,15, 17,18,

19,20, . . . , we require an interpolation formula for points like

9,12,22, and, finally, residual operators for all points 8,12,18,

22,... . Having obtained these, then all the relaxation operators

can be deduced.

Fig. 22

To derive the interpolation formula we consider the arrange-

ment of points shown in Fig. 22. Obviously, point 0 corresponds

to points 9,12, of Fig. 21. Using the polynomial

w — w
q
= ax + by + cxy + dx

2 + ey
2

it is easy to deduce that

(9
2w <9

2w
3h

z
( ~r—

n

+ 9 = 2(w, + w
7 ) + 10(w + w ) + 8w - 32w (36)

Zx 2 dy 2 17 264
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Hence the residual operator for point 0 is

{ 2(w
1 + w?

) + 10(w
2 + w6 ) + 8w

4
- 32w

q } / 3 - h
2

g (x,y)
Q = R

q (37 )

and, with R
q
made zero, the required interpolation formula is

w
o
= { 2(w

x
+ w?

) + 10(w
2 + w6

) + 8w
4
- 3h

2
g (x,y)

Q }/
32 . (38)

This enables values at the intermediate points, w^w^w^, . . # ,
to

be calculated.

To obtain residuals at points 8,18,28, . .
.

,

we use the irregular

star formula for Poisson’s equation derived in Chapter V. For
point 8 of Fig. 21

, from the irregular star tables we have

. 2
<?

2W
n ~o - 2*6w

rt + 1 *3w„ - 4w0
ox

so that, for point 8 the residual operator is

2.6(w
9 + w12

) + l-3(w
? + w4 ) - 8w

a
- h

2
g (x,y )

8
= R

? (39)

In similar manner we obtain for point 18

2-6w
19 + 1-3w

17 + 4(w
12 + w22

) - 12w
18

- h
2

g (x,y)18 = R
18 . (40)

Thus, in general, simple interpolation formulae can be derived

which enable values of w to be calculated at all the new points

introduced by the use of a finer mesh, whilst, for all points on that

mesh, for obtaining residuals standard operators are available and
irregular star operators are easily deduced. The latter, however,
bring with them the usual complication, namely, special relaxa-

tion operators. These are obtainable from, the residual operators in

the normal manner, but, unfortunately, there is a considerable
number of them. In fact it will be found that special operators are

necessary for points 7,8,12,13,17,18,19,20,22 and 23 of Fig. 21
,

as can be seen by writing down the residuals for those points.

The necessary operators are presented in Fig. 23.

The actual process of relaxation on a combined coarse and
fine mesh is in no way different from that of any other Poisson
equation involving irregular stars.
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Fig. 23

APPENDIX

BOUNDARY CONDITIONS FOI? THE
PROBLEM OF PLANE STRESS

Let u(x,y) and v(x,y) be the displacements, in the directions of

the x and y axes, respectively, of a point having coordinates (x,y).

It is shown in books on elasticity that the (two-dimensional) stress

distribution problem known as plane stress is described by the

two displacement equations
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<9
2
u c9

2
u

2
S5 + (1 ‘ 0,)V + (1 + <’)

<?
2
\ <?

2
\

2
^2 + (1 ~ a)^2 + G +

d2V

chcdy

<9
2
u

5x(9y

(1)

it being assumed that there are no body forces*

These two equations, together with appropriate boundary con-
ditions, suffice toyie Id solutions for u,v and from them the stresses

at any point are given by

xx

yy

xy

All other stresses are zero.

S* (2)

On the boundary either displacements or forces can be speci-

fied, the case of a force-free boundary being one in which the

displacements are unknown but there are no externally applied

forces

.

If boundary forces are given, let AF be an element of force

applied to an element of boundary surface AS, the outward normal

of which is n. Let AF have components AF
x , AF

y
, in the direction

of the x and y axes, respectively. Then, putting

,
AF

lim
A s*oAS

AF
lim—* - T
ASYAS' y

T
x
,T are the components of the stress vector applied to the

boundary. These will form part of the known data of the problem.

Equilibrium of an element of the surface AS then demands that

}
T
x = xx cos(n,x) + xy cos(n,y) ,

T
y
= xy cos(n,x.) + yy cos(n,y)

,

(3 )
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(n,x) and (n,y) being the angles between the normal n at the

surface and the coordinate axes.

Substituting (2) in (3) gives the required boundary conditions.

They are

E fdu dv^) E fdu dvj
+ °r

6yj‘
COs(n,X> + + -^cos(n,y)« T

x

E ft

l-a2\t

'dv E

Jy ' 'fa)
C°S(n ’y) +

2(l + a)^(9y fa)

du dv^l— + — fcos(n,x) = T

(4)

If the bojundary is free of applied forces then

T = T - 0
x y

and (4) becomes

(3u dy

\<3x dy^

(fa du'l

\(9y fa)

- >cos(n,x) + (1

yj

cos(n,y) + (1

(d
- a)

\6

(5
- CT)

{^

"du fa)— +—Jc°s{n,y) = 0

r3u <3vl

+— V Cos(n,x) = 0

(5)

(dy dx)

For any point on the boundary the angles (n,x), (n,y) can be ob-

tained, and, for a particular material a has a known value. Equa-

tions (5), therefore, are of the form

du du dv dv
b
>*:

+I>^ +b
>5 tb‘^- 0 ’

du du dv dv
c_— + c 9

— + c — + c — - 0 ,
* dx dy ^ dx * dy

in which, for a particular problem, the coefficients b.,c.,i=l, . . .,4

although varying from point to point may all be regarded as known.
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CHAPTER VII

FOURTH ORDER LINEAR

PARTIAL DIFFERENTIAL EQUATIONS

1. Of the fourth order linear partial differential equations that

have been found to be soluble by relaxation methods^ only one

will be considered in detail in this text, namely, the non-homo-

geneous equation involving the biharmonic operator,

a
4w a4w a

4 -

V4w s —j + 2
-

„

dx i
dx

2
dy

w
- sM (i)

The function g(x,y), although not necessarily so, is usually a

constant, but in any case it is given so that for any point within

the region of a problem its magnitude can be computed. If (l) can

be relaxed, then, in the same manner that the technique used for

solving Poisson’s equation applied equally well to Laplace’s

equation, so, by a modification that is trivial and obvious, the

homogeneous equation

d
4w 54w <9

4w

<9x
4

dx
2
dy

2 dy 4 (2)

will also be relaxable.

Second order equations occur in many branches of Physics and

Engineering, and because of this have received considerable

attention by mathematicians. It now seems natural and acceptable

to discuss the equations themselves, together with various boun-

dary conditions, without reference to physical interpretation. For

fourth order equations, however, this is not the case. One equation

usually defines but one class of physical problems, and the

physical interpretation of the boundary conditions is veryrestricted.

(44). General references are given in the Bibliography at the end
of the text.
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As a result, in the mathematical problems some boundary conditions

occur frequently and others rarely, and to discuss only one or two
sets of such conditions without reference to physical meaning may
seem artificial. This difficulty has been encountered already in

Section 6 of Chapter VI. Nevertheless, as has already been men-
tioned several times, the intention in this text is to discuss not

physical problems but mathematical ones. Accordingly, boundary
conditions have been and will be quoted without indicating whence-

they come. For any particular problem we take them as part of

the given data.

Let us consider, then, the solution by relaxation methods of (1).

The function w(x,y) is the wanted function, and suitable boundary

conditions must be specified.

2. RESIDUAL AND RELAXATION OPERATORS. The finite-

difference approximation to (1) is obtainable directly from Section

10 of Chapter II. Superposing the usual square network of lines, of

side length h, on the region of the problem, and using the point

numbering system of Fig. 3 of Chapter II, we have

h
4V4w = 20w

q
“ 8 (w

x
+w2 -f

w

3 +w4
) 4-

+ 2(w
5
+w

6
+w

7
+w8

) + (w
9
+w

10
+v^ +w

12
) .

The residual operator for any mesh point 0 .corresponding to (1)

is therefore given by

20w
o
“8(w

1
+w

2
+w

3
+w

4 ) + 2(w
5 +w 6

+w
?
4-w

8
) -f

+ (w
9
+w

10
+wu +w12

) - h
4
g(x,y)

o = R
o ,

(3)

and from it the general unit point relaxation operator is easily

derived. The two operators are given in Figs. 1.

Fig. 1(b) shows that the relaxation operator differs from the

second order equation operator in two ways. Firstly, to reduce a

positive residual at any point requires a negative displacement at

that point. Secondly, the operator is very cumbersome in that a

point displacement affects residuals at thirteen points. As usual

the total of the residuals for the point operator is zero, so that

liquidation of residuals is accomplished only by manoeuvring them

over the boundary.

In using the two operators one difficulty arises immediately.

In Figs. 1 let the mesh line AA coincide with portion of the boun-
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dary of some problem region* Then point 12 is a fictitious point,
and in a sense, therefore, even for regions in which the mesh
lines coincide with the boundaries irregular stars are encountered*
Without some other information, even on guessing values for w at
all points within the region, residuals at internal points adjacent
to the boundary cannot be computed. To do so it is necessary to
eliminate fictitious points like 12 from the operators, and this
requires consideration of the boundary conditions.

3. BOUNDARY CONDITIONS. For second order equations only
one condition was necessary; however, for (1) and (2) to have
unique solutions two conditions must be specified. Those normally
associated with (1) are

(i) w » 0 ,

(ii) either <3w/dn = 0 or <?
2w/dn 2 » 0

n being the outward normal to the boundary. Conditions other than
(ii) are occasionally encountered, but we shall not consider them.

Using (ii) fictitious points like 12 can be eliminated. Referring

to Fig. 1(a), and assuming that AA is portion of the boundary so
that point 1 is actually a boundary point, from Chapter II we have

(4)

Hence, to the order of accuracy of (4), satisfaction of conditions (ii)

requires that either

or (5)

"12
“w

since from (i) w
x
= 0.

Thus, for coincidence of a mesh line and boundary, substitution

of (i) together with either of (5) into (3) gives the required residual

operator. Relaxation operators then follow in the usual manner. As
an illustration, for conditions
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w = 0 , <3w/<9n “0 (6)

the special operators required for points adjacent to the boundary

are those given in Figs* 2. Note that for an internal point adjacent

to a corner of the boundary there exist two fictitious points so that

two substitutions like (5) are necessary. Since w is specified (= 0)

on the boundary, at points like 1 and 8 there will he no relaxation,

and so for such points no operators are necessary. For points

located on mesh lines two in from the boundaries the operators are

as given in Figs. 1. The only feature special to such operators is

that no residuals are recorded at boundary points like 1 and 8.

4. A RECTANGULAR REGION EXAMPLE . Having obtained the

necessary operators, Figs. 1 and 2, we can now attempt to relax

a problem. Ijet us endeavour to solve (1) with boundary conditions

(6) for the rectangular region

—4 < x < 4 ,
—3 < y < 3 •.

We shall use a mesh spacing of h = 1, and for g(x,y) shall take

g = 100

(a) Residual operator for a point
adjacent to boundary
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W, R

1 -8
1 ,2J -8

1

o

2 -8 2

— J

r

(b) Unit relaxation operator for a point
adjacent to boundary

w ,R
0 0 0 0

-8 22 -h49o o
1

o'

_2 -6
(

0

i
r

0

(c) Residual operator for

a point adjacent to

boundary corner
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(d) Unit relaxation operator
for a point adjacent to

boundary corner

Fig. 2

Fig. 3
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so that in (3)

-h 4
g(x,y)

o
= -100 .

In the relaxation we shall take advantage of the fact that w(x,y)

will be symmetrical about both coordinate axes, and shall consider,

therefore, only that portion of the region shown together with the

lettered mesh points in Fig* 3.

In connection with second order equations it was found desir-

able to construct and exhibit schematically special operators

associated with lines of symmetry. Having now had a little exper-

ience in using such operators it is obvious that their pictorial

representation is not necessary for single point displacements;

in fact, using Figs. 1 and 2 alone symmetry effects are readily

allowed for. Consider, for instance, a unit displacement imposed
at point c, Fig. 3. Due to symmetry (and to the boundary conditions)

there will be a residual alteration of +22 at point c, —16 at d,

+4 at h, and +2 at 1 together with others (unaffected by symmetry)

at points a,b,f and g.

To obtain the initial residuals we shall again assume zero

displacements everywhere. From Figs. 1 and 2 R has the value

—100 at each internal point, the total of the residuals (for the

complete region) being -3500. We shall liquidate the residuals

by point relaxation, operating on the largest residual each time but

not giving any consideration to desirable over- or under-relaxation.

We endeavour to sweep the residuals outwards commencing at the

centre point m. From the residual magnitudes the first three

plausible displacements^ are

= 5 1=7

After applying these the residuals are as shown in Fig. 4, with

the residual total still unaltered (= -3500) as we would expect from

previous experience.

(45). In order to appreciate the reasons for the various displacements

it is essential that the reader follows in detail each single one, by carry-

ing out the moves on a sheet of paper on which is drawn Fig. 3.
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1

-100 (i)

-95(2)

“89(4)
-153(5)

-100(0
1-140 (2)
-112(3)
-160 (4)

6(5)

HOO(I)

-1000) -100(1) -1000)
a b

-1000)

C

'100(0

d
-930)

-77 (S)

-100 (!)

e

1 oo

-h

-86(3)
9

-76(5)

-100(1)

-90(2) h!
-146(3)
-134(4)
-196(5) 6
-100(1)

j k -95(2) l -140(2) 5
-93(3) -151(3) 7 7(3) 1

-145(4) -41(4) 6
-9(5)

m 0(2)
“112(3)

6(4)
-120(5)

Residual Total = -3516

Fig. 4

From Fig. 4 the next most desirable displacement is

h = 8

We apply it, but find, however, that the residual total now becomes
—3516. This is a little disturbing. The total is actually larger than
the original one, which seems to suggest that the process is a
rapidly divergent one. Actually it is not so, this result being due
to the large number of points in the relaxation operator. For a unit
displacement imposed at point h point 9 of the standard operator,
Fig. 1(b), is a boundary point so that the +1 residual is not recorded
there. Accordingly, for that operation the residual alteration is not
zero but -1. Note, however, that the relaxation operator of Fig. 2(b)
has a total residual of +4, so that displacements of points adjacent
to the boundary will tend to lower the problem residual total. In
fact it is a little early yet to worry about possible lack of conver-
gence. We continue, then, and apply further displacements of

g= 10 , 1=9
, m= 10 ,

d = 10 , c = 10
, g = 9 ,

k = 15 , 1 = 11 , m = 10 ,

h = 10 ,

f = 10 ,
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at the end of which the displacements and residuals are as pre-
sented in Fig. 5. The residual total has bee® decreased very
slightly to -3482. Reference to the figure shows that only two
points adjacent to the boundary, namely c and d, have been relaxed,
so that this result is not particularly surprising.

Residual total = -3482

Fig. 5

Residual total - -2814

Fig. 6
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Relaxing other such points,

b = 10 , a - 8 , e = 9 , j
= 15 ,

reduces the residuals considerably. The total becomes -2814,

Tig. 6.

The next few desirable displacements are

h=10 ,
f = 9 , k = 15 .

These points, however, are located on the mesh points spaced two

in from the boundaries. As a result the residual total rises slightly

to -2936, but is still considerably less than the original -35 00.

There appears, now, to be no real doubt about convergence and, in

fact, it seems reasonable to believe that continued point relaxation

with liquidation of the largest residual ultimately will lead to a

solution.

Continuing the process, several more point displacements are

g = 10 9 1 = 14 9 rn= 15
* h= 10 ,

d = 9 9 c = 10 9 g = 10 9 f = 10 ,

b = 10 9 e = 9 9 h= 8 7 m= 9 ,

1 = 10 9 k= 9 9 j
=10

9 f = 9 ,

k.= 11 9 g= 9 9 1 =11 9 m= 10 ,

h = 9 9 d= 9 9 c = 10 9 g = 10 ,

h = 9

and at the end of these the result is as given in Fig. 7. The

residual total is now —2584. It has been decreased further but is

still large. It seems that convergence is very slow, much more so,

in fact, than for the corresponding problem of a second order

equation

.

Doing considerably more point relaxation leads, finally, to the

solution given in Fig. 8, for which the residual total is -46.

From (4) it is obvious that no essential difference in tech-

nique would be necessary if the other boundary conditions, that is

w - 0 , d
2w/dn 2 = 0

had been specified. For mesh points adjacent to the boundary the

relaxation operators would have differed slightly from those of

Fig. 2, and it is likely that convergence would be slower. The

general procedure, nevertheless, would be the same.
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The reader is strongly urged to complete the solution of the

foregoing example for himself. It will quickly become apparent that,

using point displacements alone, a considerable amount of time and

labour is involved, and, in fact, if this were the only method of

solution, for most problems it would be impracticable.* It should

be borne in mind that time-consuming as this problem is the mesh
spacing is too coarse to give reasonable accuracy, so that the

solution of Fig. 8 by no means represents all the work necessary

before the problem could be regarded as satisfactorily solved.

It is possible, fortunately, to increase considerably the rate

of convergence of the liquidation process by again using multiple

operators, so we consider now line and block displacements.

5. LINE AND BLOCK RELAXATION OPERATORS . For second

order equations it was found possible to construct multiple point

operators by inspection, but this is not so for equations of fourth

order. To a certain extent, after acquiring familiarity with the use

of the point relaxation operator of Fig. 1(b) a multiple displacement

can be applied directly to a problem, the residual alteration at each

point being calculated mentally. This is very tedious, however, and

invariably errors are introduced. It becomes necessary, therefore,

to construct several such operators beforehand, leaving any special

ones to be devised as required. In general it is rarely worth while

constructing block operators of other than rectangular shape, since

their use is limited. The effects of blocks of other outlines can be

obtained from these by superposition of line and point displace-

ments. This was suggested in connection with second order equa-

tions; but for those of fourth order the procedure—a compromise

between desirable blocks and blocks which are easily constructed

and used—becomes more necessary.

The construction of line and block relaxation operators follows

the normal pattern; superposition of adjacent point displacements

yields simple line operators, and superposition of these gives

block operators. For use it is necessary to have the various oper-

ators permanently recorded on paper and readily available. Figs. 9

give four line operators. It can be seen that it is necessary to

construct the five -point operator before the residual pattern for the

general line operator becomes obvious. In fact any line operator

containing more than five points can be obtained from Fig. 9(d) by





a

(d) Five-point operator

Fig. 9 Line relaxation operators
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In Figs. 10 are presented several block operators. They are to

be taken as being symmetrical about both the horizontal and verti-

cal centre lines. Again one of the undesirable characteristics of

the biharmonic operator becomes evident. For all blocks smaller

than six points by six points there do not exist any internal (block)

points at which there is no wash-back of residuals. Thus, even

when using blocks, there is likely to be considerable repetition of

relaxation. Another undesirable feature is also evident. In each of

the blocks the corner residual is much larger than adjacent ones.

In attempting to sweep residuals outwards this tends to result in

large isolated residuals being left behind, so necessitating con-

siderable additional point relaxation. Hence, although full advan-

tage is taken of line and block displacements, problems involving

fourth order equations remain difficult to relax and convergence

is slow.

Let us now rework the problem of Section 4, using the operators

just developed.

6. THE RECTANGULAR PROBLEM RE-SOLVED . In applying

the multiple operators no attempts have been made to be particu-

larly far-sighted. The reasons for choosing the displacements

imposed are obvious.

Several steps in the solution follow, the points referred to

being numbered as in Fig. 3. Progress is shown in Figs* ll/
46^

1. We commence, as before, with zero displacement everywhere,

giving a residual at each point of —100.

2. m = 3. This has the effect of partially liquidating the central

residual, so paving the way for a small line displacement of

points 1 and m. In view of the large displacements that will be

required ultimately this move is artificial and, in fact, out, of

place at this juncture. It serves, however, as an opening dis-

placement, and appears to be in keeping with the magnitude of

the residual involved.

3. l,m — 10. The residual total for these (three^
47

^) points is —288.

From Fig. 9(b) the unit three-point line operator alters the

(46)

. Wherever possible more than one step has been incorporated in

one diagram.

(47)

. The symmetry of the problem must be kept in mind.
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residuals at those points by a total of 30. A displacement of 10
is, therefore, suitable.

4. g,h,l,m = 30. The residual total is -932, the effect of the block,
Fig* 10(a), is 32.

5. f,g,h,k,l,m = 40. The residual total is -1406, the effect of the

block, Fig* 10(b), is 40. Note that as a result of these few block
displacements already the residual at point m has grown con-
siderably, Fig. 11(b).

6. m = 5. Again this serves as a preliminary to applying a small
line displacement. Before its application Fig. 11(b) shows a

large negative residual at point k (due to the wash-back effect,

and to the unevenness of the operator used in 5) and, in fact

application of a line displacement to points k,l,m seems de-

sirable. Alternatively, of course, it would be equally legitimate

to continue the application of larger blocks and leave this local

cleaning up of residuals till later.

7. k,l,m = 20. The residual total is —772, the effect of the block.

Fig. 9(d), is 42.

8. b,c,d,f,g,h,k,l,m = 50. The residual total is -2720, the apparent

effect of the block, Fig. 10(e), is 48. Note, however, that satis-

faction of the boundary conditions alters the residual disposition

of the block after the manner of Figs. 2, so that its actual

total is 58.

9. e,f,g,h,j,k,l,m == 50. The residual total is -2296, the total effect

• of the block, Fig. 10(c), (after allowing for the boundary con-

ditions) is 54*

10. a,b, .. . ,l,m » 40. With the completion of 9 the residual total for

. the whole problem is —3160. It has been reduced but slightly

from the original total of -3500 since only a little relaxation

has taken place at points adjacent to the boundary. The unit

block displacement of Fig. 10(f), on allowing for the boundary

conditions, has a handle of 80, so that a displacement of magni-

tude 40 ensures that the total residual is liquidated to all

intents and purposes, the balance being 40. On applying the

block, however, almost all the individual residuals are larger

than they were originally. Fig. 11(d), but with the difference

that positive and negative signs are fairly well scattered. They

are, therefore, well suited for the application of small point and

line operators. In applying these due regard is paid to the larger
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residuals, but in general the aim is to play those of opposite

sign against each other, or to sweep them progressively outwards.

l,m ='20
;

14. h,m = 20 ; 17. h = 15 ;

e,f = -15 ;
15. g,l = 15; 18. m = 15 ;

c,d = 15 ;
16. b = -10 ; 19. d = 10.

From Fig. 11(g) it is evident that a few isolated point displace-

ments will be sufficient to complete the liquidation and produce

the solution given already in Fig. 8.
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on next page.)



217

0 -20 0

-270 (.6) 50

0 -270 40
-230(7)

-360(8) 50

0 -ISO 40

h240
220(7)
230(6) 50|

90 70
-30(7)

70(6) 50

1-212 60

360
-340(7)

-190(6)50

0*"292

1-272(7)

-72 (6)

176 70 -54

96(7) 2-134(7)
-4(6) 501-164 (6)

1-124 661

-320(7) 20 46(7)20 -24(7)201
-470(6) 50 196(6)50 -74(6)50

HOO
20(7)
20 (6)

(c) Steps 7,8

JD

40

-270 50
-520 (9)

-120(10)40

230 50
60(9)
20000)40

-190 50

1

-340(9) •

-16000)401

-72
-2220 )

-62(10)

0
50
40

-360 90
70(9)50
190(io)40

70 [20

170(9) 50
90 (io) 40

-4 1201

146(9)501
106(10) 40

j

-164

-34 (9)

-74(io)

-470 110! 196 1501 -74 1561 20

50-370(9)50 46(9) 50-174(9)501-60(9)
40-210(10)40 600) 40 -174(»0) 40

f -6000)

(d) Steps 9, 10

(This figure continued on next page.)



-190 ( 11 )

-10 (12 )

40 -120 90 200 90 -180 90

-30(12)

-IS (13)

290(12)

185(13) 15

-160(h)
;

-190(12) I

2003) 151

90 190 180 90 210 106 2101

-15 -20 (12.)—IS

13000
-65(12)
-3503)

-woo
;

91 (12) I

l (13) 1

90 -210 200 6 240 -174 2481

-1320 0 20
46(12)

66(1 0 2O|

26 02)

56 (13)

(e) Steps 11,12,13

-62
-42 0 0

33 (13)

-74

~154(||)
-164 (12 )

-244(13)

^60

0(10

30(13)

3340 -15 90 185 105 20 (05

75

65 06) -10

-20 165

2I5(is)

5(16)

-35 210

60 (14)
J

-45(15)

35 (16)

1 210

-107(14)

-47(15)

-67(16)

-244

1604)
-16405)

90

-5 (15)

-25 (16)

-10 200

“15 (14)

-105(15) 15
-25 06)

48 260

-11904)20
91 05)
71(16)

56 268
68 (14)

505) 8 (15) 15
-12 (16)

-24(14)20
51 (is)

110(14)

-10(15)

(f) Steps 14,15,16

(This figure continued on next page.)



219

l

-67
-187 07)
-172 (ia)

38(19)

-164

151 (IT)

31 06)
-49 (19)

JO

40 65 80 5 105 85 105

75 -25 165

15(19)

-25 225

65(17)

'15(19) 10

71 230

90 5. 200

-10(17)

-12 275

-49(17) 15'

-1906)

• 09)

51 286

111(17) I

3(16) -9(16) 15

-250(17)

50 06)
70 (is)

(g) Steps 17, 18, 19

Fig. II

This example shows that for fourth order equations, despite the

more cumbersome nature of the general relaxation operator, multiple

displacements can be successfully applied and, in fact, it cannot

be emphasized too frequently that they are essential if solutions

are to be obtained for practical problems. It should be noted that

in applying them practically no heed is paid to the desirability of

relaxing that point at which the residual is largest, the primary

endeavour being to sweep residuals over the boundary as rapidly

as possible. Nevertheless, at the same time some care should be

taken not to leave behind large isolated residuals as these may be

troublesome to liquidate. The ideal situation at which to aim is

that in which, by means of multiple displacements, the residuals

are left with roughly the same magnitude and alternating sign so

that their total is small.

7. GROUP RELAXATION . Occasionally it may be noticed that

after partial liquidation the residuals are not only smaller than

originally but, with possibly one or two exceptions, are all one-
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signed. Such a position can be improved considerably by the use

of a multiple displacement of a rather special nature. Another

situation to which the same treatment can be applied with advan-

tage can occur towards the completion of liquidation. The residuals

may all be too small for point relaxation to be used, and although

use of blocks may be desirable it may not be obvious how best to

apply them. The residuals may not be small enough, however, to

be insignificant.

An illustration will clarify the discussion. Suppose that after

considerable relaxation the residuals are as shown in Fig. 12(a),

the problem again being that of Section 4. Compared with the unit

point relaxation operator the residuals are all small, are prepon-

derantly positive, and, with one or two exceptions, it is not clear

how further relaxation could proceed. It would seem reasonable,

then, to argue that the displacements shown constitute an accept-

able solution. This would be incorrect. The total of the residuals

shown in Fig. 12(a) is 162, compared with the original -3500, so

36 2 62 6 ill 7 121

79 7 174 -2 239 -1 262

95 6 211 3 291

•

a 319 1

(a) Residual total = -162

(This figure continued on next page,)
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Fig. 12

that the problem has been slightly over-relaxed. The displacements

correspond, actually, with a total load of -3662 (= -3500 - 162).

Since the finite-difference equations are linear, displacements

which are more correct can be obtained by multiplying those given

by a, where

a = 3500/3662

= 0-956 .

Doing this gives the values shown in Fig. 12(b), for which the

residual total is -0-4. The new residuals are not only smaller

generally, but now include a scattering of negative ones also, this

type of relaxation operation has been termed a group displacement.

That the solution of Fig. 12(b) is a more correct one is readily

verified. On multiplying both the residuals and displacements by

10, and carrying out the small amount of point relaxation necessary,

,ie „S,U oi Fig. 13 is obfined. I. diffas only sbgbtly from

result given in Fig. 12(b), but considerably from that of Fig. 121a).
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Obviously group relaxation can be used at any stage in the

.liquidation process. Best results are obtained from it, however, in

the situations mentioned. Also, since relaxation of points adjacent
to the boundary alters the residual total, even towards the end of

the liquidation it may be necessary to apply a group displacement
more than once.

The example to which the group displacement was applied
shows very clearly that large displacements are required to liqui-

date even small residuals.

Finally, it is now obvious that as far as the liquidation of

residuals is concerned, for any given mesh the process cannot be

regarded as completed until three conditions are satisfied:

(i) It is impossible to reduce the residuals further by point

relaxation .

(ii) No line or block displacement
, either large or small, can

be added.

(iii) The algebraic sum of the residuals is (very nearly) zero-

These requirements apply to all relaxation work,(48)
but (iii) is of

(48). At the same time recall the argument concerning the magnitude
of the residuals as given in the Introduction.
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special importance for equations of order higher than the second,
necessitating, for satisfaction, use of group displacements*

Group displacements are applicable, also, to other non-homo-
gene ous equations, for example to Laplace’s equation, and although

the need for them is not so obvious—it being possible to liquidate

residuals satisfactorily without them — their general use is

recommended.

8. THE HOMOGENEOUS EQUATION . For problems involving (2)

the specified boundary conditions enable dw/dx, dvr/dy to be

calculated, and from these w and, if required, dw/dn can be

obtained. Satisfaction of the boundary conditions can be attained,

then, in the manner indicated, together with the trivial modification

that on the boundary w will not necessarily be zero.

As far as the residual operator, Fig. 1(a), is concerned, since

the right-hand side of (2) is zero the only contributions to the

the residuals come from the displacements themselves. Consequent-

ly, if the initial displacements at all internal mesh points are

chosen to be zero the initial residuals will differ from zero near the

boundary only. The relaxation operators will remain unchanged. In

the early stages the relaxation process will differ slightly from

that associated with (1), in so far as there will be no residuals

near the centre of the region to be manoeuvred outwards. To
commence with, therefore, large blocks will be necessary. Never-

theless, these will have a wash-back effect, so that the procedure

will rapidly conform to that of the previous example, Section 2,

Section 6.

9. CURVED BOUNDARIES AND IRREGULAR STARS . Consider-

ing now more general regions, namely those for which at least a

portion of the boundary^49^ is curved, the difficulties encountered in

in Chapter V again arise. Since the boundary intersects the mesh

lines at other than nodal points irregular stars exist/50^ and

because of the complex nature of the fourth order operator their

treatment is not simple.

(49)

. Multiply connected boundaries will not receive any attention.

(50)

. There are now two sources of irregularity, the first arising from

the widespread nature of the operator itself as already encountered in

Section 3, the second from the non-standard length of one or more of the

mesh arms •
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Let Fig. 14 represent a portion of a curved boundary and the

associated mesh. If by any means it were possible to assign values

of w to all the nodal points shown, then for those points marked

with a solid circle residuals could be calculated using the stand-

ard operator, Fig. 1. The points marked with open circles would
be non-relaxable, but at them the displacements w could be such

as to satisfy the boundary conditions. If this were done then at

such points—termed by Fox and Southwell 2 selvedge points—it

would be unnecessary to re c ord^ residuals. This forms the basis

of an irregular star treatment. To incorporate it into the general

relaxation process several methods have been devised.

A graphical procedure has been given in detail by Fox and

Southwell. To discuss it, far concreteness let us consider the

line of points 11,L,3,0,1,9 of Fig. 14, points 3 and 11 being sel-

vedge points. Let us suppose that for boundary conditions w,

dw/dx and dw/dy are given, so that at the boundary point L, wL ,

(51). Actually, since residual operators would not be available for

selvedge points, on relaxation of other points it would be impossible, to
carry over to them any residuals.
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(<3w/<3x)l and (5w/<9y) L are known quantities. Then their method
is as follows:

As a first approximation it is assumed that w varies linearly
between points 11 and 3 so that, using the known quantities w^,
(<9w/ck) L at L, a simple straight line graph gives tentative values

for wn and w
3

. In like manner values for w are obtained at all

other selvedge points. These, together with chosen values of w
(either zero or otherwise) at the remainder, enable residuals to be
calculated at all relaxable points. Keeping the selvedge point

values of w temporarily held constant the residuals at the relax-

able points can now be partly liquidated. At this stage it is use-

less to carry the process to completion, or even very far, owing to

the inaccuracies in the selvedge point values induced by the

initial assumption of linear variation.

After some liquidation, plots of displacement values near the

boundary will show that the first set of selvedge point displace-

ments are no longer correct, since the surface w « w(x,y) is to be

a smooth one and adjacent to the boundary will most certainly

contain non-zero derivatives of order higher than the first. For

example, if the new quantities wg^> w0 » together with the original

ones ’w
ix»
wl>

w
3

axe plotted with their appropriate abscissae,

the curve obtained by joining the tops of their ordinates will not he

smooth in the neighborhood of w^. To make it more reasonable it

will be necessary to revise the magnitudes of the quantities w
lx,
w
3

and possibly w
q

. In so doing the (given) values of wL and (dw/dx) L
must not be altered, but the assumption of linear variation of w
near the boundary can be discarded. If this is done for all selvedge

points then new residuals can be calculated and a second stage of

relaxation carried out.

The general procedure is continued until, on plotting, a set of

smooth curves is obtained which satisfies the boundary conditions

without further modification. The method is a combination of relax-

ation and iteration involving repeated graphing. In some respects

it resembles the procedure used in solving free surface problems

(given in detail in Chapter IX) in that of the two general require-

ments—satisfaction of the governing differential equation and of

the boundary conditions—only one is satisfied at a time, and each

time at the expense of the other. Nevertheless, the process con-

verges reasonably rapidly. Apart from the time involved it has the



226

big disadvantage that graphing of the displacements (together with

the judgment necessary) is unlikely to be as accurate as the

remainder of the numerical work. To overcome this Fox 3
has

suggested replacing the curve-drawing by a numerical process.

10. We assume that locally the function w(x,y) is representable

by a cubic polynomial, so that for variation in the x direction we

have

w = a
Q
+ ape + age* 4- age* (7)

With origin of coordinates at the boundary point L it follows that

a = wT ,
0 L

(8)

a
x
= (dw/dx) L .

Let hL be the length of the (irregular) arm (3,L), then from (7) and

(8) for points 0 and 1 we obtain

w
o
= w

L 4- (hL 4- h)(<9w/dx)L 4- a
2
(h L

4- h)
2
4- a

3
(h L

4- h)
3

,

w
l
“ wL + (h L +

2h)09w/dx) L + a
2
(hL + 2h)

2 + a
3
(hL

4- 2h)3 ,

which can be solved to give expressions for a
2
,a

3
« Doing this, then

finally from (7) we have

w
3
= wl + h.

l
(dw/dx)^ 4- a 2^L + a3^L 9

WU = wL - (h — h^Xdw/ dx) L + a
2
(h - hL)

2 — a
3
(h - h L)

3
>

in which all the quantities on the right-hand sides may be regarded

as known.

Hence, to the accuracy of (7), having done one stage of partial

relaxation new values of w
3
and wn can be calculated which ensure

satisfaction of the boundary conditions, but which, of course,

introduce new residuals at points like 0,1,4. This treatment can be

applied to all selvedge points, so that replacement of the graphical

process of the irregular star treatment by a numerical one is a

simple matter. The iterative nature of the process still remains,

but a factor not to be ignored is that at no stage is it necessary to

use any relaxation operator other than the standard one of Fig. 1(b).

Nevertheless it should be noted that in using the numerical

evaluation of the selvedge point displacements, although the

method is more objective and seemingly more accurate in that more
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significant figures can apparently be obtained, at the same time

derivatives of w higher than the third are automatically excluded.
Using a polynomial of higher order, and consequently introducing

more nodal points into the calculation would offset this disadvan-
tage in part, but in general the increase in complexity would not

be worth the effort. For a reasonably fine mesh the procedure
outlined should be sufficiently accurate for most purposes.

11 • To eliminate the iterative portion of the irregular star treat-

ment is a matter easily accomplished but, as usual, it is at the

expense of introducing more complex relaxation operators. First

suggested by Fox,
3

it amounts to applying an idea already used in

conjunction with second order equations. In order to develop a

relaxation operator for point 0 of Fig. 14 it is necessary to

eliminate from the standard operator, Fig. 1(b), all selvedge points

like 3, 11, etc. If this elimination is done in such a manner that

the boundary conditions are automatically satisfied, then relaxa-

tion can proceed without considering them further. But this satis-

faction is already assured by (10), so that substitution of (10)

together with equations like them obtained far the other selvedge

points 2,$,7,10 into the standard residual operator, (3), gives an

operator from which are eliminated all selvedge points. Of neces-

sity, however, points other than those of the standard pattern will

also be involved. For instance, to eliminate point 6 will require

the use not only of point 5 but also of a new point, 13, Fig. 14.

The new residual operator for point 0 will, therefore, be rather

more complex than the standard one, as also will the derived relax-

ation operator. Further, the irregularity in the relaxation operators

will persist for points distant three or four mesh lengths from the

boundary. Thus, since points 9 and 8 are included in the irregular

star residual operator for point 0, the relaxation operators for those

points will not be completely symmetric.

Obviously, in view of the many configurations that can be

obtained, it is not possible to write down one general irregular

star residual operator which is capable of universal application, as

was done for second order equations. Even so, some systematisa-

tion and tabulation is possible.

Except for very coarse meshes the situation almost always

exists in which there are only two selvedge points on any one mesh

line, as in Fig. 15. Taking that figure as general, and using (7)
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'Hr
hB I

h

- X

Fig. 15

and (8), corresponding to (9) and (10) we have

w
q
= wB - (h — hB

)(dw/ <3x)g + ^
2
(h - hB) — a

3
(h — hB)

Wl =WB + hB
(^w/Ac)B

+ a
2
llB

+a
3
hB ,(U )

w
2 = wB + (hB + h)(dw/dx)B + a

2
(hB + h)

2 + a
3
(hB + h)

3

w„ = w„ + (hR + 2h)(dw/dx)R + a 2
(hR + 2h)

2 + a
3
(hB + 2h)

3
.

From the third and fourth of (11) solving for a
2
and a

3
we obtain

a2 = (w
2
- wB)h/h

2 - (w
3
- wb)cA

2 - (dw/dx)Bd

A

a
3
= -(w

2
- wB)eA

3 + (w
3
- wB)fA3

+ (dw/AOgg/h2

where, with a = hgA> we have written

2 + a 1 4- a 3 + 2a

t =
(l + a)

2 ’
C "

(2 + a)
2 f

(1 + a)(2 + a)

1 1 1

6 =
(1 + a)

2 ’
1 =

(2 + a)
2 ’ S “

(1 + a)(2 + a)

Inserting (12) in the first two of (11) gives, finally,

= Awn + Bw 0 - Cw- — Dh(<?w/dx)F

where

w
o

Wj = EwB + Fw2 - Gw3 + Hh(dw/dx)B ,

A = 1 + (1 - a)2 (c - b) + (1 - a)
3
(f - e)

B = (1 - a)A + (1 - afe

C = Q - afc + (1 - a?f

D = (1 - a) + (1 - afd + (1 - a)
3
g

E = 1 + a2 (c — b) — n3 (f — e)

F = a2b — a3
e

G = a2
c — a3f

H = a — a2 d + a3 g

(12)

(13)

(14)

y as)
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With the quantities A, . ..,H available^ for various values of

afi < a < 1, then, using (13), it is possible to construct irregular

star residual operators fairly rapidly. As an example consider again

the star centred at point 0 of Fig. 14. Both the internal points 7,3,2

and the external points 11,6,10 are selvedge points which must be

eliminated from the standard operator. Fig. 1(a).

12. Let the known lengths (K,7), (L,3), (N,2), (P,2) be of magni-

tudes hK, hL, hN , hp . The ratios corresponding to them, aR, . .. ,ap
may then be regarded as known for a given mesh spacing h, so that

by calculation or from tables, for any particular a. the quantities

A., can be obtained. Thus we can assume here that the

quantities

Aj, .... H., (i = K,L,N,P)

are all known. Using (14), and applying Fig. 15 to Fig. 14, we then

obtain

w
7 = Ekwk 4 FKw4 - Gkw8 4 HKh(dw/ <3x)

k ,

W
1X
= alwl + blwo

~ CLW1
- DLh(aw/Ac)L ,

W
3
= elwl +Flwo - glwi

+ HLh(dw/&)L ,

W
6
= ANWN + BNW5

- CNW13
- nNM(?w/Ac)N ,

W
2
= ENWN + FNW5

“ GNW13 + HN
h(<?w/ax)N ,

w
10 = ApWp + BpW

o
- Cpw4 - Dpli(<9w/<9y)p ,

and substituting these in (3) gives the .required operator, namely,

R
o - w

o
(20 - 8Fl + B L 4 Bp) 4 8 - CL) + w

4
(2FK

~ 8 - Cp)

+ w
5
(2Bn

— 8Fn + 2) + w
g
(2 — 2GK) 4 w

9 4 w12 4 W13
(8GN — 2CN)

4 { wr2Ek 4 wl(Al - 8EL) + wn(2An - 8En ) 4 WpAp \

4 { 2(<9w/<9x)kHk - (dw/dx)L(DL 4 8Hl) - (dw/dx)N (2DN 4 8IIN)

- (dw/<9y)pDp }
h - h4 g (x,y)

o .
(16)

Even for the cubic polynomial representation (7) this expression

is not unique. For instance, as an alternative to introducing points

5 and 13 in eliminating point 6, points 7 and 14 together with

(<9w/dy)^ could have been used. This marks an apparent exception

(52). Tables of these quantities are given at the end of the text.



230

to the use of Fig. 15, since point 7 lies in the selvedge region.

However, a second substitution could then be used to eliminate

point 7. In fact it will frequently be found that elimination of a

point can be accomplished in more than one way. If the mesh is

fairly fine it will not matter greatly which is used.

Although the operator (16) is easy to obtain, to do so is time-

consuming and the operator itself is quite complicated, as also

will be die relaxation operator derived from it. Further, although

Fig. 14 may represent only a small portion of some problem region,

in it the stars centred at all the points 1, . . .

,

14 are irregular. It is

obvious, therefore, that to relax a problem having a curved boun-

dary is a very tedious task. Once the operators have been obtained

the actual relaxation is not difficult, but a considerable number of

operators, all different, are likely to be involved. Even so it

appears that, using these more complex irregular star operators, a

problem can be solved more quickly than by the alternative method

of using only the standard operator together with the iterative

process involving the frequent disturbance and resatisfaction of

the boundary conditions.

IS . Vtith obvious simplification the foregoing irregular star treat-

ment applies also to the boundary conditions

w * 0 , dw/dn — 0

If the conditions specified are

= 0 d2w/dn2 = 0

some slight modification in detail is necessary. If n and t are the

directions outward normal and tangential to the boundary curve,

and (n,x), (t,x) the angles between the x axis and those directions,

we have

aV
dx2

dw dw dw— = — cos(npc) +— cos(t,x) ,

dx dn dt

a
2 ’“w

2
d2

v, d
2
\ 2

2 cos (n,x) + 2—— cos(n,x) cos(t,x) +—; cos
2
(t,x) .

dn dndt dt"

Also, since w = 0 on the boundary
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dw (9
2w

~dt dt
2

so that

d2w <9
2w

2TT = T~2 cos (n,x)
ax* <?n

together with a similar expression for <?
2
w/<9y

2
, Hence, as a result

of the new conditions we require that at the boundary

d 2w <9
2w

dx2 dy2

and with w = 0 either of these is sufficient.

To satisfy these we use the same polynomial (7), but now have
for a boundary point L

a
o
* WL = 0 *

2a
2 = (<3

2
w/<?x

2
)L = 0 .

Thus, in solving the two equations like (9) written for points 0

and 3, the two unknown coefficients are a
x
and a

3
. After obtaining

these the remainder of the procedure is the same as the foregoing.

The coefficients A, * . . ,H will, of course, be new.

14. IRREGULAR STAR SECOND DERIVATIVES ON THE
BOUNDARY. As part of the complete solution for some problems

involving the biharmonic expression it is necessary to compute the

second derivatives <9
2w/dx 2

and <?
2
w/<9y

2
at all mesh points. For

internal points the required formulae are already available, (18) of

Chapter II and (8) of Chapter V, but for points on the boundary

additional ones are necessary. These follow directly from expres-

sions given in Section 10.

From (7) we have

<3
2w

=• = 2a 0 + 6a 0x
dx 2 2 3

so that on the boundary

= 2a„
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for which an expression, namely (12), is available. Thus, referring

to Fig. 15 it follows that

h
2 = - JwB + Kw

2
- Lw

3
- Mhf-

x
(17)

where, referring to (13),

J = 2(b - c) ,
K - 2b , L = 2c , M * 2d .

Tabulated values of the coefficients J, . . . ,M for 0 < a = hB/h < 1

are given at the end of the text.
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CHAPTER VIII

EIGENVALUE PROBLEMS

1. For all of the problems with which we have so far been con-

cerned there existed a unique solution, or at least a solution that

was unique to within an arbitrary constant. In addition to those

there occur others of considerable, interest, known generally as

characteristic value or eigenvalue problems for which this is not

so. Mathematically, eigenvalue problems lead to equations in each

of the three fields we have already considered, namely, simul-

taneous algebraic equations, ordinary differential equations and

partial differential equations. They all exhibit the general feature

of homogeneity and, in addition, for the differential equations the

terminal or boundary conditions are also homogeneous. By a simple

extension of technique it is possible to bring eigenvalue problems

within the scope of relaxation methods. This we shall now consider.

A. ALGEBRAIC EQUATIONS

2. We desire to find solutions
1
other than the trivial solution

. . .= u
n
= 0 of the n homogeneous equations

(a
ll
“ Ab

ll
)u

i
+ (a

l2
-XhU] U

2
+ • * * + (a

in
“ ABlnK = °

(a
21
“ Ab

21
)u

l
+ (a

22
~ Ab

22
)u

2
+ * ‘ + (a

2n
“ Ab2>n

" 0
’

... ... ... ... J

(\l
~ Ab

nl
)u

l
+ (a

n2
“ Ab

n2
)u

2
+ * * * +K " AbJU

»
= 0

in which the a
rg

, h s
are given constants and a

re
= a

sr > b s
= b

sr
-

For a solution to exist it is necessary that the determinant of

the coefficients in (1) be zero, that is,

all~ Ab
ll

a12~ Ab
X2

~ Ab
ln

- = 0 . (2)

a
nl

Ab
nl

a
n2

'

Xb
n2

a
nn

Ab
nn

233
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Equation (2), which is an equation in A of the nth order, is known

in general as the characteristic equation, and to each of the n roots,

or eigenvalues, there corresponds a solution u., i = l, ...,n,

known as an eigenfunction or (normal) mode. Thus there exist n

distinct solutions to (1), and in order to find diem it is necessary

to find also the n values of A for which they can exist. To solve

(1), therefore, the methods of Chapter I are not directly applicable,

and an extension is necessary. In this text we shall discuss only

the situation in which the roots of (2) are real, positive and all

different/
53 ^

To apply relaxation methods to (1) we require one more equa-

tion. On multiplying the first equation of (1) by u
1 , the second by

u
2 , etc., and adding we obtain

2(V - AT) - 0 , (3)

where In n

-tin u

u

2r=lB=l rs 1 s

inn
= - S j b u u

2 r=l s=l rs r s

y (4)

and from (3) we obtain

A = V/T (5)

which is the desired equation*

If a correct set of values, u., for a mode is available then,

inserting them in (5) yields the correct value of the corresponding

eigenvalue A. Also, if the values u. vary slightly from those of a

mode the value of the associated eigenvalue is stationary^

(53)

. The possibility that two or more of the eigenvalues may be the

same will not be considered, as such an event is rare in practice.

(54)

. Given the equation

A(u) = V/T

the requirement that A be stationary leads to the equations

dA/au^ffdV/du.-VdT/du.VT^O , (i = l,...,n)

that is

TaV/du.-VdT/duj = 0

which, on using (5) becomes

TtdV/du.-AdT/du.) = 0

or

dV/du. -AdT/du. =0 , (i = 1, . . . , n) .

On substituting in this from (4) the n equations (1) are obtained.
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whilst if the values u. only roughly approximate a mode the

magnitude of A given by (5) is the best approximation to the eigen-

value that can be obtained in the circumstance.

Using (5) a procedure can be devised for solving (l).
2

(i) As a first step we rewrite equations (1) in their residual form

(replacing the zeros on the right-hand side by R., i = l, . .

.

,n),

and from them obtain the general relaxation operations table I.

Note that the relaxation operators contain not rally the known
constants a^

s
,b

rs , but also the unknown eigenvalues A.

TABLE I

GENERAL RELAXATION OPERATORS

Operation
Number

Displacement
Change in Residuals

*2 ft ft ft ft R
n

(i) u
i
= i a

ii
_Xb

ii
a2l“

Xb
21

ft ft ft ft

SL
1

>-

(2) *2 = l ai2~^12 a
22
-Xb

22
ft ft • ft a

n2
Xb

n2

«... .... 1 • • • ft ft ft ft ft ft ft » ft ft ft ft

(n) U - 1
n

a
ln~

Xb
ln

a2n"
Xb

2n
.... a -Ab

nn nn

(ii) A guess is made at the modal values u., and inserting them

in (4) V and T are evaluated.

(iii) Using (5) an initial approximation A^ (to the eigenvalue X)

corresponding to the guessed mode is obtained.

(iv) Substituting the value of A^(from (iii)) and the chosen values

u. in (1) gives an initial set of residuals, and the same

value of X inserted in table I gives a set of relaxation oper-

ators by means of which partial liquidation of the residuals

can be effected. It is impossible to liquidate the residuals

completely, however, since the value of A*
3^ is not correct.

Also, since A^ as computed from (5) depends on the values

u., it follows that even one displacement alteration modifies

the value of A^\ Nevertheless, holding A^ temporarily con-

stant it is possible to reduce the residuals somewhat and so
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obtain a better approximation to the mode. In fact relaxation

is continued until it appears impossible to reduce the resid-

uals further.

(v) With the new values u. use of (4) and (5) gives a new estima-

tion for A, A^ say, which is a better approximation to a root

of (2) than was \

(vi) The process is now repeated. Using A^ new residuals are

obtained from (1) and a new set of relaxation operators from

table I. Relaxation then improves the approximation to the

mode and leads in turn to further improvement in the magni-

tude of the eigenvalue* The cycle of operations is repeated

until all residuals are effectively liquidated (to the accuracy

required) and there is no further change in A.

The foregoing procedure, although not as straightforward and

rapid as that of Chapter I, leads to an approximate solution to a

mode and to the corresponding eigenvalue. The accuracy of the

approximation can be increased as much as desired by using more

and more significant figures in the displacements u.* In addition

to this at any stage in the process it is possible to calculate upper

and lower bounds^ on the eigenvalue so that the accuracy is

always known.

One difficulty can arise in the relaxing. Since the equations

in (1) are all homogeneous it follows that even when the correct

magnitude of an eigenvalue is known the magnitudes of the dis-

placements are indeterminate. It is possible only to determine

their ratios, e.g., u
2 /vl 19 u

3
/u

1 ,
.... Consequently, in relaxing

it is necessary to prescribe, artificially, the magnitude of one of

the displacements. If this is held constant then the others can all

be found. To reduce the residuals, however, it may be convenient

to alter (among others) that displacement which has been chosen

to he held constant, and so, should considerable alteration he

made to it, it is advisable to adjust the new value back to the old,

at the same time, of course, altering all the other displacements in

the same ratio. If this is not done there may be a tendency slowly

to reduce all the displacements to zero, or to increase them all

(55). Actually A as given by (5) is one such bound. The required

formulae and method of application are given in considerable detail by
Southwell1* 2 and so will not be included here.
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without giving the process a chance to settle down. The difficulty

occasionally becomes evident when 'the number of equations in-

volved is large, and it may be found that, even though the eigen-

value is stationary in magnitude, it is not easy to liquidate the

residuals.

3 . In addition to the form given in (1) the equation can appear in

two other forms, namely,

(a
ll
- AbU)u

l
+ a

i2
U
2
+ ••• + a

ln
U
n
“ 0 »

a
21
U
l
+ (a

22
" Ab

22
)u

2
+ + a

2n
U
n

0 *

and

a
nl
U
l
+ a

n2
U
2
+ • * * + (am ~ XhJ\ = 0 »

(an -X)u
1
+a

12
u
2
+ ... + ainun = 0 ,

a
21
u
l
+ (a

22
~ A)u

2
+••• + a

2n
u
n
= 0 »

(7)

a
„l
U
l
+ i l

n2
U
2
+ . + (a — A)u = 0 .

ixn n

The corresponding coefficients a
re

j b.g , are different in each of (1),

(6) and (7), although, in each case a = a , b = b . The same
rs sr its sr

method of solution will apply to all three cases. Slightly less work

is involved in solving (7) than for either of the other two.

4. AN EXAMPLE . To illustrate the procedure just outlined let

us solve a set of equations of the farm (6). They are

(41700 - 4.3A,)u
1
+ 2426u

2 + 41140u3 = R
x

,

2426uj + (10790 - + 2602 0u
3 = R

2 ,

41140u
1 + 26020u

2
+ (97110 - 11.2A)u

3 - R
3 ,

where instead of zeros on the right-hand side have been written the

residuals R
x

, R 2 , R
3 .

As an initial guess at a mode we shall take

U
1
= U

2 = U
3
= 1 ’ (9)

From (4) and (8) we have the general expressions for V and T

V = 2085 Ouj + 2426uj u
2
+ 41 14 OujUg + 5395u|+ 2 602 0u

2
u
3
+ 48555

u

2 9
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(10)T = 2.15(u
1

2 + u^) + 5.6u
2

.

Using (9) we obtain

V = 144386 , T « 9.9 (11)

and inserting (11) in (5) gives an initial estimate for A of amount

A = 144386/9.9

- 14584 . (12)

From (8) the general relaxation operators are as given in Table II

and using the value of A given by (12) gives the set of operators of

Table III. Finally, inserting (12) in (8) or, what is the same thing,

using Table III together with (9), gives the initial residuals, and

and we are nowin a position to commence relaxing. In this problem,

since there is only a small number of unknowns, it has not been

thought necessary to reduce the most effective quantity in each

relaxation operator to a round number, although if more equations

were involved this might be desirable.

TABLE II

GENERAL RELAXATION OPERATORS

Operation
Number Displacement

Change in Residuals

R
i

R
2

R
3

WEM u
i
= 1 41700-4.3A. 2426 41140

BUM ”2= 1 2426 10790-4.3A 26020

(3)
'

U
3
= 1 41140 26020 97110-11.2X

TABLE III

RELAXATION OPERATORS. A - 14584

Operation
Number Displacement Change in Residuals

^2 H3

mm U
1
= 1 -21011 2426

HU U
2
= 1 2426 -51921

(3)
U
3
= 1 41140 26020 -66231
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TABLE IV

FIRST CYCLE OF RELAXATION. A = 14584

Operation
Residuals

j

R
i

R
2 R

3

(1)=(2)=(3)=1 22555 -23475 929

-(2)x 0.5 -1213

21342

25960

2485

-13010

-12081

(1) x 1.0 -21011

331

2426

4911

41140

29059

New Displacements: u
1
= 2.0, u

2
= 0.5, u

3 = 1.0

ot: Ujssl.0, u
2
= 0.25,u

3
= 0.5

Alternative Relaxation. First Cycle

(1) = (2) = (3)=1 22555 -23475 929

CL) x 1.0 -21011

1544

2426

-21049

41140

42069

(3) x 0.6 24684

26228

15612

-5437

-39739

2330

New Displacements: u
1
= 2.0, u

2
= 1.0, u

3
= 1.6

or: u
1
= 1 .0, u

2
= 0.5, u

3
~ 0.8

Table IV shows the relaxation. Two displacements suffice to

reduce two of the residuals considerably, at which stage it is not

easy to see how they could be further improved even though the

third residual is larger .than it was originally. It is possible, of

course, that by devising multiple operators some further reduction

in the residuals could be made but, at this stage at any rate (even
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if at all for this problem) it is not worth so doing. Already the

displacement pattern has been altered considerably so that the

operators are now considerably in error. The displacements are

-1-^
— 2 , 132

“ 0.5 J Ug = 1

or, if we decide, arbitrarily, to keep u
x
equal to unity, we have

Uj = 1 , u
2
“ 0*25 , Ug = 0.5 . (13)

The two imposed displacements in this short relaxation each

liquidated (approximately) the largest residual. Since, however,

R
x
and R

2
are roughly of the same magnitude—we may neglect the

differences in sign since ultimately all residuals have to approach

zero—we could have commenced by operating on R^. This would

lead to the two alternative steps also shown in Table IV, with

displacements

n
l
= 2 1 u

3
= 1.6

or

, u
2
= 0.5 , u

3
= 0.8 . (14)

It would appear that the residuals have not been reduced quite as

much in the second relaxation as in* the first. Even so, out of

curiosity let us choose (14) as the new displacements with. which

to commence the second cycle of the procedure. As an exercise

for the reader it would be useful to pursue further the consequences

of displacements (13).

Using (10), (5) and (14) we obtain

V = 97807
,

T = 6.272 ,

A = 15594 .

With A given by (15) Table II gives the revised operators shown in

Table V, and five displacements are sufficient to give a new A of

amount

A = 15808 .

Two further small cycles of operations are necessary to liqui-

date the residuals almost entirely. The operators are given in

Tables VI and VII, the relaxation steps for all three cycles being

presented in Table VIII. For the solution we then have ^

u
x
= 1.0 , u

2
= 0.3244 , u

3
= 0.6199 ,

L (16)

A = 15812 . J



TABLE V

RELAXATION OPERATORS. A . 15594

Operation
Number Displacement

Change in Residuals

R
I

• R
2 R

3

(i) u =1
1

-25354 2426 41140

(2) U2" 1 2426 -56264 26020

(3) U
3
= 1 41140 26020 -77543

TABLE VI

RELAXATION OPERATORS. A = 15808

Operation
Displacement

Change in Residuals
Number R

i
R
2 r

3

U) u
i
= i -26274 2426 41140

(2) U
2
= 1 2426 -57184 26020

(3) U
3 = 1 41140 26020 -79940

TABLE VII

RELAXATION OPERATORS. A = 15812

Operation Displacement
Change in Residuals

Number R
i

R
2

R
3

(i) u
i
=1 -26292 2426 41140

U2= 1 2426 -57202 26020

(3) u
3
= 1 41140 26020 -79984
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TABLE VIII

REMAINDER OF RELAXATION SOLUTION

Eigenvalue Operation
Residuals

R
i

R
2 r

3

u = 1 .0, u
2
= 0.5

u
3
- 0.8

-7884

1

(1) x 0.3 12342

4458

(3) x 0.06 2468

3633

1 -4653

-195

(1) x 0.2, 485
-2116

(3) x 0.1 4114

2676

2602

486
-7754

279

(1) x 0.1 -2535

141

243

729
4114

4393

New Displacements: = 1.6, u
2 = 0.5, u

3
0.96

or: 1^= 1.0, u
2
=0.31,u

3
- 0.60

V- 69124 , T = 4.3726 ,
A = 15808

15808
u = 1.0, u = 0.31

u = 0.60
3

-838 311 1242

(3) x 0.01 411

-427
260
571

-799

443

-(1) x 0.01 1 mm
(2) x 0.01 24

-140
mm

(Table continued next page)
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Eigenvalue Operation
Residuals

R
i

R
2 *3

(3) x 0.004 I 101

79

-320
-28

(2) x 0.0014 3

27

-80

-1

36

8

New Displacements; ^=0.99,02 = 0.3214, u
3
= 0.614

or: u^ = 1.0, u
2
— 0.3246, u

3
= 0.6202

V= 71635, T = 4.5305, X = 15812

15812
u

x
= 1.0, u

2
= 0.3246

u
3
= 0.6202 10 —4 -20

(1) x 0.0005 -13
-3

i

-3

21

1

Final Displacements: u
x
= 1.0005, u

2
=0.3246, u

3
= 0.6202

or: u
1
= 1.0 ,

u
2
= 0.3244, u

g
= 0.6199

V - 71600 , T = 4.5282 ,
X = 15812

Check on Residuals for Final Displacements

15812
= 1 .0, u

2
= 0.3244

u
3
= 0.6199

-2 0 -1

5. MODAL ELIMINATION. As a result of the foregoing computa-

tions we obtain one root, or eigenvalue, of (8) together with the

associated eigenfunction, or mode. Unfortunately there is no indi-

cation whether or not the root found is the lowest, whilst in prac-

tice it is usually the lowest eigenvalue that is of most interest.

It frequently happens, however, that it is known that the lowest

eigenvalue is associated with a certain mode, and although the

relative' displacements constituting that mode are not known
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accurately a fairly good approximation is available* If these

displacements are used instead of (9) then by the above procedure

the lowest eigenvalue is rapidly obtained. Should no such informa-

tion be available, to obtain the desired information it becomes

necessary to solve for several, or perhaps all, of the roots of (8).

In this instance there are but three of course.

An obvious question then arises: What displacement values

shall be chosen as the initial guess at another mode? The question

can be put slightly differently: Having guessed displacement

values for another mode, how can we prevent the solution (16) just

obtained from again resulting? To do so we make use of a known

property of eigenfunctions, namely, that they satisfy a certain

orthogonality condition.

Let u., v., i = 1,... ,n, be any two eigenfunctions satisfying

(1). Then the orthogonality condition is

2 2 b..u.v. = 0 (1?)
i=lj=l U 1 3

V '

It is also known that any guess at a solution, like (9), can be made

up of a linear combination of (at most) all the n eigenfunctions.

That is, if x., i - 1, . . .

,

n, is a guessed set of displacements, then

x. = au. + j8v. + yw. + . . . , i = 1 , .

.

.

,

n, (18)

and there are n functions u,v,w, ....

Suppose, now, that with one eigenfunction already found, say

u., i = 1, . . . , n, we have guessed the values x., i - 1, . . . ,n, for a

second solution. In view of (18) it is likely that the guessed

values will contain a proportion of the function u. in addition to

others, and it is this that makes possible regression of the relaxa-

tion solution towards the function u.. To prevent this we eliminate

from x. the contained proportion of u.. From (18) we have

x. - au* = /3v. + yw. 4- . . . , i « 1, . .

.

,n,

and, using (17), we can write

= /3 2 2 b..u.v.+ yi 2 b..u.w. + ...
"

i=l j —1 y 1 J 'i-lj-1 1 J

= 0 ,

and consequently,

2 2 b . . u. (x. — au . ) = 0 .

i=l j=l X J 1 J 3
(19)
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Hence from (19) the proportion, ez, of the known eigenfunction

present in the guessed function can be found so that the displace-

ments y., say,

y. = x. - au. (20)

will contain none of the known eigenfunction. Using (20) as an

initial guess at a second solution of (1), regression towards the

known function u. during relaxation is unlikely. To make certain of

this, after completing one cycle of relaxation on (20) modal elimina-

tion of u. could then be carried out on the revised displacements.

It is obvious that modal elimination can be used for any number

of known modes. For instance, if two eigenfunctions, u. and v^,

i - 1, . . . ,n, are known, and it is desired to eliminate these from

some guessed set of displacements, x., corresponding to (19) we

require

) (21)

which are two equations to be solved for a and jS. Alternatively,

having found the displacements y., (20), which contain no com-

ponent of the eigenfunction u., the proportion of the function v.

could then be eliminated from it using an equation similar to (19).

If instead of (1) the equations being solved are of the form (6),

or (7), the orthogonality condition (17) simplifies to

2 b..u.v. = 0 ,
(22)

i=l 11 1 1

or to

2 u.v. =* 0 ,
(23)

i=l 1 1

in that order, and since (18) is true independent of the general

equations, in lieu of (19) we have

2 b..u.(x. - au.) = 0 , (24)
i=l 11 1 1 1

2 u.(x. - au.) = 0 ,
(25)

i*l
1 1 1

respectively, for the elimination of a known eigenfunction.
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6. THE SAME EXAMPLE
,
CONCLUDED. Continuing the solution

of (8) let us now obtain a second eigenvalue and eigenfunction.

For the first solution we commenced with the displacements

Ui = U
2
- u

3
1.0

and obtained, finally, the values

= 1.0 , u
2
= 0.3244 , u

3
- 0.6199 . (16)bis

Let us again take as initial guess the value unity for each dis-

placement, and from it eliminate the known function (16). Since (8)

is of the form (6), (24) applies here, and inserting (16) gives

4.3(1- a) + (4.3)(0.3244)(1- 0.3244a) + (11.2)( 0.6199)(1- 0.61 99a) = 0

from which

a = 1.3955 .

Using (20) this leads to displacements

u
x
= -0.3955

,
u
2 = 0.5473 , u

3
= 0.1349

, (26)

so that, on taking u
x
= 1 and rounding off the other values, we

obtain for a set of initial displacements for relaxation the quantities

u
x
= 1.0 , u

2
« -1.4

, u
3
= -0.3 . (27)

The procedure now continues as before. Using (27), (10) and (5)

we obtain

V = 30984
, T = 6.868

A = 4511
.’

Inserting A from (28) in (8) gives residuals

R
1
= 6565 , 6670 R

3
» -9264

and from Table II are obtained the operators of Table IX.

Using the operators in Table IX five displacements, namely,

0.4(2)
, -0.2(3) , 0.2(1) , -0.1(3) , 0.1(1)

reduce the residuals to

Rj = 1884 R
2
= -3851 R„ = -490 (29)

with displacement totals of

= 1.3 , -1.0 -0.6
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RELAXATION OPERATORS. A = 4511

247

Operation
Displacement

Change in Residuals
Number R

i
R
2

R
3

(i) 22303 2426 41140

(2) U
2
= 1 2426 -8607 26020

(3) U
3
=1 41140 26020 46587

or, on revising of

1==1.0 ,
u
2
= -0.77

,
u
3
= —0.46 (30)

Using combined operators it is possible to reduce the residuals

even further; however, in view of the considerable liquidation

already achieved (with consequent change in the value of A) the

extra trouble is not worth while. Actually the residuals are better

than they appear to be, for with the displacements of (30) the

residuals (29) are all reduced (approximately) by the factor 1/1-3.

The displacement increments used in the relaxation provide an

example of the manner in which it is often allowable to flout the

so-called rules^ of relaxation without serious consequences. The

“stationary” displacement u
x
was not held stationary, but an in-

crease in its value was accompanied bya decrease in the residuals,

so that on the basis of u
1
being unity the residuals will be even

smaller. If, in addition to that given above, further relaxation is

attempted it will quickly be found that, in liquidating the largest

residual each time, the process becomes divergent.

Using (29) to obtain a new estimate of A we have

V - 22747 , T = 4.6097 ,

A = 4935 .

(56). The reader will have noticed long ere this that most of the

relaxation rules are nothing more than guides, or suggested procedures,

and should never be adhered to rigidly if it appears that some other trick

can be used to advantage.
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With a corrected operations table another cycle of relaxation

gives the results

Ul = 1.0 u 0 = -0*8674 u 0 = -0.4447

A = 4954 ,

whilst a further very small cycle gives the final displacements

u9 = -0.8699 u
3
» -0.4446 (31)

the value of A remaining unaltered, and the final residuals being

R
1
- -3

, R
2
- 2 , R

3
- -1 .

For this problem, to obtain the remaining solution is a simple

matter. In view of (18), if from any guess whatever at the dis-

placements the two known modes are eliminated what remains must

be the unknown mode whence, substituting it in (5) gives the cor-

responding eigenvalue.

The set of displacements (26) consists of a linear combination

of (31) and the unknown mode only, consequently, elimination from

(26) of (31) yields the desired third solution. Using (24) we have

4.3(1 -a) - 4.3(0.8698)(-l .3838+ 0.8698a) -

-11.2(0.4446)(-03411 + 0.4446a) = 0

from which

a -1.1441

so that using (20) gives the displacements

u
t
« 1 , U

2
- 2.697 U

3
= -1.163 (32)

These yield an eigenvalue of magnitude

A - 112 ,

and on computing the appropriate operators and residuals it is

found that

R
1
= -85 R

2
= -35 R

3
= -165

It would thus appear that the displacements (32) are incorrect.

However, four displacement increments alter the displacements to

u
i
= 1*0 u 0 = 2.6955 , u

3
= -1.1609 (33)

for which the residuals are

K
a = 5 R

3
= -2
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whilst the value of X remains unaltered at 112. The discrepancy

between the final eigenfunction solution (33) and that found by
elimination, (32), arises from the fact that the solutions (16) and

(31), although good approximations are not exact, so that complete

satisfaction of (22) is not possible. Even so, as can be seen, for

all practical purposes (32) and (33) are the same.

B. ORDINARY DIFFERENTIAL EQUATIONS

7. The treatment of eigenvalue problems involving ordinary differ-

ential equations (and partial differential equations also) is very

similar to that of algebraic equations. Some representative equa-

tions and terminal conditions
3
are:

v"(x) + Av(x) = 0 ,

}
M

with v(0) = v'(L) = 0 ;

with

v""(x) + Av"(x) = 0 ,

v(0) = v'(0) = v(L) = v'(L) = 0
\ (ii)

MxVW'-VxMx) = o ,

y
an)

with v(0) = v'(0) = v"(L) = v'" (L) 0

The functions s(xX P-(x) are given, v(x) and A are the eigenfunction

and eigenvalue both of which are to be determined, and primes

denote derivatives with respect to the independent variable x.

More generally we are required to solve homogeneous equations

of the form
3

M[v(x)] = AN[v(x)] (34)

vhere

M[v(x)] = 2 (-l)
v

lf v(x)v
v
(x)]

v

*=0 l (35)

N[v(x)] = !(-l)v[gv(xV'(x)]
1 J

v=0

with

fm (x) ^ 0 , gQ (x) ^ 0 >
m > n ^ 0 ,

and with v
v
(x) standing for d

v
v(x)/dx

v
.

Since (34) is of order 2m there will be 2m terminal conditions

with the highest order 2m-l. The conditions also are homogeneous.
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are linearly independent and of the form

2 { a v
v
(a) + jS v

v
(b)} (36)

v=0

a and b being the coordinates of the two end points of the interval

of definition of a problem. The complete solution to an equation

of type (34) with terminal conditions (36) comprises an infinite set

of eigenfunctions, all different, each one being associated with a

distinct eigenvalue k^
Let v

k
(x) be any one of the eigenfunctions satisfying (34) with

A
k
as its eigenvalue* Then, on multiplying (34) (in which has been

written v
k
,A

k ) by v
k
and integrating from a to b, we obtain

f v
k
M [v

k
] dx = A

fc
f v

k
N [v

k
] dx

from which

/ vM[v]dx
\ a K K
A
k
=

b

/ v
fc
N [v

k ] dx

which is an identityknown as Rayleigh’s Quotient, and corresponds

to (5).

As with the algebraic equations, associated with the eigen-

functions there are some general orthogonal properties, namely,

/ v.M[v.]dx = 0 ,
a 1 J

/ v. N [v. ] dx ~ 0 ,

a
1 ^

v.(x) and v^(x) being any two distinct eigenfunctions). Thus, for (i),

using the second of (38) we have

L

/ v. (x) v.(x)dx = 0 ,

o
1 J

whilst^ for (iii) the relation becomes
L
f fz (x)v. (x) v.(x) dx = 0 .

0
1 J

(57). Again we shall concern ourselves only with real positive eigen-

values (this implies a certain property of (34) known as self-adjointness,

discussion of which would be out of place in this text) and will not

discuss the rather academic case in which two or more of them are of the

same magnitude*



251

8. METHOD OF SOLUTION . Guided by Section 2 a method of

solution for differential equations is obvious,
4 As for all treatments

of differential equations by relaxation methods the preliminary

steps are those of replacing the governing equation by its finite-

difference representation, and from this deriving the general
residual and point relaxation operators. A. set of point displace-
ments, representing the best estimate that can be made of a
desired eigenfunction, is then chosen and, using numerical in-

tegration to evaluate (37) an initial approximation to A, say A*
1
^, is

obtained. Inserting A^ into the general operators enables residuals

to be computed and some relaxation to be done. After a short time,

A(1) not being the correct value for A, it will be found impossible to

reduce further the residuals, whereupon a better estimate, A^, is

obtained by evaluating (37) using the modified displacements. The
process is continued until the eigenvalue becomes stationary and
the residuals are sensibly zero.

In replacing (34) by a system of finite -difference equations

the number of different solutions possible is radically decreased.

Thus, instead of there being an infinite number of different eigen-

functions it will be possible to find at most only n such, n being

the number of subdivisions into which the range [a,b] is divided.

Since, however, only the first few eigenvalues are of interest, in

practice this is no real disadvantage. Obviously the greater the

number of subdivisions the better the representation to (34) and

the more correct are the eigenfunctions and eigenvalues found.

Also the better the initial guess that can be made at a desired

eigenfunction the less is the amount of relaxation necessary and,

what also is of importance, the smaller is the chance that the

displacements may regress towards some other undesired eigen-

function.

The above method is thus seen to be arbitrary to the extent

that, lacking any knowledge of the eigenfunction shape associated

with a desired eigenvalue (for example the lowest), on obtaining a

solution it would not be known whether or not it was the one

required. It would seem, therefore, to be necessary to obtain all

n solutions before any statements could be made. This situation

rarely arises in practice, however, as almost always good qualita-

tive information is available concerning the eigenfunctions of

interest. Actually, the eigenvalues are usually of more interest
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than the eigenfunctions, and of these the lowest is the most im-

portant, whilst after the first two or three lowest ones the remainder

is rarely of any interest whatsoever.

9. AN EXAMPLE . As an illustration of the foregoing let us

consider the equation

K3-x 2)v"(x)}"+ W'(x) = 0 , (39)

the range of integration being a= 0, b = 1, and terminal conditions

v(0) - v'<0) - vtt) - v"(l) = 0 . (40)

Corresponding to (37) we have the identity

/v.U) {(3-x 2
)v"(x) }"<ix

x = jo_I
k

-/
1

v
k
(x)v

k
"(x) dx

which, on integrating by parts and using (40) (and dropping the

subscript k) becomes

/(3-x 2
){v"(x)}

2
dx

A - (4D

fWU)}2
dx

0

From the second of (38) the simplest orthogonality property of any

two eigenfunctions v.(x), v. (x) is
/

f v!(x)v!(x)dx = 0 . (42)

o
1 J

Rewriting (39) in the residual form gives

(3-x2) v""(x)~ 4xv
//;

(x) + (X-2) v"(x) = R . (43)

For the expression of (43) in finite -differences we shall subdivide

the range [0, 1] into ten equal parts, so that h = 1/10. Let any five

consecutive subdivision points be numbered -2,-1,0, 1,2, whence,

using expressions from Chapter II, it is a simple matter to obtain

the general residual operator corresponding to (43),

{ 18 - 6x
2 - 2(A-2)h2 lv + { (A-2)h

2 + 4hx - 12 + 4x2
}v. +

o o OOi
+ { (A-2)h

2 ~ 4hx ~ 12 h- 4x
2

} v
1
+

O O-A
+ (3-x2 -2hxJv0 + (3-x2 + 2hxJ v^ = R

rt
(44)

From this the general point relaxation operator follows. Thus, an
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addition of 4*1 to the displacement v
q
causes residual changes of

amounts

- 18 ~ 6x
2 -2(A-2)h2

R, (A-2)h2 - 4hX][ - 12 + 4x 2

R
ml - (A— 2)h2 4- 4hx_

1
~ 12 4- 4x^

,

R
2
= 3 - x

2
4- 2hx

2 ,

R
-2
= 3-x^ - 2hx_

2

Note that the operators, for the first time in this text, are

dependent on the value of the x coordinate (as well as on the

eigenvalue A). For each subdivision point there is a special

operator, and all are different. This results in an inevitable slow-

ing down of the relaxation process, but no new difficulties are

introduced.

In view of the complexity of the operators it is worth while

to consider them in greater detail. To do this let all the subdivision

points be numbered

a = 0,1,2, . . . , 9,1 0 = b. (45)

Since (43) is of the fourth order it is necessary, also, to introduce

a fictitious point at each end of the range, say points ~j (at x =a—h)

and +j (at x = b4-h). The terminal conditions (40) are then satis-

fied automatically by putting

v - vin 0
O 10

V . = V, V.
-J 1 J

and these, on being substituted into the general equation (44)

evaluated for points 1 and 9 of (45), will eliminate the fictitious

points to give residual and relaxation operators in terms of dis-

placements at internal points only.

Let x. be the value of the x coordinate of the subdivision

point i, and for conciseness write

A. = 18 - 6xf — 2(A— 2)h
2

B. (A - 2)h
2 + 4hx. - 12 + 4x.

2

C. 3 — x? — 2hx.
1 11

D. (A-2)h
2 - 4hx. - 12 + 4x?

E. = 3 -x?+ 2hx.
1 11

(47)
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Then the general residual operator (44) becomes

R. = A.v. + B.v. , + C .v. „ + D.v.
1
+ E.v

9
1 11 1 ltt 1 l-W 1 1-1 1 1-4

whilst in particular we have

Rj = A-jVj + + C
1
v
3 + D

1
v
o + E

x
v

. ,

- + E
1
)v

1
+ B

x
v
2
+ C

x
v
3

in virtue of (46),

^2 = ^
2
v
2
+ ®

2
V
3
+ ^

2
V
4
+ ^

2
V
1

5

R
3 = Vs + B

3
v
4
+ C

3
V
5
+ D

3
V
2
+ E

3
V
1 *

R
?
= A ?

v
?
+ B

?
v
8
+

.

C
?
v
9
+ D

?
v
6 + E

?
v
5 ,

R 8
= ^8V8 + B

8
V
9
+ B

8
V
7
+ E

8
V
6 »

R
9 = (A

9
-C

9
)v

9
+D

9
v
8 + E 9

v
7

For the unit point relaxation operators, by definition and using

(48) we have

TABLE

GENERAL RELAX

Displacement
|

Change in
|

R
i

r
2

R
3

R
4

v
i

= 1 20.99 -0.02X -11.94 + Q.01A 2.97

V
2
=1 -11.94 + 0.01A 17.80 -0.02X 2.92

V
3
= l 2.97 -11.78 +0.01X 17.50-Q.02A -11.54+0.01X

2.92 -11.54 + G.01A 17.08-0.02X

V
6
= 1 2.85 -11.22 + 0.01A

fill 2.76

V
7
= 1

V
R
= 1

V
9
= 1
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V l! Ri = Ai + E15 R
2

:D
2 , R

3
= E

3 ;

v
2
= l: ^2 ” ^2 * ^3 = ^3 9 ^4 = ^4 *

= ^1 f

V
3
= 1 : = A

s , R
4
= D

4 , R
5
=E

5 , R
2
= B

2 , Hi = Ci;

v
?
=l: R

7
= A

7 , R
8
= D

g , R
9
=E

9 , R
6
=B6 , r

5
= c 5 ;

v
8
= l: ^8 = ^8 9 ^9 = ^9 9 R

7
= B

7 ,
R
6
=C

6 ;

VO^
II R

9
= ^

9
“ Cg

, Rg = Bg , Ry == Cy .

These operators are best presented in tabular form; accordingly, on

substituting values for x. and putting h = 1/10, Table X follows.

From (47)

D.
+1
=(A-2)h2 - 41x^-12 + 44
= (A - 2) h

2 - 12 - 4h(xj + h) + 4(x. +h)
2

= (A-2)h2 -12 + 4hx. +4x 2

= B ; ,

ATTON OPERATORS

Residuals 1

R
S «6 R

7
R
8

R
9

2.85

-11,22 +0.01A 2.76

16.54 -0.02X -10.82 +O.01A 2.65

-10.82 + 0.01A. 15.88 -0.02A -10.34 + 0.01A 2.52

2.65 -10 .34 + 0 .01A 15.10 -0.02A. -9.78 +0.01A 2.37

2.52 -9.78 + 0.01A 14.2C-0.02A

2.37
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and similarly

E
i+2

=

Thus, for instance

D
2 = Bl , Eg — V^

1

so that in the first line of (49) the residual coefficients are the

same as the displacement coefficients in the first line of (48). This

holds generally, so that with suitable interpretation Table X can

be used for computing residuals as well as relaxing.

10. SOLUTION

.

We shall find only the lowest eigenvalue, A
x , of

(39) and as an initial guess at the eigenfunction shape, guided by

(40) we choose displacements

v
o
= 0

,
V
x
= 5 ,

v
2
= 15 , v

3
- 30 ,

V
4 = 45 , v

g
= 75 ,

95 , 100 , 90 , vg = 55 , v10
= 0 .

Since this shape has no internal nodes, (41) should yield an

estimation of A reasonably close to the correct value A^.
58*

Using (50) we have first to calculate a value A^ by means of

(41) where, for the actual computation use is made of one of the

numerical integration rules given in Chapter II. Applying (28) of

that chapter we have the general formula

r**i

J q (x)dx = (q
i+1

+ q.)h/2

so that for this problem, since h = l/10, and i = 0,l, . . .,10, we have

1 10

f q(x)dx « 2^(q.+1 *+ q.) h/2

= (q 0
+ 2q

x
+ 2q 2

+ . . . + 2q 9 + q10)h./2 .

Applying this to (41) gives

/(3-x2){v"(x)} 2 dx
X = ~—

flv'fx) Pdx
0

(58). This follows from general theory.
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_
[(3-^){v"l +2(3 -x^)jv''i + • • • + 2(3 -

x

2
0)

S

v;

j

2+ (3 -x^) jv^
2
] I,/2

[(Vq)
2
+ 2v')

2 + 2(v'

)

2+ • • . + 2(vp2 +(v
1

'

0
)

2
]h/2

N
=
D

where

N = [(3-x2)(v.+v
1
-2-vf+2{ (3-x2)(v

o + v2 -2v1
)
2+...+ (51)

+ (3 -x2
)(vg + v

1Q
-

2

v
9
)2

\ + (3-x 2

Q
)(v

9
+v

j

-2v
1Q)

2
]/h4 ,

D = [(v
L
-v.)2 + 2{ (v

2
-v

Q
)

2
+ (v

3 - Vl )
2+ . .

. + (v
10
-v

8)
2
} +

+ (v. -v
9
f]/4b? .

Using this together with conditions (46) to evaluate k gives

X(

P = 81.8 .

It is instructive to use other integration rules also and, on

applying the two strip and five strip formulae to the displacements

(50) in a similar manner, we obtain

two strip rule: k^ — 74.8 ,

five strip rule: k^ = 65.6 .

This is rather disconcerting. The three rules yield widely differing

results. Actually, at this stage, on closer examination this is not

particularly surprising as, although the chosen values (50) repre-

sent a fairly smooth curve the same is not true for the second

derivatives obtained from them. We shall not worry about the dis-

crepancies for the moment (hoping that the trouble will clear itself

up) and, for want of any guidance, shall take for the initial eigen-

value that given by the two strip rule

k{
}

] = 74.8 (52)

Inserting (52) into Table X to give the relaxation (and residual)

operators we obtain Table XI and using this we have as residuals

resulting from (50)

Rj-19, R
2
=~ll, R

3
= 58, R

4
= -102, R

s
= 51,

R
6
= 3 , Kj = -35 , Rg = 18 , R

9
= 14 .

In view of conditions (46) we do not record residuals R
o
,R10. Using

Table XI it is an easy matter to reduce the residuals considerably.
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a

1
CO
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0
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-10.472
15.044

ino
o
rH
J

LO
NO

cs

aj

-cu
2.92

-10.792
15584

-10.472

2.76

111
1

CNl

o
rH
rH

1

16.001
-10.792

2.85

11i1
CM

pp

OT
0\
r—H

rH

T

s
\o
rH

-11.032
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111i1
pp

3
ON
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B
rH

11

rH

II

rH

II

r-H
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r-H

11

r-H
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Possible displacements are

v
4

*= 6
> v

7 » 3 , vj_ = -2
,

-2
, v

1
= v

2
v
9 = -l .

The largest displacement, v
? , (which we intend to hold at 100) is

now of magnitude 98, so that on multiplying the displacements

resulting from this relaxation by 100/98 we have

v
0
= 0

>
v
i
= 2

»
v
2 = 10

>
v
3
= 26 ,

. 47 , Vj. = 71 ,

*92, v
?
= 100, v

R
= 87 , v0 — 51 , v

10
« 0 ,

with residuals

(53)

R
1 = 4, R

2
= -9, R

3 = 7, R
4
=-9, R

3
= -12

,

R
6
--2

f -R7
-l f R

8
= 6 , R

9
== 0 .

Sufficient change has taken place to warrant another eigen-

value calculation and, on using the same three integration rules,

we obtain

one strip rule : A^ = 67.7 ;

two strip rule: A^= 66.7 ;

five strip rule: A^ = 66.4 .

The agreement between the three estimations is now much better

than before. Again we select the two strip result and using Table X
obtain a new set of operators, Table XII.

To increase accuracy and to obviate the use of decimals we now

multiply the displacements (53) by 10 and, from Table XII, obtain

residuals

R
1
= 38 , R

2
= -96, R

3
= 64 , R

4
= -88 , R

5
= -113,

R
6
= -10

, R
?
« 29 , R

8
« 78 , R

9 = 15 .

As would be expected they do not differ greatly—apart from being

ten times as large— from those left at the end of the previous

relaxation cycle* With the new operators. Table XII, considerably

more relaxation is possible; however, in due course a situation

somewhat as follows is reached, Table XIII*
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Change

in

Residuals

o\

111
CO

pp
2.52 -9.113 12.866 -8.473

—

PS
2.65 -9.673 13.766 -9.113

t-
*3
CS1

VO
PS

2.76
-10.153

14.546 -9.673 2.52

vO

PS
2.85

-10.553
15.206

-10.153

2.65

PS
2.92

-10.873
15.746

£8
LO
o
T

2.76

erj

PS 2.97

CO
r—

1

rH

r-H

T

16.166'

-10.873

2.85

!ps -11.273
16.466

-11.113

2.92

pT 19.656
-11.273

2.97

1111
Displacement

H
II

r—

1

II

r-H

n

i—i

11

rH

II

rH

ii

rH

ii

rH
11

rH

II

Ov
>
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O
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LO

X
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P
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O
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f
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7063 -44

co 4627
-18

CM 2306
T
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O
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Using these results the two strip integration rule gives

kf =55.2 ,

and, on obtaining a fresh set of operators, the initial residuals

become

R
x
= 7 , IT, = -8

, R3 « -27
, R

4
= 1 7 , R

5
- -12

,

R6
=-l, R

?
= -12

, Rq=H, R
9 = 12 .

These alternate in sign reasonably satisfactorily, and it is obvious

that a little relaxing will effectively reduce them. The necessary

displacement increments will all be small so that, as a result,

there will be practically no change in the eigenvalue. It is reason-

able to accept as a solution the value

= = 55.2 . (54)

11. Out of curiosity let us investigate the problem further. We
multiply the displacements, and consequently the residuals, by 10

and carry out more relaxation. If this is done, using the displace-

ments in Table XIII and new operators involving (54) it will be

found that it is difficult to reduce the new residuals appreciably.

After some labour we can obtain displacements and residuals as

given in Table XIV, whilst A^ becomes

two-strip rule: A^ = 55.08
, ^

five-strip rule: A^ = 55.04
. ^

The largest residual is —59, and it seems impossible to improve

greatly on this. To all intents and purposes the eigenvalue (55 )

is stationary.

This is rather surprising. One would expect either that it

would be possible to reduce the value of A further or, if A^ is

(very nearly) correct the residuals could be liquidated almost

entirely. The difficulty warrants further consideration.

On reviewing the general method of solution one aspect seems

open to question. We use (41) as a means of obtaining a value of

of A appropriate to a given set of displacements. However, in

evaluating (41) numerically the result is not unique since it

depends upon the parti cular integration rule used. Judging by (55)

it would seem that as the eigenvalue becomes stationary the dis-

crepancies between the various integrations become negligibly



263

small, but the correctness must still be regarded with suspicion.

On the other hand, if (55) should be incorrect due to errors inherent

in the numerical integration rules, then using (55) it becomes
impossible to carry the liquidation of the residuals to completion.

One way of overcoming this would be to increase the overall

accuracy by further subdivision of the range of integration. By so
doing, not only would the accuracy of representation of the

governing differential equation be improved, but also the smaller

intervals would allow more correct integration to be obtained.

This step, however, involves considerable additional labour.

Rather we should be concerned with the problem of improving the

estimation of the eigenvalue for the subdivision already used.

The equations we are attempting to solve by relaxation, namely

(48), represent an approximation to the differential equation (89),

and are correct to within the accuracy of the finite -difference

expressions used* Let us consider them from a different point of

view.5 Having obtained the equations (48) let us now regard them

simply as a set of equations of the form (1). Formally we may
repeat the procedure in Section 2 and so again obtain (5). Thus,

given (48), (5) gives an estimation of the eigenvalue which, for a

given set of displacements, is unique. Further, if we assume that

on using (48) the two expressions (4) are both positive definite

quadratic forms

/

59
^ then each member of the set of n eigenvalues

that can be obtained by (5) will be positive, as they are for (34).

Formally, then, it seems justified to use (5) in lieu of (37) or, in

this case, in lieu of (41).

12 . Pursuing this idea, let us again consider the foregoing

problem. Commencing with displacements given in Table XIV—
which led to (55)—a computation using (5) gives

A = 52.72 . (56)

On obtaining the operations table using (56), and also the revised

residuals, it is found that considerable liquidation can take place

and, in fact, it is easy to reach a situation similar to that shown

in Table XV.

(59). For any particular set of equations this question could be

investigated. The method is laborious, however, and it seems preferable

to continue without justification.
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It would be possible to improve on this a little, but the effect on

the eigenvalue would be negligible. Using these displacements

then, (5) gives a value for X of

X = 52.69 . (57)

For comparison, using the same displacements (41) gives

two-strip rule: X = 55.08 ,

five-strip rule: X = 54.99 .

The results obtained by the two methods of computation still differ

significantly. Nevertheless, the criterion of the correctness of the

eigenvalue is the degree to which the residuals can be liquidated,

that is to say the correct eigenvalue is that one which satisfies

the given set of equations and, as has just been shown, this is

here given by (5). Consequently, on the basis of results, it seems
preferable to use (5) in lieu of (37) even when the original problem

involves a differential equation.

For our result then, we have

k
1
m 52.69 .

For problem (39) with conditions (40) it is known6 that the lowest

eigenvalue is given by

53.37 < X
x
< 53.64

so that (57) is too small. Since the relaxation has been carried to

a stage whereby it can be said that the displacements given in

Table XV, together with the eigenvalue (57), represent a very good

approximate solution of the set of equations (48)— or (44)— the

source of error in (57) must lie elsewhere. In fact, it can only be

associated with the correctness of the finite-difference representa-

tion of (39). That aspect will not be investigated, however.

13. If instead of (46) some other finite -difference approximation

is used to satisfy the terminal conditions (40) then the reciprocal

relations shown by the coefficients in (48) will not be preserved*

For instance, on writing

v'(0) = (—6v . - 20v + 36v, — 12v0 + 2v«)/24h
-J o 1 Z 6

the condition v
#

(0) = 0 is satisfied automatically by putting

v_. = (36v
x
- 12v

2
+ 2v

3
)/6
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so that the first of (48) becomes

R
x
= (A

x + OE^ + (B
x
- 2E

x
)v

2
+ (C

x + ,

the remainder of (48) being unaltered. Thus, for the first term in

both the second and third equation of (48) the relations

*
12
* “

21 *
“
13
“ “

31 * ^12 ^21 9 ^13 “^31

are no longer true.A similar result is obtained on using an approxi-

mation to the second derivative at point 10 other than

v (10) = (v
9
+ v. - 2v

10
)/h .

Even so, formallyit is still possible to obtain a relation similar

to (5). It is

n

2 (a + a
.

rs sr
,)u u / 2 2 (b

s r=l s =1 r
+ b )u u

r r s (58)

However, the requirement that A given by (58) be stationary does

not lead to equations like (1). Thus the use of (58) instead of (37)

is not fully justified. Despite this, experience has shown that

after the relaxation is fairly well advanced (58) does lead to a

more correct estimation of A than does (37).

C. PARTIAL DIFFERENTIAL EQUATIONS

14. AN EXAMPLE. For partial differential equations the fore-

going general treatment, Sections 7 and 8, still applies without

essential modification.
7' 8 The variety of equations normally en-

countered is more restricted than that of ordinary differential

equations and, in fact, variation occurs more frequently in the

boundary shape than in the equation itself.

Without presenting any further general discussion it will be

sufficient to consider an example and, for simplicity, we choose

one involving the harmonic expression.

The equation to be solved is

d
2
v

dx
2

0 (59)

with

v =-0
(60)

on the boundary F, the problem region D being shown in Fig. 1.
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For mesh size we shall take h = 1/4.

'With v
k
(x,y) as an eigenfunction and A

k
the corresponding

eigenvalue the Rayleigh Quotient becomes

dx' dy‘
\dxdy / / / v^dxdy

which, using (60) can be reduced to

2

+

\\J\JJ V

II"dxj dy
I

ckdy ?dxdy

(61)

(62)

If v.(x,y) and v^(x,y) are any two different eigenfunctions the

orthogonal property is

1 1v^v . dxdy = 0 * (63)

^ D

15. SOLUTION . Corresponding to (59) the general finite-

difference equation is

v
i
+ v

2
+ v

3
+ v

4
“ ~ Ah

2
) = 0 , (64)

the point numbering scheme being that adopted earlier, Fig. 3,

Chapter II. From (64) in the usual manner are obtained the two

general operators shown in Figs. 2, and with them we have all the

equipment necessary to commence solving the problem.
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1

~~z

ll -(4-Ah^

l_ —A

z

. LL_ _ii 1

i

-(4-Ah
2
) ll

3] O

1

^
1

V
.

J

T

\

r
(a) Residual operator (b) Unit point relaxation

operator

General operators

Fig. 2

On guessing a set of quantities vp . . * ,
v
9
(Fig. 1) the Rayleigh

Quotient can be evaluated using numerical integration to give an

estimate of the eigenvalue. Using this the two operators in Figs. 2

become definite, residuals can be calculated, and so relaxation

can proceed.

For this problem we shall solve for the lowest eigenvalue, ror

any problem of the type represented by (59) and (60) it is known

that for the lowest eigenvalue the displacement pattern is one-

signed everywhere, but in general it is difficult to estimate or

guess the actual shape. In this instance almost any guess (con-

sistent with the just-mentioned requirement) would do for initial

displacements; if, however, a much finer mesh had been used in

Fig. 1 a poor guess might require considerable relaxation involving

several cycles of computation of either (61) or (62) to obtain a

solution. It is possible to improve the initial displacements guess

and so shorten subsequent work, but at the expense of further

preliminary computation. We shall return to this point later.

Referring to Fig. 1 we assume for initial displacements

v
1
=40, v

2
=40, v

3
=50, v

4
= 100, v

5
= 50,

loo)
v

fi
= 30 ,

= 50 ,
v
p = 50 ,

vQ = 20 .

In view of (60), (61) is more suited to numerical work for this

problem than is (62) since the latter would involve computing first
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derivatives on the boundary as well as elsewhere. Evaluating (61)

using the most simple integration rule, (31) of Chapter II, gives

A(1) = 22.86 ,

or

A(1)
h

2 = 1.429 ,

and substituting this in Figs. 2 gives the operators for the first

relaxation cycle. Figs. 3. The initial residuals are obtained by

ll -2*571 1-2*571

(a) Residual operator (b) Unit point relaxation
operator

Operators -for A° = 22*86

F ig. 3

applying Fig. 3(a) to the displacements (65). These are given in

Fig. 4. Some relaxation is possible, using the operator of Fig. 3(b),

and a little work gives a situation similar to that shown by the

lower set of quantities in Fig. 4. On attempting to carry the process

beyond that, however, almost immediately it becomes evident that

the situation cannot be further improved. Both displacements and

residuals increase in magnitude, the latter E>eing positive every-

where and, even if considerable relaxation is done, on reducing the

displacements so as to have v
4 = 100 the overall displacement

pattern remains much the same as that in the figure. Accepting the

displacements in Fig. 4 it is necessary, therefore, to obtain a

revised estimate of the eigenvalue. A second application of (61)

yields

A(2) = 20.86 .

On the basis of v
4 = 100 the initial displacements for the
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Initial displacements
Initial residuals

Residuals after
relaxation

Displacements after
relaxation

Displacements and residuals
First relaxation cycle

Fig.4

second relaxation cycle are obtained and, with A.® inserted in the

general operators new residuals are calculated. These are given in

Fig. 5. As can be seen the residuals are now much more favourably

disposed for liquidation. In fact with the revised relaxation operator

55 -20 55

V/Initial displacements
r^>^Initial residuals

45

73

2 55
\

13 100 -5 64

v^-nnai residuals
3^Final displacements
16 X

76

55

i ioo

-2 73

0 59

13 55

0

7 16X
56 2 22 0

Displacements and residuals
Second relaxation cycle

Fig. 5
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liquidation can be carried practically to completion* On doing this,

and again reducing all displacements so as to bring v
4
=100, the

second set of quantities in Fig. 5 is obtained. A final computation

using these displacements (still applying the simple integration

rule) gives

A(3) = 20.70 .

For comparison, application of the two strip integration rule—first

in one direction and then in the other—gives

k = 20.67 .

16 . As a matter of interest let us again consider briefly the

effects of regarding the finite -difference equations (64) as consti-

tuting a set like (1), and not as being merely approximations to the

differential equation (59). Using the same point numbering scheme,

Fig. 1, and applying (64) the equations are

v
2 + v

3 + (Ah
2 — 4)^ = 0

v
!
+ v

4 + (Ah
2 - 4)v

2
= 0 ,

V
1
+ v

6
+ + ” ^)V

3
= 0 >

v
2
+ v

3
+ v

7 + v
5 + (Ah

2 - 4)v
4
= 0 ,

v
g + (Ah

2 - 4)v
9
= 0 .

If these are arranged slightly differently

(Ah2-4) + 1+1
1 +(Ali2-4)+ + 1

1 + (AhSM)+ 1 +1

1+1 + (Ah2-4) +1 +1

= 0 ,

= 0 ,

= 0 ,

= 0 ,

(66 )

1 +(Ah2-4)= 0 ,

it becomes evident that the usual reciprocal relations hold. It is

legitimate, therefore, to apply (5). From (66) the equation is

[v
1
(Ah

2
-4) + v

2 + v
3
]v

1
+ [vj +(Ah

2
-4)v

2
+v

4
]v
2 +

** • + [v
8
+(Ah2

-4-)v9]v9 = 0,
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and on using the final displacements in Fig. 5 this yields

A - 20.71 .

In this instance computation of the eigenvalue by the various rules

and methods gives results all fairly similar.

77. CURVED BOUNDARIES. As in the previous examples in-

volving partial differential equations more often than not the boun-

daries are curved and, as a consequence, irregular star operators

must be used in the relaxation process. Despite this, if a high

degree of accuracy is not required in the evaluation of the lowest

eigenvalue, and an estimation to within 5% to 10%, say, will

suffice, then it is possible to do without irregular star operators.

Since the eigenvalue itself is obtained by evaluating a Rayleigh

Quotient, it follows that for two regions which differ only slightly

in shape the corresponding eigenvalues will not d'ffer greatly in

magnitude/
60

^ This means that unless high accuracy is desired it

is permissible to replace a curved boundary by an approximating

piecewise straight one, the latter being so chosen that no irregular

stars are involved.

An example will give some indication of the order of accuracy

that can be expected. For purposes of illustration the mesh spacing

will be kept coarse. Since the general mode of solution in no way
differs from that already discussed it will be sufficient merely to

quote results.

Let us take for the problem region an ellipse having semi-major

and -minor axes of lengths IV2 and 1 respectively. For the differen-

tial equation and boundary conditions we again take (59) and (60)

and, as a consequence, (61), . . . , (64) follow without alteration.

For mesh spacing we again use h = 1/4.

Taking advantage of the two-fold symmetry the relaxation

problem region is as in Fig. 6(a), the mesh points 2,3,4,9,10,16

being centres of irregular stars. To obtain the associated straight-

line boundary problem we replace the elliptical boundary by that

shown in Fig. 6(b). The new boundary is made up of those portions

of boundaries of elementary squares which lie closest to the

true boundary.

(60). It is assumed, of course, that both the governing differential

equation and the boundary conditions are the same for each problem.
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(a)

\

\

t \
<b)

Fig. 6

From the general formula for an ellipse, namely.

it follows that for this problem the equation to the boundary is

x
2
+ 2.25y

2 = 2.25 , (67)

point 17 of Fig. 6(a) being taken as the origin of coordinates. From

(67) simple calculations readily give the magnitudes of the irregular
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star arms. Considering point 2, for example, we have

y
2 = ! 2.25 - (0.25)

s
!/2.25

y = 0,986
,

so that the ratio of the length of the irregular arm to that of the

regular arm at point 2 is

(0,986 - 0.75)/0.25 - 0.944 .

Thus, from the irregular star tables, the residual operator for

point 2 is

v
3 + v

1 + 1.029v
6
-v

2
(4.119-Ah2

) = R
2 ,

(h = 1/4) .

The other irregular star operators are obtained similarly, and for

the regular points the operator follows from (64),

The chosen set of initial displacements shown in Fig. 7(a)

leads, through application of (61), to an initial estimate of the

lowest eigenvalue of

Aj
15 = 6.732 .

The final relaxed solution has the displacements given in Fig. 8(a),

and the eigenvalue is of magnitude

A
x
= 4.122 . (68)

In obtaining this solution four intermediate cycles of relaxation

and application of (61) were involved.

For the substitute problem the initial displacements were

taken as being the same as those of the ellipse. They are given in

Fig. 7(b), and the consequent initial eigenvalue estimation is

A(

j

1} = 6.924 .

The final solution displacements for this problem are given in

Fig. 8(b), and the magnitude of the eigenvalue is

A
x
= 4.434 . (69)

The two results, (68) and (69), are in fair agreement, the differ-

ence being approximately 7%, For many purposes this agreement is

good enough. Obviously it can be improved (still without using

irregular stars) by making the mesh spacing finer.
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18. OPTIMAL SYNTHESIS . To complete the discussion on eigen-

value problems one final point remains. Since, for this class of

problem, more than one cycle of operations is necessary to obtain

a solution, it is obviously desirable to commence with as correct

an initial guess as possible. This is a general truism, of course,

but it is much more so for eigenvalue problems than for those of

other types. In the latter problems leeway due to a poor initial

guess is, so to say, soon made up by rapidly advancing from a

very coarse mesh to a finer one.

As an aid in obtaining a good starting approximation which

should be rather better than a guess a device called optimal

synthesis has been suggested.
8
Nothing is obtained for nothing,

however, for, although the subsequent work is shortened, a

preliminary calculation is involved.

To illustrate the procedure we again let discussion centre

around equation (59) and boundary condition (60). Let Vj and v
2
be

two guessed^
61

^ solutions for the displacements, each of which

satisfies the boundary conditions (in this instance v
1
= v

2
=0 on

the boundary) but which, although representing the same eigen-

function, differ appreciably in shape. It is reasonable to assume

that there exists a linear combination of them, say v
1 + ov

2 , which

be a better approximation to the correct eigenfunction than is

either of them taken separately.

Substituting this combination displacement in (62), and drop-

ping the subscript k we have

A =JJ
+ OV

2
)J.

+(j^(
v
i
+ av2^l dxdX lff^

+ )2dxd>" ’

(61). Southwell 8 suggests that the second type solution v
2
be derived from

the first by some systematic process. Thus, for example, here one procedure

could be to substitute the guessed solution v
1
into (62) and so deduce a value

for \ and with it and (64) to calculate initial residuals R(x,y) at all mesh

points. A second solution v
2
can then be obtained by solving approximately

the equation

d\
dx2

d\
R(x,y)

using the standard plane-harmonic relaxation operator, and making full allow-

ance for the boundary conditions.
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that is

A(a) = (A + 2Ba + Ca2)/© + 2Ea + Fa2
) (70)

where

B

-Mi
Mi

+,i)y^iy

<5y <?y/

-//{ft)̂
+^}biiy

D = //v2dxdy ,

D

E = // v1v2dxdy ,

D

F = J/v
2
dxdy .

D

We desire a to be such that A(a) is a minimum, and so require

<9A

0
da

From (70) this requirement leads to the equation

(BD - AE) + (CD - AF)a + (EC - BF)a
2 = 0 , (71)

which is a quadratic with (real) roots GCj a
2 ,

say. On solving (71)

we have

ECa2 + CD a + DB = BFa2
+ AFa + AE ,

or

that is

(Ea + D)(Ca + B) = (Bg + A)(Fa + E) ,

A + Ba B + Ca

D + Ea E -I- Fa

Hence, since (70) can be written

A + Ba + a(B + Ca)
A(a) =

D + Ea 4- a(E + Fa)
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A + Ba B + Ca

D + Ea E + Fa

and so, for the initial approximation we choose the lowest of

A C A + Bc^ A + B«
2

D F D + Ea~ D + Ea0

the corresponding eigenfunctions being

V 4* CL V
1 12 4- a v

2 2’1 9 v

2

We shall not use this technique here. It is of considerable

value, however, if many mesh points are being used, or if one has

but little knowledge concerning the shape of a desired natural

mode. In fact, in the latter instance, it may even be worth while

to apply the procedure two or three times in succession. Finally,

its use is specifically recommended if the governing differential

equation is of higher order than the second as, for such problems,

the saving in time is considerable.
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CHAPTER IX

FREE SURFACE PROBLEMS, INTEGRAL EQUATIONS,
ACCURACY, NON-DIMENSIONAL TREATMENT

A. FREE SURFACE PROBLEMS

7. One class of problem to which relaxation methods have been

applied with spectacular success is that which has been collec-

tively termed free surface problems.1, •••» 6
In general the problems

have been very dissimilar and, in fact, each type of problem that

has been solved has been treated entirely on its own merits and a

special technique developed for it. There has been one common
feature, however, and this it is which has given rise to the

collective name. In all the problems the position of portion of the

boundary is unknown initially, and finding the solution entails

locating that portion of the boundary as well as satisfying the

governing differential equation over the entire region encompassed

by the boundary. The boundary conditions specified are, of course,

of such a nature and number to ensure the existence of a unique

position for the “free’’ boundary as well as a unique solution to

the differential equation.

Thus free surface problems are rather more difficult to solve

than those so far discussed and it is not surprising to find that

the approach is not as direct.

2. DISCUSSIGK OF A TYPICAL EXAMPLE. Whilst it is not

possible to discuss at length all the free surface problems that

have been solved we shall consider one such problem^52
^ in con-

siderable detail.
4

(62). This problem, unlike most of the others discussed in this text,

has only one physical interpretation. It is the torsion of a cylindrical

prism—the so-called St. Venant torsion problem—in which the magnitude

of the applied torque has been sufficiently great to cause portion of the

material to deform plastically. The problem is that of finding the resulting

stress distribution; it is discussed in detail in refs. 7, 1,4.

281
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For convenience in discussing it mathematically, the problem

is best considered as consisting of two sections. The first of

these is straightforward, and amounts to a problem we have already

solved.lt is this:

Let R be a given region with F as its boundary, Fig. 1(a).

The position of F is known completely. In R we are required to

Fig. I

solve the equation

with

d
2w d

2w

JT2 +
dy

= 0

(1 )

(2 )

on the boundary F. C is a known positive constant.

Let us suppose we have solved this problem and so have the

answer available. From it, using finite-difference formulae, it is an

easy matter to compute the quantities

<9w <9w

dx dy
(3)

and.!so

2 N £( f <9w y / dw\
z
\

L\dx/ \ d y) J (4)

= q , say,

at all mesh points in the region R and on the boundary T.

The quantity q will have a maximum value at some point on the

boundary where, in fact, q is given by
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<9w

in virtue of (2), n being the directi on normal to the boundary.

Let us suppose further that we have carried out the calcula-

tions (3) and (4) at all mesh points, and so know the maximum value

of q, say qm . It is, of course, a number,. The foregoing may be

regarded as the first section of the complete problem.

3 . For the second section we refer to Fig. 1(b). The region R is

now subdivided into two portions R
x
and R

2 , with external boun-

daries T
1
and F

2 , the position of the common boundary B not being

known.

In R-j^ we have to satisfy the equation

„ 9 t ^ 9 -aC a > 1 (5)
<9x

2 dy2

C being the same constant as before, (1). On the boundary

w„ 0 . (6)

In R
2
the equation to be satisfied is

where qm is the quantity already found in the first section of the

problem. On the boundary T
2

w ~ 0 . (8)

At all points on the common boundary B we require that

<w)« (wa)B ^
This condition, however, is not sufficient to define the position

of B uniquely, for which purpose a second one is necessary. It is

that at B the two surfaces w(x,y), wa(x,y) must “come into contact

tangentially^
63

^ That is, at any point 0 on B

(63). If we imagine w and wa as being plotted normal to the x,y plane,

theft the line B in Fig. 1(a) is the vertical projection onto the x,y plane

of the intersection of the two surfaces.
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it follows that

dw
CL

dw

dv
,'0 ,

' o

normal to the common

X
dw

dx dx

dw\

dy

(10)

(ID

and (9) with either of (11) is sufficient to define the position of B.

For our purpose (11) is more convenient than (10).

4 . A casual inspection might lead one to believe that (7) would

be extremely difficult to solve, since it is non-linear. Actually

this is not so and, in fact, it is not necessary to use relaxation

methods at all in R 0 . Since

(7) merely says that in R
2

the maximum slope of w is everywhere

constant, and has the value q . Hence, in virtue of (8) contours of
-‘m

constant w are simply lines parallel to the boundary Fg. Thus it is

an easy matter to satisfy (7) for any region R
2

and, in fact, the

solution is independent of the position of B, for (7) is not an

elliptic equation.

Fig. 2
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Let Fig. 2(a) represent portion of R
2 ,
T

2
being the boundary.

Let CjjCgjCg be contours spaced at equal intervals d, and all

drawn parallel to P
2

. Then on C
1 ,

since (w)
p = 0, w has the value

<9w

(w)c =-r—d4 dn

= q d

and similarly for the other contours. In this way, working inwards

from the boundary, a solution of (7) for w can be built up once and
for all which holds everywhere inside any region R

2
irrespective of

what happens in Rp and also irrespective of the actual position

of B. The solution depends only on the shape of the boundary V
2

and on the value* of q .

Once this solution is available, for any point 0 on B and for

any position of B it is immediately possible to calculate the value

of w
q ,

whilst the slopes at B are given by

dw

dx I

dw
- -— cos y

<9n

= -qmcosy

dw
= — q sin y

dy,

and so depend only on the angle y, Fig. 2(b), which can be regarded

as a known quantity.

5. METHOD OF SOLUTION

•

It is now possible to devise a com-

bined relaxation-iteration method of solving completely the second

section of the problem; the first section, of course, entails nothing

new. It should be kept in mind that the entire discussion (both the

foregoing and that which follows) relates to finite-difference

representation. We shall assume that the first section of the

problem has been solved completely.

(i) Using the method of Section 4 we construct the solution

w everywhere, and write down its value at each mesh point.

This leads to the situation illustrated in Fig. 3(a).
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Fig. 3

The two curves represent the traces of the functions w(x,y),

w(x,y) on a plane perpendicular to the x,y plane, A being the

point on the boundary at which the maximum value of q,

i.e., qm ,
occurs, and n is the normal to the boundary. The

method of constructing w makes the two curves tangential

at A.

(ii) Multiply the solution w of the first section of the problem

by the known number a. This will give a first approximation

to wa since it will everywhere satisfy (5). This solution will

somewhere have values greater than those of w at the same

points, and it is easy (by interpolation or other means) to
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determine the line of intersection of the two surfaces w, and

wa . This line is represented by point 1 in Fig. 3(b). Obviously,

the condition that the two surfaces be tangential at their

junction is not satisfied.

(iii) Adjust the position of fhe common boundary B, always

keeping it .on the w surface, and also keeping fixed all other

values of wa except those on the common boundary, until the

tangential condition (11) is approximately satisfied. This is

easily done using finite -difference formulae for first deriva-

tives, and will give a new position for B represented in

Fig. 3(b) by point 2.

(iv) Now, however, as we have modified both the position of

B and the values of wa on B, at points like 3 (5) will no

longer be satisfied. Accordingly, keeping the new boundary

values and position held fixed, we satisfy (5) in R
2
by further

relaxation. This can readily be done, but at the expense of

again violating the
“
tangent

’*
condition, and leads to the

modified wa solution shown. For this new solution, however,

the lack of agreement in the tangent condition will not be as

bad as that in (ii).

(v) Readjust the position of the common boundary, and so

repeat the general procedure until both (5) and (11) are satis-

fied simultaneously. This gives the desired solution since

the requirements (7), (8) and (9) are kept automatically

satisfied throughout.

In practice about three or four iterations are all that are neces-

sary to obtain a complete solution; even so, for such problems the

name relaxation methods should not be taken too literally.

6. AN EXAMPLE . An example will make clear the details of

each of the foregoing steps. We shall solve the problem for a

square region of side length 1 and, for the first sect* on of the

problem, shall give to C the value 1

6

4
. Because of syn metry it is

sufficient to consider one-eighth of the square, and e convenient

mesh spacing is h = 1/16.

Thus, the first section of the problem is

d
2w <9

2w
(1) bis
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in I*,

w = 0 (2) bis

on r and, from previous work, since h
2C = 256, the general residual

equation is

+ w
2 + w

3
-f w

4
~ 4w

q
4- 256 = R

q . (12)

The points 0, **.,4 are those of the general star associated with

the harmonic expression. No further discussion is necessary. The
relaxed solution is given in Fig. 4(a).

(a)
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For a square region the maximum value of grad w occurs at

point A on the boundary, Fig. 4(a), and so, computing its value

there would enable the solution of the second section of the

problem to be commenced without more ado. For completeness,

however, other details of the first section have been computed

and are given in Fig. 4(b). The figure shows values of (dw/dx\

(dw/dy) and also values and contours of (grad w) at all mesh

points.

For computing first derivatives the simplest formula of

Chapter II, (18) has been used, that is (with the standard point

numbering system)

(dw\
w
3
)/2h (13)

For points on the boundary the easiest method is to assume that

(1) is satisfied there, and so compute the values of external

fictitious points i.

w. = 4w — Wt -
o 1 3

w
4
— 256

which, since w ; 0 on the boundary, becomes

w. -(256+ w
4)

Thus, for boundary points we have

(<9w/dy)r = —(256 + 2w
4)8

and

(dw/dx)r = 0

(14)

(15)

At point A, Fig. 4(a), grad w has the value

qm = {(<3w/c9x)
2
+ (dw/dy)

2
}^ = 22144

Accordingly, throughout the triangular region being considered here

the function w has everywhere the maximum slope

grad w = 22144

which, since contours of constant values of w are parallel to the

x axis, amounts to

dw/dy = -22144 ,*

dw/dx - 0 }
(16)

For comparison are given also on Fig. 4(b) the values of (dw/dy)
at the boundary computed by one-sided three- and four-point
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free boundary B

Fig. 5

formulae. Using the methods given in Chapter II it is easy to show
that these formulae are

(dw/<9y)
o = -8(4w

1
- w2) ,

(dw/dy)
q
= —8(1 8w

x
— 9w

2 + 2w
3)/3 ,

where the points 0, . , 3 are located on a vertical mesh line and

read consecutively from top to bottom, point 0 being on the boun-
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dary F. Allowance has been made for the mesh spacing h = 1/16.

The slight differences between the three sets of values would be-

come much smaller if a finer mesh were used. However, accuracy

is not relevant in this present discussion which is concerned only

with method, and we continue to use the value (16).

7. Mesh point values of w are now easily obtained. Thus, for the

row of points adjacent to the top boundary we have

w - 0 + (22144/16)

- 1384 ,

and the remainder follow in similar manner. These are given in

Fig. 5. The figure also contains values of wa (= aw) for a = 1*4.^

Next step is to obtain the curve of intersection of the two

functions w and wa. Plotting the values of w and of wa on each

mesh line gives their approximate point of intersection and, with

this as a guide, interpolation can be used to obtain a more correct

estimation. Actually, at this stage numerical interpolation is not

warranted as the problem is still far from solved and so any attempt

at accuracy is waste of effort. For illustration, however, we will

obtain the position of the point of intersection of the two functions

on the vertical centre line.

A plot of the two sets of values given in Fig. 5 shows that the

two surfaces intersect (at a point c) about midway between points

a and b. To obtain this position more accurately we use the inter-

polation formula (15) of Chapter V, namely,

w
x(x - 1) x(x - l)(x - 2)

w_ + xA _ +——— A + A +
2! 3!

(17)

Here, corresponds to (wa) c ,
w

q
to (wa )

b , and the length x to Sy,

Fig. 5. Differences of w are as follows:

(64). In problems of this type solutions are usua lly desired for several
values of a, a > 1. The value a = 1*4 has no particular significance.
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iA w *«'
A w a tin

LA W
4346

897
5243 -226

5914
671

-207
19

-3

6378
464

-191
16

-8
273 8

6651
90

-183

6741

As a trial we put 8y - €.45 and so obtain from (17)

(wa)c
« 4346 + (0.45)(897) + (0.45)(~0.55)(~226)/2

+ (0.45)(-4}.55)(-L55)(19)/6

= 4779

the value of w at this point being

(w)
c « (1384X3.45)

= 4775 .

A similar computation for <5y « 0.46 gives

(wj
c
- 4788 ,

(w)
c
= 4789 ,

so that we take 8y = 0.46 as fixing the point of intersection c. This'

value is, of course, the ratio of the length be to the mesh size h.

In this way is obtained the initial approximation to the position

of the free boundary B given in Fig. 5.

8 . We now have to compare the derivatives of the two functions at

the boundary B. For the function w these are already known, (16);

for wa it is necessary to use a one-sided unequal -interval first-

derivative formula. Using three- and four-point formulae® for

(65). These expressions are derived in the appendix. If w
o , w1

,w
2
,v^ are

values of w on four consecutive mesh points 0, ...,3 reading from right to

left, and a is the ratio of the irregular spacing 01 to the regular spacing 12, 23,

the expressions are

(i) Three -point:
' l + 2a 1 + a

h
dw

di a(l + a)

a
+ “ w

2
1 + a 2

(ii) Four-point:

/dw\ 2+6a+3a2
(l + a)(2 + a) a(2 + a) a(l + a)

Hdxj„
=

a(l + a)(2 + a)
W
°
-

2 a
Wl +

(1 + a) ^
~
2(2+a)

W3
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(3wa/<?y)B together with the values of wa and distances Sy from

Fig. 5 we obtain the quantities given in the following table:

TABLE I

VALUES OF (dwjdy) AT POINTS ON B

(dwa/ dy)

F ormula

Point

c d e f g

Three-point -14444 -14680 -15680 -16805 -18672

Four-point -14480 -14752 -15680 -16912 -18784

Required value -22144

As can be seen, (11) is far from being satisfied.

We remedy this by finding new points c, d*, . . . , g
;

,
(and so a

new position of the free boundary on the surface w) for which (11)

is approximately true. Thus, for point c ,
with Sy (that is the

distance acO having the value 1.17, Fig. 6, we obtain

(wa)c
*= (w)

c
.= (1384 )( 2. 83)

= 3917

Substituting these quantities and also the unaltered values of wa
from Fig. 5 in the three -point formula gives

(<9wa/dy)c
. = 16 1 3917(3.24/2.5389) + 5914(1.17/2.17)

- 5243(2.17/1.17)

}

= -22112

which compares favourably^ with the required value of -22144. In

this way we find the new position of B, B*

,

shown in Fig. 6.

(66). The value of Sy used in this calculation was not, of course, obtained

immediately.. Nevertheless, rather than solve for it, it is found more easily

and quickly by a trial and error approach.
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Second approximation to position of free boundary;

initial residuals, and relaxed solution

Fig. 6

As a result of the boundary adjustment the governing equation

corresponding to (1) will now not be satisfied at points like a.

Fig. 6. It is necessary, therefore, to calculate residuals afresh in

the region Rj, to relax them, and so to obtain a new solution for wa.

Adjacent to the boundary B this involves obtaining and using

irregular star operators. This aspect of such a problem has been

discussed in considerable detail in Chapter V, and it will suffice

here to present the relaxed solution only. This also is given in
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Fig. 6. Note that at points like c' the new boundary has moved

past a mesh point, c" ,
which previously had been included in the

region of the w solution. For calculating the residual at point c" we

can use any displacement value wa we please. For instance, either

of the two values, w or wa,
given in Fig. 5 would be acceptable.

Of these the former is the better since, in any case, the relaxed

value will be lower than either.

Referring to the relaxed solution, Fig. 6, it is obvious that

adjacent to the boundary B
#

the values of wa have altered so much

that again (11) is not satisfied. In fact, at point c we now have

(<9wa
/dy)

c
,
- —17392 .

Although not equal to the required value, i.e., —22144, this is an

improvement on the previous value of —14444. At other points on B
the situation is similarly improved, as is shown in Table II.

TABLE II

COMPARISON OF VALUES OF (dwa/dy) AT POINTS ON B, B'

Boundary
(dw^/dy) at Points on B and

c,c d,d'
1

e, e

B -14444 -14680 -15680 -16805 -18672

B' -17392 -18144 19504 -19376 -19376

This general relaxation-iteration process, name ly, the relocation

of the common boundary, the calculation and liquidation of new
residuals and the calculation of new derivatives at the boundary,

is repeated until a correct solution is obtained, both the governing

equation and the derivative condition being satisfied simultaneously

in R
2

. Without discussing them in detail three further cycles of

operations are necessary to bring about the situation shown in

Fig. 7. The derivatives at the boundary B are shown in brackets on

the figure and, as can be seen, the requirement (11) is almost
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satisfied. Adjustment of one boundary point at a time is now all

that is necessary and a little work quickly produces the desired

solution/
67

^ Fig. 8.

Penultimate approximation

Fig. 7

(67). It might be thought that the final derivatives as given in the

figure do not represent a very good agreement with the required one,

i.e., —22144. Actually, the agreement is the best that can be obtained

by using only two decimals in specifying the position of the common

boundary.
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Final solution

Fig. 8

In solving problems of this nature, in practice a policy similar

to over-relaxation would be adopted. It is obviously conservative
to adopt for each stage the new position of the common boundary
as given by calculation. Of necessity the calculated displacements
Sy will always be too small to allow (11) to be satisfied merely by
further relaxation* Consequently, the results of such calculations
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should only be taken as a guide to the order of magnitude of the

displacements necessary, the actual displacements adopted being

larger than those calculated.

9. The foregoing completes the discussion of this problem. It must
also serve as an indication of the method of treatment for all free

surface problems that have been solved by relaxation up to the

present. For problems other than the type just treated procedure

details would not be the same, naturally; however, there are points

of similarity. The general approach is one of combined relaxation

and iteration, one or more of the requirements being kept satisfied

automatically at all times whilst, in each cycle of operations, by

systematic modification of the solution the remaining requirements

are satisfied more and more correctly.

B. INTEGRAL EQUATIONS

10. The general relaxation techniques used in solving ordinary

simultaneous algebraic equations and the various types of differ-

ential equations carry over without great modification to the solu-

tion of integral equations.
8

In fact, in some respects integral

equations are easier to solve than differential equations for, unlike

differential equations, the satisfaction of boundary conditions is

automatic in integral equations.

For descriptive purposes it will be sufficient to consider one

class of integral equations only, and for this we choose the

simplest, namely, the non-homogeneous linear Fredholm equation

<£>(x) = f(x) •+ A f K(x,t)<^>(t) dt, a ^ x < b , a < t < b . (18)
a

In (18) f(x) is a given function, X is a given scalar, K(x,t)—known

as the kernel of the equation—is a given (symmetric) function of

the two variables x and t, and it is desired to solve the equation

for the unknown function </>(x) which occurs both outside and under

the integral sign.

To solve (18) the first step is to obtain a substitute set of

algebraic equations, finite in number, which represents 0*8)

approximately. From this set residual and relaxation operators are

obtained and, using them, residuals are evaluated and the usual

liquidation processes applied.
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11. AN APPROXIMATION TO THE INTEGRAL EQUATION. As

for differential equations various approximations to the integral

equation are readily obtainable. Here, we shall use the simplest

possible. Let the range of integration [a,b], of length L say, be

subdivided into n equal parts as in Fig. 9, so that each subinterval

is of length h = L/n. Let two adjacent points of subdivision, or

. rf
j«a j-i

I + t4-
J-n -

1

Fig. 9

j+i

stations, be marked j, j+1. Then for a quantity £ A(x)dx,. j<xlj+l,

we have as a simple approximation
J

j*A(x) <& = { A(j ) + A(j + 1) } b/2 (1 9)
j

where A(j) stands for the value of A(x) at the point x = j, a < j
< b.

Using (19), (18) can be replaced by the approximation

0(j) = f(j)+ Ah[{K(j,a)0(a) + K(j,b)0(bH/2 + 2
1

K(j,k) 0(k)] , (20)
fc=i

<f>{j) being the value of 0(x) at the subdivision point x = j,

j
= a,l, ... ,n — l,b. Thus (20) represents a system of n-fl simul-

taneous equations, there being one equation for each point of

subdivision of [a,b] including the end points a,b. In more detail

the equations are

0(a) = f(a)+Ah[{K(a,a)0(a) + K(a,b)0(b){/2+
n
2K(a,k)0(k)],
k=l

0(l)-f(l)+Ah[{K(l,a)0(a) + Ka,b)0(b)l/2 +
n

i
1

K(l,k)0(k)],
k=l

n4 (
21)

<£(4) = f(4)+Xh [{K(4,a)^(a)+K(4,b)<56(b)}/2 +2 K(4,k)<£(k)]

,

k=l

= f(b)+Xh[{K(b,a)<
?
S(a)+K(b,b)^(b)}/2 + 2

1

K(b,k)0(k)]

.

k=l
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Note that each equation involves the magnitude of the unknown

function <£(x) evaluated at each of the subdivision points a, 1, .. .,

n~l,b of [a,b]. It is in this respect mainly that (20) differs from

the finite-difference equations obtained as approximations to

differential equations, for the quantities K(j,k) can be regarded as

known for each point j. Note, also, that the approximations (20)

are not unique. If instead of (19) some other more acc irate approxi-

mation had been used, (Section 14 of Chapter II), then (20) would

have appeared correspondingly more complicated. The complication

would, however, have been more apparent than real.

12. RESIDUAL AND RELAXATION OPERATORS . The residual

operators are obtained immediately. If values of
<f>

which are

incorrect are written down at the subdivision stations the errors

or residuals^
68

* R(j) are given by

R(j) = f(j) + Xh [{K(j,a)<£(a) + K(j,b)<£(b)}/2 +

+ SK(j,k)^(j)]~0(j) ,

k=l

(22)

so that the n+1 equations obtained from (22) by putting
j
— a,l, . . •

n—1, bform the desired operators.

Consider the effect of making an alteration to the value of
<f>

at

any one station, for example of adding a quantity d0(4) to <j> at

station 4. The resulting change in the residual at that point, i.e.,

dR(4), is given by

<?R(4)
,

dR(4) = TT7^ (4) ’

ocf>(4)

- UhK(4,4)-l}d<£(4)

from (22). At the same time, and as a consequence of the alteration

(since that is the only alteration) there is also a change in

R(l) of amount

(68). This represents a slight change in notation. It eliminates the use

of a double subscript, e.g., Kj
jc

. Obviously,, as used here R(j) has the

same meaning as has in earlier chapters.
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dm) -^ #<4)

= AhK(l,4)#(4)

and there are similar changes in the residuals at the other

j
stations

.

More generally, the following results are obtained:

dR(j,k) - UhK(j,k)-S
jk

H<^(k)

dR(j,a) = AhK(j,a) d<p(a)/2

dR(j,b) = AhIC(j,b)d<£(b)/2

dR(a,a) - UhK(a,a) -2 } d<£(a)/2

dR(a, j) = AhK(a,j)d0(j)

dR(a,b) - AhK(a,b)d<£(b>./2

dR(b,b) = UhK(b,b)~2}d^(b)/2

dR(b, j) « AhK(b,j)d0(j)

dR(b,a) = AhK(b,a)d9S(a)/2

j,k — 1>2, . . . , n 1,

where dR(j,k) is the change in the residual at station
j
due to a

given change in the value of the quantity cjb
9 of amount d</>, at

station k, and is the krone cker delta.^

For a given alteration to the value of <j> at any one station the

expressions (23) give the resulting alterations to the residuals at

all stations. They are, then, virtually the relaxation operators.

For use, however, it is convenient to have them presented in

tabular form. On putting d<£(j) = 1, and dropping the d from dR(j,k),

etc., we have the unit operations Table III

13. From the table it can be seen that the relaxation operators

are more like those obtained from the simultaneous algebraic

equations of Chapter I than those corresponding to differential

equations. For each subdivision point or station there is a separate

, =/ lifk =i
Jk \ 0 if k A j

(69).
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operator and, further, each operator involves all the residuals.

This might lead one to suspect that liquidation of residuals is a

slow process, but usually this is not so. As will be seen in the

example which follows, almost always each separate relaxation

operator has a powerful handle. Rarely is it worth while attempting

to time up or improve the operators as was done in Chapter I. On
the other hand it is by no means as simple a matter as it was for

differential equations to proceed from one subdivision size h to a

smaller one. In addition, although the relaxation itself is very

simple the actual labour in writing down numbers becomes pro-

hibitive for a subdivision lengthmich smaller than L/10.

14. AN EXAMPLE

.

Let us solve the equation

x 1 f77/2

<£(x) : sm x ——+— I Xt0(t)dt « (24)
4 4Jo

Comparing this with (18) shows that

f(x) = sin x — x/4 ,

A - 1/4

K(x,t) - xt , 0 < x < tt/2
, 0 < t < tt/2

,

L - 77/2

For the subdivision interval we shall take n = 10, so that h = 77/20.

Insertion of these expressions and quantities in Table III of Sec-

tion 11 allows the unit relaxation operators to be calculated, so
giving Table IV. For the quantities K(j,k) we have simply the

quantities (xt) evaluated for x = j, t — k, where both
j
and k take on

all of the values 77/20, 2tt/20, ..., 977/20, and the two terminal

points have the values a = 0, b — tt/2.

To obtain the residuals, by comparing (22) with the coefficients

in Table III it can be seen that, with the exception of the quan-
tities f(j), all the coefficients required in (22) are given in the

table. In fact, if the quantities shown in Table III are presented as

a matrix C with elements c(j,k) where

c(a,a) = %AhK(a,a)-l
,

c(a,l) - VtXhK(l,a)

c(l,a) = AhK(a,l)
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TABLE

LIQUIDATION

Point

Displacement
Increments

Residuals

R(a) R(l) R(2) R(3)

0 All zero 0 11717 23048 33618

2 8 0.8 0 mm 1240 1860

0 Ha 24288 35478

3 9 0.9 0 ' 785 2354

0 13122 25858 37832— 10 0.9 0 436 872 1308H 0 13558 39140

5 n 0.9 0 610 1221 1832I 0 14168 27951 40972

6 6 0.8 0 wm 930B
0 I 28881 3

7 5 0.8 0 387 775mm
0 15020 29656

8 4 0.7 o 543 814

0 30199 44343

9 3 0.5 — 146 291 -49564a 15438 -5221

2 0.4 -39845 232

-9355 -4989

1 0.2 -19981 39 58

-4465 -9316 -4931

* * » « • •

• I

• » i

• ft *

ft ft *

ft ft ft

ft ft ft

ft ft •
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Residuals

R(4) R(5)

43071 51076

R(6) R(7)

57340 61612

4341

65953

5494

71447

R(8)

63690

R(9)

63426

5581

69007

-82937

-13930

1744 2180 2616 3052 3488 3924

50435 60281 68386 74499 -1583 -10006

R(b)

60730

6202

66932

7849

74781

-85640

-10859

3052

63333

2326

65659

3663 -85727

72049 -11228

5494

-4512

-68915

-12628



TABLE V. LIQUIDATION

Displacement
Line Point Increments

Residuals

Solution = Total of all <£(a)= <f>(X) = “£(2) - ^><3)

-

Displacement Increments 0 0.15655 0.30926
1

0.45434

Correct Solution 0 lo.l5644 0.30902 1
0.45399
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OF RESIDUALS — Continued
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then, with C' as the transpose of C, in matrix farm the residuals

(22) are given by

R(j) = C>(j)+f(j) ,

that is

R(a) c(a,a) c(l,a) c(b,a) <f>{a) f(a)

R(l) c(a,l) c(l,l) c(b,l) 0(1) f(l)

_R(b]J [c(a,b) c(l,b) . . . c(b,b^ |_0(b)J Lf(b)j

Thus, to obtain the residuals it is necessary only to calculate and

tabulate once and for all the quantities f(j), j
= a,l, . . .,b, and for

each separate residual the remaining displacement multipliers can

be read directly from the corresponding column of Table IV.

Evaluating f(j) we have

f(a ) = 0.00000 ,
f(l) - 0.11717

,
f (2) = 0.23048 ,

f(3) - 0.33618 ,
f(4) « 0.43 071 ,

f (5) « 0.51076 ,

f(6) = 0.57340 , f(7) = 0.61612 ,
f(8) = 0.63690 ,

f(9) = 0.63426 , f(b) = 0.60730 .

Without detailed discussion the solution follows. Table V.

Failing any guide we take for initial cf> displacements the value

zero everywhere and, as a result, the initial residuals are simply

the quantities f(j). These are given in line 1 of the table. From,

there on liquidation is straightforward. To eliminate decimals in

the residuals both the initial residuals and the relaxation operators

have been multiplied by 10
5
so that the displacements shown are

the actual displacements. Proceeding in a completely automatic

manner liquidation is accomplished in fifty-two steps and totalling

all the displacement increments gives the answer presented at the

bottom of the table.

An exact solution is available for (24), namely, <^>(x) = sin x.

For comparison with the relaxation solution its value at the various

subdivision stations has also been given at the bottom of Table V.

The agreement between the two solutions is seen to be very good,

the difference being everywhere much less than 1%.

In general the accuracy obtained by using the approximation

(19) seems to be ample. If, however, greater accuracy is desired
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this can be obtained without increasing the number of subdivisions

by using a better approximation to the integral* Thus, for instance,

Simpson’s (three-point) integration formula, (29) of Chapter II,

could be used at the small expense of increasing slightly the

initial labour necessary to compute the relaxation operators. For

some problems, depending on the terminal conditions inherent in

the integral equation, it might be desirable to decrease the sub-

division length h adjacent to the two ends a,b. Modifications like

these can be incorporated in (20) without any difficulty*

C. ACCURACY
15 . In previous chapters the topic of accuracy of the solution to

a differential equation was mentioned. No problem is involved in

so far as liquidation of residuals is concerned, for it is always

possible to include in the displacements sufficient figures to

ensure that the magnitude of residuals which remain at the com-

pletion of liquidation are of little importance. That is, it is always

possible to ensure that the relaxed solution is an accurate solution

of the set of finite-difference equations which represents the

governing differential equation. The finite -difference equations

are, however, only approximations to the differential equation

since, in the representation, terms are neglected. The terms not

included involve powers of the mesh size h, and so it was argued,

(Chapter VI), that to obtain an accurate solution to the differential

equation the size of the mesh on which a solution is obtained

should be sufficiently small that the contribution to the solution

of the unused terms is negligible. In relaxing, the fact that the

solutions obtained on two nets of successive fineness do not

differ significantly from each other is usually taken as an indica-

tion that this situation has been reached.

For many problems high accuracy is not necessary and, in fact,

if the given data of a problem are approximate only (as is so for

many problems) then such accuracy in the solution is meaningless.

Nevertheless, considerable accuracy is desirable occasionally

and, to achieve it, usually a large number of mesh points must be

used. As many as 200 or thereabouts is not uncommon.

Use of so many points is time-consuming even though the

relaxation process itself be simple and, as an alternative to

proceeding to the fine mesh that this represents, Fox 9
has given

a method by means of which the terms neglected in the usual



finite-difference re presentation can be considered and allowed

for. This can be done mi a fairly coarse mesh. The description

which follows is essentially that of Fox; nevertheless, reference

should be made to his paper for a variety of examples and detailed

points that cann ot be given here

.

16. FINITE-DIFFERENCE EQUATIONS . In the theory of finite-

differences
10

it is shown that derivatives can be expressed en-

tirely in terms of differences. Let w , j
= -n, . . .

,—1 , 0, 1, . . . ,n be

a set of displacements given at 2n+l consecutive points spaced a

distance h apart on a mesh line in, say, the direction of the x axis.

Then for the first four derivatives the formulae are

hw' = A' --A%— Av ~—

A

TO

° 6 * 30 0 140

3 M

A"- AW 4 A"- A™+ ..

O 12 0 90 0 560 °

1 7 41
A'"-—

A

v + ATO - A“ +
0 4 ° 120 0 3024 0

1 7 41 .

Aw -—

A

V1 + A +
o 6 ° 240 0 7560 0

y (25)

where w' represents either dw/dx or <9w/dx evaluated at the point

j
= 0. The differences A) are given in tabular form by

W
-2 ^2

AFA
-2

A'

3

JL 111

A 3 1 « •

~2

W
-1

A" ...

A'l A"i
'2 T

w
O

A"
0

/T ...
O S- (26)

A'l A"i

2

A'i

2

£&_ AjL
2 2

^ a?
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with

Al = w, - w ,
A" = A 3 - A\ , ... ,

T~ ° 22
A' =-(A'i + AT) , M --(A" + A") , ... .

A\ 2 "2T T 2 2 0 1

Using (26) the leading terms in formulae (25) can be written in

terms of the quantities w. . We obtain

A #

A'o= Wl
+ W.l~ 2Wo

A'" = (w
2
- 2w

x + 2w_
x
- w.^/2 ,

Aw = w- - 4w_ + 6w - 4w + w ,
o O -1 -z

(27)

and with these expressions the various derivatives in (25) can he

expressed in terms of w. as well as differences. They are

1 1 1
hw' = (w — w ) A'" h Aw - —— A1™ + . .

.

o l -i 6 ° 30 ° 140 0

1 1 1 A

h2w"= (w, + w - 2w ) Aw +—

A

TO-—A™+ ...
o l -l o 12 ° 90 0 560 °

1 1 7 41
hV" =-(w„ —2w +2w -w )—

A

v+— A™ - A“ +
O o 2 l -1 -2 4 o 120 ° 3024 °

17 41 v
h4w^= (w

2
-4w1+6wo-^w.1+w_2

)- -A" +—A^-—- A
o
+

(28)

The quantities in brackets are the terms normally used in the

finite -difference approximation to a differential equation. They are

known as the Lagrangian terms, and are written as L(w). The

remaining terms—called by Fox^ the ‘difference corrections and

written as A(w^represent those usually neglected. Thus for

Poisson’s equation

V 2w = g(x,y)
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using the standard mesh point configuration we have

(wj + w
2 + w3 + w4 - 4w

o
) - h

2
g(x,y)

o
-— (A"

x
+ A"

y
)

+— (A™ + A" )
-

90 °*x °*y
(29)

where A1

^ means the £th difference at point 0 in the x direction..

Hence for this equation

L(w) = (w
x
+ w2 + w3 + w4 - 4\V

Q) ,

1 1

A(w) =— (A
w + A1*

)
+— (A

m + A71
) - . . . .

12 °'x 0,y 90 °»x °,y

In (28), since the neglected terms are now given as differences

(instead of derivatives as obtained in Chapter II), they can be

readily evaluated and allowed for.

17. METHOD OF SOLUTION, To include the difference cor-

rections we proceed as follows. Using only terms obtained from

(27) the finite-difference equations representing a differential

equation are relaxed on nets of successive fineness until a net is

reached for which the differences of the function, (26), converge

reasonably quickly. This will be the finest net that is to be used,

and the (completely relaxed) solution obtained on it can be

regarded as the first approximation to the complete solution. The
function values are then differenced everywhere and the difference

corrections calculated for all mesh points. Regarding the correc-

tions, now, as new residuals they are liquidated using the stand-

ard relaxation operators, and the associated displacements are

added to those of the first approximation as small corrections.

This general process is continued until the complete finite-

difference equations are fully satisfied.

Mathematically this method is presented very simply. The
complete finite-difference equation corresponding exactly to a

differential equation is of the form

L(w) + A(w) + F(x,y) = 0 (30)

where F(x,y) is a given function which may or may not be constant.
4

‘Let w(o)
take the boundary values of the required solution w, and

satisfy the equation
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L(w(o)
) 4- F(x,y) - 0 . (31a)

Successive approximations w^,w^2
\... are then obtained by

solving the equations

L(wU)) + A(w(o)
) = 0 (31b)

L(w(2)
) + A(w(1)

) = 0 (31c)

etc., in which w 1
'2

^, . . . have boundary values zero. In practice

the successive corrections usually tend rapidly to zero.”

18. AN EXAMPLE . Let us consider again a problem discussed

earlier. In Chapter IV we solved the equation

<9
2w d

2

<9x
2

d y

« -100

for a square region, with boundary condition w = 0 on the lines

x = 0, x = 4, y = 0, y - 4. A solution was obtained on a mesh of

size h— 1, the resulting displacements being repeated here in

Fig. 10*.

h=l

69\0

58

Solution for g = ~IOO

Fig. 10

We consider, now, the possibility of obtaining a more accurate

solution. Since the quantity g(x,y) = -100 is not a convenient

number to use as a basis for going to a finer mesh we shall use

instead the constant -960. As the differential equation is linear

the solution for this constant is obtainable immediately by

multiplying the displacements given in Fig. 10 by 9.6 (= 960/100).

On doing this, residuals that were negligibly small in the original
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solution are now of importance and a little additional relaxing is

necessary. Fig. 11 presents the new solution both before and

after this small correction.

Solution for g = -960

Fig. 1

1

The mesh size h = 1 is too coarse to enable an accurate

solution to be obtained—particularly if it is later desired to compute

and so plot contours of quantities like first derivatives—so as a

further preliminary step we shall obtain a solution on the next

finer mesh, namely that for which h = 1/2. Using the method for

proceeding from a coarse mesh solution to a finer one, Section 10

of Chapter VI, we obtain the relaxed set; of displacements shown in

Fig. 12. If this solution is differenced it will be seen that the

differences converge fairly rapidly. Accordingly, we shall attempt

to increase the accuracy of these displacements, and so Fig. 12

may be taken to be the first approximation, w
,
and is the step

corresponding to (31a).

The next step is to compute differences at all mesh points

preparatory to evaluating the difference corrections. Unfortunately

since difference tables are essentially triangular it is impossible

to compute the fourth difference at mesh points located adjacent

to the boundary. To overcome this defect it is assumed that the

differential equation is satisfied at each boundary point as well

as at all internal points, which allows values of w^to be calculated

at each fictitious point outside the boundary. Using these the

required differences can then be calculated at all internal mesh
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points. Differences up to the fourth follow, Table V. Those arising

from fictitious point displacements are enclosed in brackets/ 7®

First approximation, wco)

Fig. IZ

TABLE V. DIFFERENCES

Line 1

(o)w A' A" A'" A*

(-770)
(770)

0
530

(-240)

(50)

530
340

-190
38

(-12)

870
188

-152
24

-14

1058
60

-128
8

-16

1118 -120 -16

(70). An alternative method of obtaining these quantities is by extra-

polation from the unbracketed quantities.
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Line 2

A"

(-745)

(-666)

(745)

(666 )

(-240)

Line 3

(-240)

Line 4

(-17)

(-28)

(-513)
(513 )

(-240)

(120)

(-74)

530
25

-50
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Quantities Ai>x and A i>y being given in Table V the difference

corrections A(w(o))as given by (30) and (29) can now be computed

for each point, and it is easily verified that differences of order

higher than the fourth make negligible contributions to A(w^°^).

These corrections, Fig. 13, form the initial residuals for the next

step, namely, to satisfy (31b). This relaxed problem is also pre-

sented in Fig. 13, the given displacements constituting the set of

Residuals A(w (0)
), and displacements w (,)

Fig. 13

corrections Computation shows that father difference correc-

tions are insignificant so that the final solution becomes

w w^ + w^\ This result is given in Fig. 14. It is still possible

that some slight adjustments may have to be made to the final

displacements to compensate for the accumulation of small resid-

uals, and this should be checked by fully evaluating (29) using the

complete displacements w. Such adjustments are necessary in this

instance at two points only, requiring in each case the addition of

a unit displacement. These are actually included in Fig. 14.
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Complete solution w

Fig. 14

For this problem an analytical solution is available. For com-

parison displacements computed from it are also given in Fig. 14.

Agreement can be seen to be extremely good.

In his paper^ Fox discussed several other examples including

ordinary and partial differential equations, eigenvalue problems

and problems involving irregular stars. In all cases on quite coarse

meshes accuracy of a high order was easily obtained.

D. NON-DIMENSIONAL TREATMENT

19. DISCUSSION. In all the examples treated in this text no

particular mention has been made of the units of the various

quantities concerned. The omission has not been accidental; as

far as relaxation processes are concerned such details are of no

importance. On the other hand, of course, it is necessary to know
what are the units or dimensions of the solutions.

Consideration of dimensions is one method of checking the

possible validity or correctness of equations which describe
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physical phenomena and in his connection the subject of dimen-

sional analysis is a field of study in itself.
11 We will not consider

it here, as we are not concerned with the derivation of the equations

which are solved by relaxation. Nevertheless, from the point of

view of computation it is necessary to pay some attention to

dimensions. For, since computational processes deal only with

numerical quantities, the equations being solved must first be cast

in non-dimensional form.
12

Regarded slightly differently, by making the governing equations

non-dimensional the numerical solutions obtained can still possess

some generality. If a differential equation is solved by orthodox

analytical means the solution is presented in the form of a formula

involving both numerical quantities and symbols representing

lengths and other physical factors. Such solutions are very general,

and particular answers are obtained from them as desired by assign-

ing special values to the various factors. Unfortunately, for

solutions obtained by purely numerical means this is obviously

not so. If a problem is solved for, say, a rectangular region 6 inches

by 4 inches the solution applies to that rectangle and no other.

It is not possible to obtain from it a solution to the same equation

for any other rectangular shape, e.g., 6 inches by 6 inches, by

simply adjusting some constants and, in fact, the problem must be

solved completely ab initio. Nevertheless, if an equation is made

non-dimensional to start with then the numerical solution for one

particular region will hold for all regions of the same shape irre-

spective of size. In that respect it is not completely restricted

in application.

20. It is a straightforward matter to make an equation (or set of

equations) non-dimensional, as an example or two^ will show.

Consider the problem of the torsion of a regular prism— the

so-called St. Venant Torsion Problem.® Without discussing the

derivation
13

the differential equation to be solved is

d
2
<£> d

2
<fi

dx 4 dy 2
-2G<9 (32)

(71)

. Only differential equations will be considered.

(72)

. See Section 2 of this chapter.
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where G is an elastic constant known as the shear modulus, d is

the angle of twist per unit length of the prism and c£j= (£(x,y) is a

stress function connected to the stress components xz,yz by the

relations

d<f>

xz
dy

(33)

Let L denote some representative length of the problem region.

Any will do but, as such, L fixes the size of the region and all

other dimensions (i.e., lengths) necessary to describe the region

can be given in terms of L. We can then write

x = Lx' , y— Ly' (34)

where x',y' are quantities that are purely numerical. For instance

x' is simply the ratio of the length x to the length L. Let <£
0
be the

value of 4> at some chosen point in the region, then

cji = cf>
<j>' (35)

where
<f>

'

= <£'(x' ,y') is again a numerical quantity.

Since, from (34),

d 1 d_ d_
_
±d_

dx L dx' dy L dy
1

d
2

1 d2
1_

d*_

~d? "T2 d7~2
’

~d?~ L2 dy'
2

on using (35) the left-hand side of (32) becomes

d
2

cf> d2 <p

so that for (32) we have

ay ay
dx'

2 +
dy'

2

<f>
(d

2
4>‘ d2

<t>'

L2
\dx'

2 ' dy 2

2G9L2— -K ,
say.

Po

(36)

(37)

From (33) cj) has the dimensions of (stress) (length), by definition

6 has dimensions of l/(length) and G that of (stress). Hence <f
>
q
/L

has the dimensions of stress, as also has G^L, so that K is simply

a number. Thus the equation
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ay ay
a^' 2 +

aT1
~K (37a)

is purely numerical, and in solving it we are at liberty to choose

for K any number we please .

From (33) and (35)

dy L dy'

so that we can write

xz =— xz (38)
L

where

y
xz = —

—

(39)
dy

and may be regarded as a non-dimensional stress component.

To pass from the non-dimensional solution to the solution for a

given physical problem is simply a matter of reversing this treat-

ment. Suppose that for a particular material (so that G has a known

value) we desire to know the stresses acting as a result of the

application of a certain value 6 of 6. From (37), irrespective of

the number chosen for K, <fi o
is known when G and 6 have given

values. Hence, depending on the magnitude of L, xz and yz can

be obtained directly from the non-dimensional solution xz',yz
#

.

Boundary conditions — and other relations — are made non-

dimensional in the same manner. For this problem the condition is

<f>
= 0 all round the boundary. Consequently from (35) we have

<f>‘
- 0 on the boundary.

The same considerations apply to the finite-difference equa-

tions. Here the only new factor requiring treatment is the mesh

spacing h, and this is made non-dimensional by writing h = Lh
i
.

As a result the finite-difference expression corresponding to the

left-hand side of (32) is

d
2
4> d2 cf> y + ^ ^ -y

)

Jx*"dy 2
(h ') 2 L2



324

the quantities in the brackets being non-dimensional.

21. As a second example we consider, more briefly, the equation

Here both y = y(x) and x have dimensi ons of length so we write

x' = x/L ,
y' = y/L ,

where L is again a representative length of the physical problem.

In this case the problem refers to the instability of a strut having

geometric and elastic properties B(x) and subjected to an end load

of magnitude P.
14 Consequently the length of the member is itself a

convenient dimension to choose for L. In addition, write

B(x) = B'(x')B
o

where B denotes the value of B(x) at some specified point within

the interval of the definition of x. Hence, since

1 d
2

dx 2 L2
dx'

(40) becomes

P d
2
y'

L 2 dT 2

Finally, put

A = PL2/B
0

and we obtain from (41) the equation

where, now, A is a non-dimensional eigenvalue.

(41)

(42)

22. Once a problem has been recast in non-dimensional form it

can be solved by relaxation without further modification. With the

understanding that all the quantities involved are non-dimensional

the primes may be dropped and all the processes already given

will apply directly.
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APPENDIX

23. UNEQUAL INTERVAL FIRST DERIVATIVE EXPRESSIONS .

It is desired to find expressions for the first derivative at mesh
points on and adjacent to a boundary. If the boundary is curved

one consequence is the occurrence of irregular stars. Hence, as

for differential equations, in such neighbourhoods special expres-

sions must be obtained. These are readily found by using the

familiar polynomial representation.

Adjacent to a boundary let the function w = w(x) be given as

w = a
Q
+ ajX + a

2
x" (43)

-h

Fig. 15

Let points 0,1,2,3 be arranged on a mesh line as shown in Fig. 15.

Then, with the origin of coordinates at point 1, we have immediately

and further

w, = a
1 o

W
Q

*"* — a^hj + a
2^l

—a^h 4- a
2
h*

These can be solved for a
x
and a

2
to give

&
l
= [h

2
(w

Q
- w

x
) - h

2
(w

2
- w

1
)]/hh

1
(h + h

x
)

a
2 = [h(w

Q
- w

x
) + h

x
(w

2
- Wj^JJ/hhjCh + h

x
)

From (43) we have

(44)

dw— = a1+ 2a
2
x

d x

and consequently
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dw

dx

dw \

JZ)
* + 2*

2
‘‘

1

' ft

Thus, from (44) and (45) we obtain

/dw\

where

d x/.
Aw - Bw, — Cw0o J. *•

/dw\
b
\d^/

= °W
o
- Ew

l
+ Cw

2

D

1

a(l + a)

1 +2a

a(l + a)

B

E

1 - a

a

1 + a

a

1 + a

h,

a =

(45)

(46)

Tables are given at the end of the text for the expressions (46).

The quantities A, . . . ,E are evaluated for 0 < a < 1 with a varying

in steps of 0*002.

24. If instead of (43) a third order polynomial is used,

2 3w = a
o
+a

1
x + a

2
x + a

3
x ,

the resulting expressions for derivatives are four-point instead of

three. Following Section 23 we obtain without difficulty

/dw \ 2+6a+3a2
(l+a)(2+a) a(2-*-a) a(l-fa)

h(— =—
7
- -w^ 'w, +- -w0 w* . (47)

\dx/
o

a(l+a)(2+a) 0 2a 1
(1+a)

2
2(2+a)

3
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TABLES FOR COMPUTING IRREGULAR STAR

FIRST AND SECOND DERIVATIVES



FIRST DERIVATIVE COEFFICIENTS

See Section 8 and appendix of Chapter IX.

Expressions are based on the representation

w(x) = a
Q
+ a

x
x + a

2
x
2

,

a = b^/h

FIG. I

dw

dx
A

l
W
o
~ B

l
w

l
- C

l
w
2 >

dw

dx
D
l
W

o
- E

1
W
1
+ C

1
W
2

Coefficients A
x
, . . .,E

X
are tabulated for a, 0 < a < 1, in steps of

0-002. The expressions apply without modification to both ordinary

and partial derivatives.

329
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COEFFICIENTS Ap B lt
C^ Dp Er

0.002 to 0.050

a A
i

c
\

D
i wm

0.002 499.00200 499.00000 0.00200 500.99800 501.00000

0.004 249.00398 249.00000 0.00398 250.99602 251.00000

0.006 165.67263 165.66667 0.00596 167.66070 167.66667

0,008 124.00794 124.00000 0.00794 125.99206 126.00000

0,010 99.00990 99.00000 0.00990 100.99010 101.00000

0.012 82.34519 82.33333 0.01186 84.32148 84.33333

0.014 70.44238 70.42857 0.01381 72.41476 72.42857

0.016 61.51575 61.50000 0.01575 63.48425 63.50000

0.018 54.57324 54 55556 0.01768 56.53787 56.55556

0.020 49.01961 49.00000 0.01961 50.98039 51.00000

0.022 44.47607 44.45445 0.02153 46.43302 46.45455

0.024 40.69010 40.66667 0.02344 42.64323 42.66667

0.026 37.48688 37.46154 0.02534 39.43620 39.46154

0.028 34.74152 34.71429 0.02724 36.68705 36.71429

0.030 32.36246 32.33333 0.02913 34.30421 34.33333

0.032 30.28101 30.25000 0.03101 32.21899 32.25000

0.034 28,44465 28.41176 0.03288 30.37888 30.41176

0.036 26.81253 26.77778 0.03475 28.74303 28.77778

0.038 25.35240 25.31579 0.03661 27.27918

25.96154

27.31579

0.040 24.03846 24.00000 0.03846 26.00000

0.042 22.84983 22.80952 0.04031 24.76922 24.80952

0.044 21.76942 21.72727 0.04215 23.68513 23.72727

0.046 20.78311 20.73913 0.04398 22.69515 22.73913

0.048 19.87913 19.83333 0.04580 21.78753 21.83333

0.050 19.04762 19.00000 0.04762 20.95238 21 . OOOOC
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COEFFICIENTS Ar> Bt , C
x , D

x , E
x

.

0.052 to 0.100

a A
i

c
i

D
i

E
i

0.052 18.28020 18.23077 0.04943 20.18134 20.23077

0.054 17.56975 17.51852 0.05123 19.46729 19.51852

0.056 16.91017 16.85714 0.05303 18.80411 18.85714

0.058 16.29620 16.24138 0.05482 18.18656 18.24138

0.060 15.72327 15.66667 0.05660 17.61006 17.66667

0.062 15.18741 15.12903 0.05838 17.07065 17.12903

0.064 14.68515 14.62500 0.06015 16.56485 16.62500

0.066 14.21343 14.15152 0.06191 16.08960 16.15152

0.068 13.76955 13.70588 0.06367 15.64221 15.70588

0.070 13.35113 13.28571 0.06542 15.22029 15.28571

0.072 12.95605 12.88889 0.06716 14.82172 14.88889

0.074 12.58241 12.51351 0.06890 14.44461 14.51351

0.076 12.22853 12.15789 0.07063 14.08726 14.15789

0.078 11.89287 11.82051 0.07236 13.74816 13.82051

0.080 11.57407 11.50000 0.07407 13.42593
(

13.50000

0.082 11.27091 11.19512 0.07579 13.11934 13.19512

0.084 10.98225 10.90476 0.07749 12.82727
!

12.90476

0.086 10.70710 10.62791 0.07919 12.54872 12.62791

0.088 10.44452 10.36364 0.08088 12.28275 12.36364

0.090 10.19368 10.11111 0.08257 12.02854 12.11111

0.092 9.95381 9.86957 0.08425 11.78532 11.86957

0.094 9.72422 9.63830 0.08592 11.55237 11.63830

0.096 9.50426 9.41667 0.08759 11.32908 11.41667

0.098 9.29333 9.20408 0.08925 11.11483 11.20408

0.100 9.09091 9.00000 0.09091 10.90909 11.00000
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COEFFICIENTS Aj, B
x , C 1( Dj, E

x
.

0.102 to 0.150

a A
i

c
i

D
i

E
i

0.102 8.89648 8.80392 0.09256 10.71136 10.80392

0.104 8.70959 8.61538 0.09420 10.52118 10.61538

0.106 8.52980 8.43396 0.09584 10.33812 10.43396

0.108 8.35673 8.25926 0.09747 10.16179 10.25926

0.110 8.19001 8.09091 0.09910 9.99181 10.09091

0.112 8.02929 7.92857 0.10072 9.82785 9.92857

0.114 7.87426 7.77193 0.10233 9.66960 9.77193

0.116 7.72463 7.62069 0.10394 9.51675 9.62069

0.118 7.58012 7.47458 0.10555 9.36908 9.47458

0.120 7.44048 7.33333 0.10714 9.22619 9.33333

0.122 7.30535 7.19672 0.10873 9.08785 9.19672

0.124 7.17484 7.06452 0.11032 8.95420 9.06452

0.126 7.04841 6.93651 0.11190 8.82461 8.93651

0.128 6.92598 6.81250 0.11348 8.69902 1 8.81250

0.130 6.80735 6.6923.1 0.11504 8.57726 8.69231

0.132 6.69237 6.57576 0.11661 8.45915 8.57576

0.134 6.58085 6.46269 0.11817 8.34452 8.46269

0.136 6.47266 6.35294 0.11972 8.23322 8.35294

0.138 6.36764 6.24638 0.12127 8.12511 8.24638

0.140 6.26566 6.14286 0.12281 8.02005 8.14286

0.142 6.16660 6.04225 0.12434 7.91791 8.04225

0.144 6.07032 5.94444 0.12587 7 .81857 7.94444

0.146 5.97671 5.84932 0.12740 7.72192 7.84932

0.148 5.88568 5.75676 0.12892 7,62784 7.75676

0.150 5.79710 5.66667 0.13043 7.53623 7.66667
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COEFFICIENTS Alt Bx>
C

x , Dj, E*.

0.202 to 0.250

a A
1

c
i

D
I

E
i

0.202 4.11855 3.95 050 0.16805 5.78244 5.95050

0.204 4.07140 3.90196 0.16944 5.73253 5.90196

0.206 4.02518 3.85437 0.17081 5.68356 5.85437

0.208 3.97988 3.80769 0.17219 5.63551 5.80769

0.210 3.93546 3.76190 0.1 7355 5.58835 5.76190

0.212 3.89190 3.71698 0.17492 5.54206 5.71698

0.214 3.84917 3.67290 0.17628 5.49662 5.67290

0.216 3.80726 3.62963 0.17763 5.45200 5.62963

0.218 3.76614 3.58716 0.17898 5.40817 5.58716

0.220 3.72578 3.54545 0.18033 5.36513 5.54545

0.222 3.68617 3.50450 0.18167 5.32284 5,50450

0.224 3.64729 3.46429 0.18301 5.28128 5.46429

0.226 3.60912 3.42478 0.18434 5.24044 5.42478

0.228 3.57163 3.38596 0.18567 5.20030 5.38596

0.230 3.53482 3.34783 0.18699 5.16083 5.34783

0.232 3.49866 3.31034 0.18831 5.12203 5.31034

0.234 3.46313 3.27350 0.18963 5.08388 5.27350

0.236 3.42823 3.23 729 0.19094 5.04635 5.23729

0.238 3.39393 3.20168 0.19225 5.00943 5.20168

0.240 3.36022 3.16667 0.19355 4.97312 5.16667

0.242 3.32708 3.13223 0.19485 4.93738 5.13223

0.244 3.29450 3.09836 0.19614 4.90222 5.09836

0.246 3.26247 3 .06504 0.19743 4.86761 5.06504

0.248 3.23098 3.03226 0.19872 4.83354 5.03226

0.250 3.20000 3.00000 0.20000 4.80000 5.00000
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COEFFICIENTS Ap Bp Cp Dp Ep

0.252 to 0.300

a A
i ®i

*

Cl D
i

E
i

0.252 3.16953 2.96825 0.20128 4.76698 4.96825

0.254 3.13956 2.93701 0.20255 4.73446 4.93701

0.256 3.11007 2.90625 0.20382 4.70243 4.90625

0.258 3.08106 2.87597 0.20509 4.67088 4.87597

3.05250 2.84615 0.20635 4.63980 4.84615

0.262 3.02440 2.81679 0.20761 4,60919 4.81679

0.264 2.99674 2.78788 0.20886 4.57902 4.78788

0.266 2.96951 2.75940 0.21011 4.54929 4.75940

0.268 2.94270 2.73134 0.21136 4.51999 4.73134

0.270 2.91630 2.70370 0.21260 4.49111 4.70370

0.272 2.89031 2.67647 0.21384 4.46263 4.67647

0.274 2.86471 2.64964 0.21507 4.43456 4.64964

0.276 2.83949 2.62319 0.21630 4.40689 4.6231 9

0.278 2.81465 2.59712 0.21753 4.37959 4.59712

0.280 2 .79018 2.57143 0.21875 4.35268 4.57143

0.282 2.76607 2.54610 0.21997 4.32613 4.54610

0.284 2.74231 2.52113 0*22118 4.29994 4.52113

0.286 2.71890 2.49650 0.22240 4.27411 4.49650

0.288 2.69582 2.47222 0.22360 4.24862 4.47222

0.290 2.67308 2.44828 0.22481 4.22347 4.44828

0.292 2.65066 2.42466 0.22601 4.19865 4.42466

0.294 2.62856 2.40136 0.22720 4.17416 4.40136

0.296 2.60677 2.37838 0.22840 4.14998 4.37838

0.298 2.58529 2.35571 0.22958 4.12612 4.35571

0.300 2.56410 2.33333 0.23077 4.10256 4.33333
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COEFFICIENTS A
x , B

1 , C1# D
x , Er

0.302 to 0.350

a A
i

c
i

D
i E

i

0.302 2.54321 2.31126 0.23195 4.07931 4.31126

0.304 2.52260 2 .28947 0.23313 4.05635 4.28947

0.306 2.50228 2.26797 0.23430 4.03367 4.26797

0.308 2.48223 2.24675 0.23547 4.01128 4.24675

0.310 2.46245 2.22581 0.23664 3.98916 4.22581

0.312 2.44293 2.20513 0.23780 3.96732 4.20513

0.314 2.42368 2.18471 0.23896 3.94575 4.18471

0.316 2.40468 2.16456 0.24012 3.92444 4.16456

0.318 2.38593 2.14465 0.24127 3.90338 4.14465

0.320 2 .36742 2.12500 0.24242 3.88258 4.12500

0.322 2.34916 2.10559 0.24357 3.86202 4.10559

0.324 2.33113 2.08642 0.24471 3.84171 4.08642

0.326 2.31334 2.06749 0.24585 3.82163 4.06749

0.328 2.29577 2.04878 0.24699 3.80179 4.04878

0.330 2.27842 2.03030 0.24812 3.78218 4.03030

0.332 2.26130 2.01205 0.24925 3 .76280 4.01205

0.334 2.24439 1.99401 0.25037 3.74364 3 .99401

0.336 2.22769 1.97619 0.25150 3.72469 3 .97619

0.338 2.21120 1.95858 0.25262 3.70596 3.95858

0.340 2.19491 1.94118 0.25373 3.68744 3.94118

0.342 2.17882 1.92398 0.25484 3.66913 3.923 98

0.344 2.16293 1.90698 0.25595 3.65102 3.90698

0.346 2.14723 1.89017 0.25706 3.63312 3 .89017

0.348 2.13172 1.87356 0.25816 3.61540 3.87356

0.350 2.11640 1.85714 0.25926 3 JS 9788 3.85714
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COEFFICIENTS A
r ,

0.352 to 0.400

a A
i B

i Ci D
l

E
i

0.352 2.10126 1 .84091 0.26036 3.58055 3.84091

0.354 2.08631 1.82486 0.26145 3.56341 3.82486
0.356 2.07153 1.80899 0.26254 3.54645 3.80899

0.358 2.05692 1.79330 0.26362 3.52967 3.79330

0.360 2.04248 1.77778 0.26471 3.51307 3.77778

0.362 2.02822 1.76243 0.26579 3.49665 3 .76243

0.364 2.01412 1.74725 0.26686 3.48039 3 .74725

0.366 2.00018 1.73224 0.26794 3.46430 3.73224

0.368 1 .98640 1.71739 0.26901 3.44839 3.71739

0.370 1.97278 1.70270 0.27007 3.43263 3.70270

0.372 1.95931 1.68817 0.27114 3.41704 3.68817

0.374 1.94599 1.67380 0.27220 3.40160 3.67380

0.376 1.93283 1.65957 0.27326 3 .38632 3.65957

0.378 1.91981 1 .64550 0.27431 3.37119 3.64550

0.380 1.90694 1.63158 0.27536 3 .35622 3.63158

0.382 1 .89421 1.61780 0.27641 3 .34139 3.61780

0.384 1.88162 1.60417 0J27746 3.32671 3.6041 7

0.386 1.86917 1.59067 0.27850 3.31217 3.59067

0.388 1 .85686 1.57732 0.27954 3.29778 3.57732

0.390 1 .84468 1.5641 0 0.28 058 3 .28353 3.56410

0.392 1 .83263 1.55102 0.28161 3 .26941 3.55102

0.394 1 .82071 1.53807 0.28264 3.25543 3.53807

0.396 1 .80892 1 .52525 0.28367 3.24159 3 .52525

0.398 1.79726 1.51256 0.28469 3.22787 3.51256

0.400 1.78571 1.50000 0.28571 3.21429 3.50000
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COEFFICIENTS Alt B1( Cj, Dlf E
1

.

0.402 to 0.450

a A
i

B
! Cl D

i
E

i

0.402 1 .77430 1.48756 0.28673 330083 3.48756

0.404 1.76300 1 .47525 0.28775 3.18750 3.47525

0.406 1.75182 1.46305 0.28876 3.17429 3.46305

0.408 1.74075 1 .45098 0.28977 3.16121 3.45098

0.410 1 .72980 1.43902 0.29078 3.14824 3.43902

0.412* 1.71897 1.42718 0.29178 3.13540 3.42718

0.414 1.70825 1.41546 0.29279 3.12267 3.41546

0.416 1 .69763 1.40385 0.293 79 3.11006 3.40385

0.418 1.68713 1 .39234 0.29478 3.09756 3.39234

0.420 1.67673 1 .38095 0.29577 3.06518 3.38095

0.422 1.66643 1.36967 0.29677 3.07290 3.36967

0.424 1.65624* 1.35849 0.29775 3.06074 3.35849

0.426 1.64616 1.34742 0.29874 3 .04868 3.34742

0.428 1.63617 1.33645 0.29972 3.03673 3 33645

0.430 1.62628 1.32558 030070 3.02488 3 .32558

0.432 1.61649 1.31482 0.30168 3.01314 3.31482

0.434 1.60680 1.30415 0.30265 3.00150 3.30415

0.436 1.59720 1 .29358 0.30362 2.98996 3.29358

0.438 1.58769 1.28311 0.30459 2.97852 3 38311

0.440 1.57828 1 .27273 0.30556 2.96717 3.27273

0.442 1.56896 1.26244 0.30652 2.95592 3.26244

0.444 1.55973 1.25225 0.30748 2.94477 3.25225

0.446 1 .55059 1.24215 0.30844 2.93371 3 34215

0.448 1.54154 1 .23214 0.30939 2.92275 333214

0.450 1.53257 1.22222 031034 2.91188 332222
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COEFFICIENTS A
x , B

1 , D, , E*.

0.452 to 0.500



340

COEFFICIENTS Aj, Bj., C^ Er

0.502 to 0.550

a A
i Cl D

i

—

~

^i

0.502 1.32625 0.99203 0.33422 2.65781 2.99203

0.504 1.31923 0.98413 0.33511 2.64902 2.98413

0.506 1.31227 0.97629 0.33599 2.64030 2.97629

0.508 1.30537 0.96850 0.33687 2.63163 2.96850

0.510 1.29853 0.96078 0.33775 2.62304 2.96078

0.512 1.29175 0.95313 0.33862 2.61450 2.95313

0.514 1.28502 0.94553 0.33950 2.60603 2.94553

0.516 1.27835 0.93798 0.34037 2.59761 2.93798

0.518 1.27174 0.93050 034124 2.58926 2.93050

0.520 1.26518 0.92308 0.34211 2 .58097 2.92308

0.522 1.25868 0.91571 0.34297 237274 2.91571

0.524 1\25223 0.90840 0.34383 236457 2.90840

0.526 1.24583 0.90114 034469 235645 2.90114

0.528 1.23949 0.89394 0.34555 2.54839 2.89394

0.53 0 1.23320 0.88679 0.34641 2.54039 2.88679

0.532 1.22696 0.87970 0.34726 233244 23 7970

0.534 1.22077 0.87266 0.34811 2.52455 2.87266

0.536 1.21463 0.86567 034896 231671 2 36567

0.538 1.20854 0.85874 0.34980 2.50893 2.85874

0.540 1.20250 0.85185 035065 2.50120 2.85185

0.542 1.19651 0.84502 0.35149
!

2.49353 234502
0.544

j

1 .19057 0.83824 035233 2.48590 2.83824

0.546 1.18467 0.83150 035317 2.47833 233150
0.548 1.17882 0.82482 0.35401 2.47061 2.82482

0.550 1.17302 0.81818 0.35484 2.46334 2.81818
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COEFFICIENTS Ap Bv C
x , Dlt Ej.

0.552 to 0.600

a A
i Cl D

i
E

i

0.552 1.16726 0.81159 0.35567 2.45592 2.81159

0.554 1.16155 0.80505 0.35650 2.44855 2.80505

0.556 1.15589 0.79856 0.35733 2.44123 2.79856

0.558 1.15027 0.79212 0.35815 2.43396 2.79212

0.560 1.14469 0.78571 0.35897 2.42674 2.78571

0.562 1.13915 0.77936 0.35980 2.41956 2.77936

0564 1.13366 0.773 05 0.36061 2.41244 2.77305

0.566 1.12821 0.76678 0.36143 2.40535 2.76678

0.568 1.12281 0.76056 0.36224 2.39832 2.76056

0570 1.11744 0.75439 0.36306 2.39133 2.75439

0.572 1.11212 0.74825 0.36387 2.38438 2.74825

0574 1.10684 0.74216 0.36468 2.37748 2.74216

0.576 1.10159 0.73611 0.36548 2.3 7063 2 ;7361

1

0.578 1.09639 0.73010 0.36629 2.36382 2.7301

0

0.580 1.09123 0.72414 0.36709 2.35705 2 .72414

0.582 1.08610 0.71821 0.36789 2.35032 2.71821

0.584 1.08102 0.71233 0.36869 2.34364 2.71233

0.586 1.07597 0.70649 0.36948 2.33700 2.70649

0.588 1.07096 0.70068 0.37028 2.33040 2.70068

0.590 1.06598 0.69492 0.37107 2.32385 2.69492

0592 1.06105 0.68919 0.37186 2.31733 2.68919

0.594 1.05615 0.68350 0.37265 2.31085 2.68350

0.596 1.05129 0.67785 0.37343 2.30442 2.67785

0598 1.04646 0.67224 0.37422 2.29802 2.67224

in 1.04167 0.66667 0.37500 2.29167 2.66667
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COEFFICIENTS Alf B
x , Cp D p Er

0.602 to 0.650

a A
i

c
i

D
i E

i

1.03691 0.66113 0.37578 2.28535 2.66113

0.604 1.03219 0.65563 0.37656 2.27907 2.65563

0.606 1.02750 0.65017 0.37733 2.27283 2.65017

0.608 1.022 85 0.64474 0.37811 2.26663 2.64474

0.610 1.01823 0.63934 0.37888 2.26046 2.63934

0.612 1 .01364 0.63399 0.37965 2.25433 2.63399

0.614 1.00909 0.62866 0.3 8042 2 .24824 2.62866

0.616 1.00457 0.62338 0.38119 2.24219 2.62338

0.618 1.00008 0.61812 0.38195 2.23617 2.61812

0.620 0.99562 0.61290 0.38272 2.23019 2.61290

0.622 0.99119 0.60772 0.38348 2.22424 2.60772

0.624 0.98680 0.60256 0.38424 2.21833 2.60256

0.626 0.98244 0.59744 0.38499 2.21245 2.59744

0.628 0.97811 0.59236 0.38575 2.20661 2.59236

0.630 0.97380 0.58730 0.38650 2.20080 2.58730

0.632 0.96953 0.58228 0.38725 2.19502 2.58228

0.634 0.96529 0.57729 0.38800 2.18928 2.57729

0.636 0.96108 0.57233 0.38875 2.18357 2.57233

0.638 0.95690 0.56740 0.38950 2.17790 2.56740

0.640 0.95274 0.56250 0.39024 2.17226 2.56250

0.642 0.94862 0.55763 0.39099 2.16665 2.55763

0.644 0.94452 0.55280 0.39173 2.16107 2.55280

0.646 0.94045 0.54*799 0.39247 2.15552 * 2.54799

0.648 0.93641 0.54321 0.39320 2.15001 2.54321

0.650 0.93240 0.53846 0.39394 2.14452 2.53846
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COEFFICIENTS Alf B
1 , C

1 , Dp Er

0.652 to 0.700

a *1 Cl D
i

E
i

0.652
% 0.92842 0.53374 0.39467 2.13907 2.533 74

0.654 0.92446 0.52905 0.39541 2.13365 2.52905

0.656 0.92053 0.52439 0.39614 2.12825 2.52439

0.658 0.91662 0.51976 0.39686 2.12289 2.51976

0.660 0.91274 0.51515 0.39759 2.11756 2.51515

0.662 0.90889 0.51057 0.39832 2.11226 2.51057

0.664 0.90506 . 0.50602 0.39904 2.10699 2.50602

0.666 0.90126 0.50150 0.39976 2.10174 2.50150

0.668 0.89749 0.49701 0.40048 2.09653 2.49701

0.670 0.89373 0.49254 0.40120 2.09134 2.49254

0.672 0.89001 0.48810 0.40191 2.08618 2.48810

0.674 0.88631 0.48368 0.40263 2.08105 2.48368

0.676 0.88263 0.47929 0.40334 2.07595 2.47929

0.678 0.87898 0.47493 0.40405 2.07087 2.47493

0.680 0.87535 0.47059 0.4 0476 2.06583 2.47059

0.682 0.87175 0.46628 0.40547 2.06081 2.46628

0.684 0.86816 0.46199 0.40618 2.05581 2.46199

0.686 0.86461 0.45773 0.40688 2.05085 2.45773

0.688 0.86107 0.45349 0.40758 2.04591 2.45349

0.690 0.85756 0.44928 0.40828 2.04099 2.44928

0.692 0.85407 0.44509 0.40898 2.03610 2.44509

0.694 0.85060 0.44092 0.40968 2.03124 2.44092

0.696 0.84716 0.43678 0.41038 2.02640 2.43678

0.698 0.84374 0.43267 0.41107 2.02159 2.43267

wm 0.84034 0.42857 0.41176 2.01681 2.42857
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0-83696

0.83360

0.83026

0.82695

0.82366

0.82038

0.81713

0.81390

0.81069

0.80749

0.80432

0.80117

0.79804

0.79492

0.79183

0.78875

0.78570

0.78266

0.77964

0.77664

0.77366

0.77069

0.76775

0.76482

0.76190

0.42450

0.42046

0.41643

0.41?43

0.40845

0.40449

0.40056

0.39665

0.39276

0.38889

0.38504

0.38122

0.37741

0.37363

0.36986

0.36612

0.36240

0.35870

0.35501

0.35135

0.34771

0.34409

0.34048

0.33690

0.33333

0.41246

0.41315

0.41383

0.41452

0.41520

0.41589

0.41657

0.41725

0.41793

0.41860

0.41928

0.41995

0.42063

0.42130

0.42197

0.42263

0.42330

0.42396

0.42463

0.42529

0.42595

0.42661

0.42726

0.42792

0.42857

2.01205

2.00731

2.00260

1.99791

1.99325

1.98861

1 .98399

1.97940

1.97483

1 .97028

1.96576

1.96126

1.95678

1.95233

1.94790

1.94349

1.93910

1.93473

1.93039

1.92606

1.92176

1.91748

1.91322

1.90898

1.90476

2.42450

2.42046

2.41643

2.41243

2.40845

2.40449

2.40056

2.39665

2.39276

2.38889

2.38504

2.38122

2.37741

2.37363

2.36986

2.36612

2.36240

2.35870

2.35501

2 .35135

2.34771

2.34409

2.34048

2.33690

2.33333
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COEFFICIENTS A
x>

B
x>

C
x , D

x , Er

0.752 to 0.800

a A
i

c
i

D
i

E
i

0.752 0.75901 0.32979 0.42922 1.90056 2.32979

0.754 0.75613 0.32626 0.42987 1.89639 2.32626

0.756 0.75328 0.32275 0.43052 1.89223 2.32275

0.758 0.75043 0.31926 0.43117 1.88809 2.31926

0.760 0.74761 0.31579 0.43182 1.88397 2.31579

0.762 0.74480 0.31234 0.43246 1 .87987 2.31234

0.764 0.74201 0.30890 0.43311 1.87579 2.30890

0.766 0.73923 0.30548 0.43375 1.87173 2.30548

0.768 0.73647 0.30208 0.43439 1.86769 2.30208

0.770 0.73373 0.29870 0.43503 1 .86367 2.29870

0.772 0.73100 0.29534 0.43567 1.85967 2.29534

0.774 0.72829 0.29199 0.43630 1 .85569 2.29199

0.776 0.72560 0.28866 0.43694 1.85172 2.28866

0.778 0.72292 0.28535 0.43757 1.84778 2.28535

0.780 0.72025 0.28205 0.43820 1.84385 2.28205

0.782 0.71760 0.27877 0.43883 1.83994 2.27877

0.784 0.71497 0.27551 0.43946 1.83605 2.27551

0.786 0.71235 0.27227 0.44009 1 *83218 ! 2.27227

0.788 0.70975 0.26904 0.44072 1.81832 2.26904

0.790 0.70716 0.26582 0.44134 1.82448 2.26582

0.792 0.70459 0.26263 0.441 96 1.82066 2.26263

0.794 0.70203 0.25945 0.44259 1.81686 2.25945

0.796 0.69949 0.25628 0.44321 1 .81307 2 .25628

0.798 0.69696 0.25313 0.44383 1.80931 2.25313

0.800 0.69444
i

0.25000 0.44444 1.80556 2.25000
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COEFFICIENTS Ap Bj, Cp D
2 , Er

0.802 to 0.850

a A
i

B
1

c
i

D
i

E
1

0.802 0.69194 0.24688 0.44506 1.80182 2.24688

0.804 0.68946 0.24378 0.44568 1.79810 2.24378

0.806 0.68699 0.24070. 0.44629 1 .79440 2.24070

0.808 0.68453 0.23762 0.44690 1.79072 2.23762

0.810 0.68208 0.23457 0.44751 1.78705 2.23457

0.812 0.67965 0.23153 0.44812 1 .78340 2.23153

0.814 0.67723 0.22850 0.44873 1.77977 2.22850

0.816 0.67483 0.22549 0.44934 1.77615 2.22549

0.818 0.67244 0.22249 0.44994
'

1.77255 2.22249

0.820 0.67006 0.21951 0.45055 1.76896 2.21951

0.822 0.66770 0.21655 0.45115 1.76539 2.21655

0.824 0.66535 0.21359 0.45175 1.76184 2.21359

0.826 0.66301 0.21065 0.45235 1.75830 2.21065

0.828 0.66068 0.20773 0.45295 1.75478
!

2.20773

0.830 0.65837 0.20482 0.45355 1.75127 2.20482

0.832 0.65607 0.20192 0.45415 1.74777 2.20192

0.834 0.65378 0.19904 0.45474 1.74430 2.19904

0.836 0.65151 0.19617 0.45534 1.74083 2.19617

0,838 0.64925 0.19332 0.45593 1.73739 2.19332

0.840 0.64700 0.19048 0.45652 1.73395 2 .1 9048

0.842 0.64476 0.18765 0.45711 1.73054 2.18765

0.844 0.64253 0.18483 0.45770 1.72713 2.18483

0.846 0.64032 0.18203 0.45829 1.72374 2.18203

0.848 0.63812 0.17925 0.45887 1.72037 2.17925

0.850 0.63593 0.17647 0.45946 1.71701 2.17647
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COEFFICIENTS Alf B
x , C

x>
D x , E

x
-

0,852 to 0.900

a A
i

B
i

c
i

D
i

E
i

0.852 0.63375 0.17371 0.46004 1.71367 2.17371

0.854 0.63159 0.17096 0.46063 1.71033 2.17096

0.856 0.62943 0.16822 0.46121 1 .70702 2.16822

0.858 0.62729 0.16550 0.46179 1 .70371 2.16550

0.860 0.62516 0.16279 0.46237 1.70043 2.16279

0.862 0.62304 0.16009 0.46294 1.69715 2.16009

0.864 0.62093 0.15741 0.46352 1.69389 2.15741

0.866 0.61883 0.15473 0.46409 1 .69064 2.15473

0.868 0.61674 0.15207 0.46467 1 .67841 2.15207

0.870 0.61467 0.14943 0.46524 1.68418 2.14943

0.872 0.61260 0.14679 0.46581 1.68098 2.14679

0.874 0.61055 0.14417 0.46638 1.67778 2.14417

0.876 0.60850 0.14155 0.46695 1.67460 2.14155

0.878 0.60647 0.13895 0.46752 1.67143 2.13895

0.880 0.60445 0.13636 0.46809 1 .66828 2.13636

0.882 0.60244 0.13379 0.46865 1.66514 2.13379

0.884 0.60044 0.13122 0.46921 1.66201 2.13122

0.886 0.59845 0.12867 0.46978 1.65889 2.12867

0.888 0.59647 0.12613 0.47034 1.65579 2.12613

0.890 0.59450 0.12360 0.47090 1.65270 2.12360

0.892
|

0.59253 0.12108 0.47146 1.64962 2.12108

0.894
;

0.59059 0.11857 0.47202 1.64655 2.11857

0.896 0.58865 0.11607 0.47257 ] ,64350 2.11607

0.898 ' 0.58672 0.11359 0.47313 1.64046 2.11357

0.900 0.58480 0.11111 0.47368 1.63743 2.11111
|
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COEFFICIENTS A
x ,

B 1# C^ Er

0.902 to 0.950

a A
i Cl D

i
E

i

0.902 0.58288 0.10865 0.47424 1 .63441 2.10865

0.904 0.58098 0.10620 0.47479 1.63140 2.10620

0.906 0.57909 0.10375 0.47534 1.62841 2.10375

0.908 0.57721 0.10132 0.47589 1.62543 2.10132"

0.910 0.57534 0.09890 0.47644 1 .62246 2.09890

0.912 0.57348 0.09649 0.47699 1.61950 2.09649

0.914 0.57163 0.09409 0.47753 1.61656 2.09409

0.916 . 0.56978 , 0.09170 0.47808 1.61362 2.09170

0.918 0.56795 0.08933 0.47862 1.61070 2.08933

0.920 0.56612 0.08696 0.47917 1.60779 2.08696

0.922 0.56431 0.08460 0.47971 1.60489 2.08460

0.924 0.56250 0.08225 0.48025 1.60200 2.08225

0.926 0.56070 0.07991 0.48079 1.59912 2.07991

0.928 0.55891 0.07759 0.48133 1.59626 2.07759

0.930 0.55713 0.07527 0.48187 1.59340 0.07527

0.932 0.55536 0.07296 0.48240 1.59056 2.07296

0.934 0.55360 0.07066 0.48294 1.58773 2.07066

0.936 0.55185 0.06838 0.48347 1.58490 2.06838

0.938 0.55010 0.06610 0.48400 1.58209 2.06610

0.940 0.54837 0.06383 0.48454 1 .57929 2.06383

0.942 0.54664 0.06157 0.48507 1 .57650 2.06157

0.944 0.54492 0.05932 0.48560 1 .57373 2.05932

0.946 0.54321 0.05708 0.48613 1.57096 2.05708

0,948 0.54151 0.05485 0.48665 1 .56820 2.05485

0.950 0.53981 0.05263 0.48718 1 .56545
i

2.05263
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COEFFICIENTS A
x , Blt C

x , Dlf E
x

.

0.952 to 1.000

a A A
i c

i
D

i
E

1

0.952 0.53813 0.05042 0.48770 1.56272 2.05042
0.954 0.53645 0.04822 0.48823 1.55999 2.04822
0.956 0.53478 0.04603 0.48875 1.55727 2.04603
0.958 0.53312 0.04384 0.48927 1.55457 2.04384
0.960 0.53146 0.04167 0.48980 1.55187 2.04167

0.962 0.52982 0. C8950 0.49032 1 .54919 2.03950
0.964 0.52818 0.03734 0.49084 1.54651 2.03734
0.966 0.52655 0.08520 0.49135 1.54384 2.03520
0.968 0.52493 0.03306 0.49187 1.54119 2.03306
0.970 0.52331 0.03 093 0.49239 1 .53854 2.03093

0.972 0.52171 0.02881 0.49290 1.53591 2.02881

0.974 0.52011 0.02669 0.49341 1.53328 2.02669
0.976 0.51852 0.02459 0.49393 1.53066 2.02459

0.978 0.51693 0.02250 0.49444 1.52805 2.02250

0.980 0.51536 0.02041 0.49495 1.52546 2.02041

0.982 0.51379 0.01833 0.49546 1.52287 2.01833

0.984 0.51223 0.01626 0.49597 1.52029 2.01626

0.986 0.51067 0.0142 0 0.49648 1.51772 2.01420

0.988 0.50913 0.01215 0.49698 1.51516 2.01215

0.990 0.50759 0.01010 0.49749 1.51261 2.01010

0.992 0.50606 0.00807 0.49799 1.51007 2.00807

0.994 0.50453 0.00604 0.49850 1.50754 2.00604

0.996 0.50301 0.00402 0.49900 1.50502 2.00402

0.998 0.50150 0.00200 0.49950 1.50250 2.00200

1.000 0.50000 0.00000 0.50000 1.50000 2.00000



IRREGULAR STAR COEFFICIENTS

FOR SECOND ORDER EQUATIONS

SECOND DERIVATIVES

See Section 5, Chapter V*

Expressions are based on the representation

w(x,y) = a
q
+ a-yX + a

2y + a
3
x2 + a

4y
2
+ a

g
xy

,

a
l
=

*

CL2^=r ^jA ’

r

A
2
W
1
+C

2
W
3
" E

2
W

o ’

A
2
Wj + B

2
w
2 + C

2
w

3 + D2
w
4 - (E

2
+K

2
)v
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Coefficients A
2 , • * . ,F 2

are tabulated for a, 0 < < 1, in steps of

0-002. The first expression applies without modification to both

ordinary and partial derivatives.



352

COEFFICIENTS A
2 ,

B
2 , C

2 , D
2 , E

2 , F
2

.

0.002 to 0.050

a
l

A
2

C
2

E
2

“2 B
2 °2 F

2

0.002 998.00399 1.99601 1,000.00000

0.004 498.00796 1.99203 500.00000

0.006 331.34526 1.98807 333 .33333

0.008 248.01587 1.98413 250.00000

0.010 198.01980 1.98020 2 00.00000

0.012 164.69038 1.97629 166.66667

0.014 140.88476 1.97239 142.85714

0.016 123.03150 1.96850 125.00000

0.018 109.14647 1.96463 111.11111

0.020 98.03 922 1.96078 100.00000

0.022 88.95214 1.95695 90.90909

0.024 81.38021 1.95313 83.33333

0.026 74.97376 1.94932 76,92308

0.028 69.48305 1 .94553 71.42857

0.030 64.72492 1.94175 66.66667

0.032 60.56202 1.93798 62.50000

0.034 56.88929 1.93423 58.82353

0.036 53 .62505 1.93050 55.55556

0.038 50.70480 1.92678 52.63158

0.040 48.07692 1.92308 50.00000

0.042 45.69966 1.91939 47.61905

0.044 43.53884 1.91571 45.45455

0.046 41.56621 1.91205 43.47826

0.048 3 9.75827 1 .9084 0 41.66667

0.050 38 .09524 1.90476 40.00000
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COEFFICIENTS A 2 , B
9 , C 9 , D 9> E 9 , F 0 .

0.052 to 0.100

a
l

A
2

C
2

E
2

_^2_
B

2 °2 F
2

0.052 36.56040 1.90114 38.46154

0.054 35.13950 1.89753 37.03 7 04

0.056 33.82035 1.89394 35.71429

0.058 32.59240 1.8 903 6 34.48276

0.060 31.44654 1 .88679 33.33333

0.062 30.37483 1.88324 32.25806

0.064 29.37030 1.87970 31.25000

0.066 28.42686 1.87617 3 0.30303

0.068 27.53911 1 .87266 29.41176

0.070 26.702 2 7 1.86916 28.57143

0.072 25.91211 1.86567 27.77778

0.074 25.16483 1.86220 27.02703

0.076 24.45705 1.85874 26.31579

0.078 23.78574 1.85529 25.64103

0.08 0 23.14815 1.85185 25.00000

0.082 22.54182 1.84843 24.39024

0.084 21.96451 1.84502 23.80952

0.086 21.41419 1.84162 23.25581

0.088 20.88904 1.83823 22.72727

0.090 2 0.38736 1.83486 22.22222

0.092 19.90763 1.83150 21.73913

0.094 19.44844 1.82815 21.27660

0.096 19.00852 1.82482 2 0.83333

0.098 18.58667 1.82150 20.40816

0.100 18.18182 1 .81819 20.00000



354

COEFFICIENTS A 2# B
2 ,

C
2 , D

2 , E
2 , F

2
.

0.102 to 0.150

a
2

A
2

C
2

E 2

a
2

B
2

D
2

F
2

0.102 17.79296 1.81489 19.60784

0.104 17.41918 1.81160 19.23077

0.106 17.05961 1.80832 18.86792

0.108 16.71346 1.80506 18.51852

0.110 16.38002 1.80181 18.18182

0.112 16.05858 1.79857 17.85714

0.114 15.74853 1.79534 17.54386

0.116 15.44926 1.79212 17.24138

0.118 15.16024 1.78891 16.94915

0.120 14.88095 1.78571 16.66667

0.122 14.61 091 1.78253 16.3 9344

0.124 14.34967 1.77936 16.12903

0.126 14.09682 1.77620 15.87302

0.128 13.85195 1.77305 15.62500

0.130 13.61470 1.76991 15.384 62

0.132 13.38473 1.76678
|

15.15152

0.134 13.16170 1.76366
j

14.92537

0.136 12.94532 1.76055 14.70588

0.138 12.73528 1.75746 14.49275

0.140 12.53133 1.75438 14.28571

0.142 12.33319 1.75131 14.08451

0.144 12.14064 1.74825 13.88889

0.146 11.95343 1.74520 13.69863

0.148 11.77135 1.74216 13.51351

0.150
|

11.59420 1.73913 13.33333
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COEFFICIENTS A
2 , B

2 , C
2 , D

2 , E*. F
2

.

0.152 to 0.200

a
l

A
2

C
2

E
2

a
2

B
2 °2 F

2

0.152 11.42178 1.73611 13.15789

0.154 11.25391 1.73310 12.98701

0.156 11.09041 1.73 010 12.82051

0.158 10.93111 1.72711 12.65823

0,160 10.77586 1.72413 12.50000

0.162 10.62451 1.72117 12.34568

. 0.164 10.47691 1.71822 12.19512

0.166 10.33293 1.71527 12.04819

0.168 10.1 9243 1.71233 11.90476

0.170 10.05530 1.70941 11.76471

0.172 9.92142 1.70649 11.62791

0.174 9.79068 1.70358 11.494 25

0.176 9.66296 1 .70068 11.36364

0.178 9.53816 1 .69779 11.23596

0.180 9.41620 1.69491 11.11111

0.182 9.29696 1.69204 10.98901

0.184 9.18038 1.68918 10.86957

0.186 9.06635 1.68633 10.75269

0.188 8.95480 1.68349 10.63830

0.190 8.84564 1 .68066 10.52632

0.1 92 8.73881 1 .67784 10.41667

0.194 8.63424 1.67503 1 0.30928

0.196 8.53184 1 .67223 10.2 04 08

0.198 8.43156 1.66944 . 10.10101

0.200 8.33333 1.66666 10.00000
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COEFFICIENTS A, , B„ D 0

0-202 to 0.250

a
l

A
2

C
2

E
2

a
2

B
2

D
2

F
2

0.202 8.23710 1.6638 9 9.90099

0.204 8.14279 1.66112 9.80392

0.206 8.05 036 1.65837 9.70874

0.208 7.95976 1 ,65563 9.61538

0.210 7.87092 1.65289 9 .52381

0.212 7.78380 1.65016 9.43396

0.214 7.69835 1 .64744 9.34579

0.216 7.61452 1.64473 9.25926

0.218 7.53228 1.64203 9.17431

0.220 7.45156 1.63934 9.09091

0.222 7.37235 1 .63666 9.00901

0.224 7.29458 1.63399 8.92857

0.226 7.21824 1.63133 8.84956

0.228 7.14327 1.62867 8.77193

0.280 7.06964 1.62602 8.69565

0.232 6.99731 1.62338 8.62069
0.234 6.92626 1.62075 8.54701

0.236 6.85645 1.61813 8.47458

0.238 6.78785 1.61551 8.4 0336
0.240 6.72043 1.61290 8.33333

0.242 6.65416 1.61030 8.26446
0.244 6.58900 1.60771 8.19672
0.246 6.52494 1.60513 8.13 008

0.248 6.46195 1.60256 8.06452
0.250 6.40000 1.60000 8.00000
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COEFFICIENTS A„, B„ C 2> D
2 ,

0.252 to 0.300

a
l A

2
C
2

E
2

a
2 B

2 ». F
2

6.33906 1.59745 7.93651

6.27912 1.59490 7.87402

6.22014 1.59236 7.81250

6.16211 1.58983 7.75194

6.105 01 1.58731 7.69231

0.262 6.04880 1.58479 7.63359

0.264 5.99348 1.58228 7.57576

0.266 5.93902 1.57978 7.51880

0.268 5.88540 1.57729 7.46269

0.270 5.83 260 1 .57481 7.40741

0.272 5.78 061 1 .57233 7.35294

0.274 5.72941 1.56986 7.29927

0.276 5.67898 1.56740 7.24638

0.278 5.62930 1.56495 7.19424

0.280 5.58 036 1.56250 7.14286

0.282 5.53214 1.56006 7.09220

0.284 5.48462 1.55763 7.04225

0.286 5.43780 1.55521 6.99301

0.288 5.39165 1.55280 6.94445

0.290 5.34616 1.5503 9 6.89656

0.292 5.30133 1.54799 6.84932

0.294 5.25713 1.54560 6.80272

0.296 5.21355 1.54321 6.75675

0.298 5.17058 1.54 083 6.71141

0.3 00 5.12821 1.53846 6.6666 7
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COEFFICIENTS A
2 , B D

2 , E
2 ,

0.302 to 0.350

a
l

A
2

C
2

E
2

a
2

B
2 °2 F

2

0.302 5.08642 1.53610 6.62252

0.304 5.04521 1.53374 6 .57895

0.306 5.00456 1.53139 6.53595

0.308 4.96446 1.52905 6.49351

0.310 4.92490 1.52672 6.45162

0.312 4.88587 1.52439 6.41026

0.314 4.84736 1.522 07 6.36943

0.316 4.80936 1.51975 6.32912

0.318 4.77186 1.51744 6.28931

0.32 0 4.73485 1.51514 6.25000

0.322 4.69833 1.51285 6.21118

0.324 4.66227 1.51057 6.17284

0.326 4.62 667 1.50830 6.13497

0.328 4.59153 1.50603 6.09756

0.330 4.55685 1.50376 6.06060

0.332 4.52260 1 .50150 6.02409

0.334 4.48878 1 .49925 5.98802

0.336 4.45538 1 .49700 5.95238

0.338 4.42239 1.49476 5.91716

0.340 4.38981 1.49253 5.88236

0.342 4.35764 1.49031 5.84796

0.344 4.32586 1.48809 5.81396
0.346 4.29446 1.48588 5.78035
0.348 4.26344 1 .48367 5.74713

0.350 4.23 280 1.48147 5.71429



359

COEFFICIENTS A
2 , B 2> C

2 , D
2 , E

2 , F
2

.

0.352 to 0.400

a
l

A
2

C
2

E
2

°2 B
2 °2 F

2

0.352 4.2 0253 1.47928 5.68182

0.354 4.17261 1.47710 5.64971

0.356 4.14304 1.47492 5.61797

0.358 4.11383 1.47275 5.58659

0.360 4.08496 1.47059 5.55556

0.362 4.05643 1.46843 5.52487

0.364 4.02823 1.46628 5.49451

0.366 4.00035 1.46413 5.46448

0.368 3.97279 1.46199 5.43478

0.370 3.94555 1.45986 5.40540

0.372 3.91862 1 .45773 5.37634

0.374 3.89199 1.45561 5.34759

0.376 3.86566 1.45349 5.31915

0.378 3.83963 1.45138 5.29101

0.380 3.81389 1.44928 5.26316

0.382 3 .78843 1.44718 5.23560

0.384 3.76325 1.44508 5.20833

0.386 3.73835 1.44299 5.18135

0.388 3.71372 1.44091 5.15464

0.390 3.68936 1.43884 5.12820

0.392 3.66526 1.43678 5.1 02 03

0.394 3.64142 1.43472 5.07613

0.396 3.61784 1.43266 5.05050

0.398 3.59451 1.43061 5.02513

0.400 3.57143 1.42857 5.00001
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COEFFICIENTS A
2 , B

2 , C
2 ,

D
2 , E

2 , F 2<

0.402 to 0.450

«1 A
2

C
2

E
2

a
2

B
2 °2 F

2

0.402 3.54859 1.42653 4.97513

0.404 3.52599 1.42450 4.9504 9

0.406 3.50363 1.42247 4.92610

0.408 3.48150 1.42045 4.90195

0.410 3.45960 1.41844 4.87804

0.412 3.43793 1.41643 4.85436

0.414 3.41648 1.41443 4.83091

0.416 3.3 95 25 1.41243 4.80769

0.418 3.37424 1 ,41044 4.78469

0.420 3.35345 1.40845 4.76191

0.422 3.33286 1 .40647 4.73934

0.424 3.31248 1.40449 4.71698

0.426 3.29231 1 .40252 4.69483

0.428 3.27234 1.40056 4.67289

0.430 3.25257 1.39860 4.65116

0.432 3.23299 1.39665 4.62963

0.434 3.21360 1.39470 4.60830
0.436 3.1944 0 1.39276 4.58716
0.438 3.1 7539 1.3 9082 4.56621

0.440 3.15656 1.3888 9 4.54545

0.442 3.13791 1.38696 4.52488
0.444 3.11945 1.38504 4.50450
0.446 3.10117 1.38313 4.4843 0

0.448 3.08307 1.38122 4.464 2 8
0.450 3.06514 1.37932 4 .44444



361

COEFFICIENTS A 2 , B2 , C 2 , D 2 , E 2 , F 2 .

0.450, to 0.500

a
l

A
2

C
2

E
2

a
2

B
2 °2 F

2

0.452 3.04737 1.37742 4.42478

0.454 3.02977 1.37552 4.40529

0.456 3.01234 1.37363 4.38596

0.458 2.99507 1.37174 4.36680

0.460 2.97796 1.36986 4.34782

0.462 2.96101 1.36799 4.32900

0.464 2.94422 1.36612 4.31034

0.466 2.92 758 1.36426 4.29184

0.468 2.91109 1.3624 0 4.27350

0.470 2.89476 1.36055 4.25532

0.472 2.87858 1.35870 4.23729

0.474 2.86255 1.35685 4.21 941

0.476 2.84667 1.35501 4.20168

0.478 2.83093 1.35318 4.18410

0.480 2.81532 1.35135 4.16667

0.482 2.79985 1.34953 4.14938

0.484 2.78452 1.34771 4.13223

0.486 2.76932 1.34590 4.11522

0.488 ' 2.7542 6 1.34409 4.09835

0.490 2.73 934 1.34228 4.08162

0.492 2.72455 1,34048 4.06503

0.494 2.70989 1.338 69 4.04858

0.496 2.6953 6 1.33 690 4.03226

0.498 2.68095 1,33 511 4.01607

0.500 2.66666 1 .33333 4.00000



362

COEFFICIENTS A
2 , B

2 , C
2 , D

2 , E
2 , F

2 .

0.502 to 0.550

a
l

A
2

C
2

E
2

a
2

B
2

E
2

F
2

0.5 02 2.65250 1.33156 3.984 06

0.504 2.63846 1.32979 3.96825

0.506 2.62454 1.32802 3.95257

0.508 2.61074 1.32626 3.93701

0.510 2.59706 1.32450 3.92157

0.512 2.58350 1.32275 3.90625

0.514 2.57005 1.32100 3.891 05

0.516 2.55671 1.31926 3.87597

0.518 2.54348 1.31752 3.86101

0.520 2.53036 1.31579 3.84616

0.522 2.51735 1.31406 3.83142

0.524 2.50445 1.31234 3.81679
0.526 2.49166 1.31062 3.80228

0.528 2.47898 1.30890 3.78788
0.530 2.46640 1.30719 3.77359

0.532 2.45392 1 ,3 0548 3.75940
0.534 2.44154 1.3 03 78 3.74532
0.536 2.42926 1.30208 3.73135
0.538 2.41708 1.30039 3.71748
0.540 2.405 00 1.29870 3,70371

0.542 2.3 93 02 1.29702 3.69004
0.544 2.38114 1.29534 3.67647
0.546 2.36935 1 .29366 3.66300
0.548 2.35765 1.29199 3.64963
0.550 2.34604 1.29032 3.63636



363

COEFFICIENTS A 0 , B'9 >

0,552 to 0.600

a
l

A
2

C
2

E
2

«2 B
2

D
2 F

2

0.552 2.33453 1.28866 3.62319

0.554 2.32311 1 .28700 3.61011

0.556 2.31178 1 .28535 3.59712

0.558 2.30054 1 .2837 0 3.58423

,0.560 2.28938 1.28205 3.57143

0.562 2.27831 1.28041 3.55872

0.5 64 2.26733 1.27877 3.54610

0.566 2.25643 1.27714 3.53357

0.568 2.24562 1.27551 3.52113

0.570 2.23489 1.27389 3.50877

0.572 2.22424 1.27227 3.49650

0.574 2.21367 1.27065 3.48431

0.576 2.2 0318 1.26904 3.47221

0.578 2.192 77 1.26743 3.46020

0.580 2.18244 1.2 6582 3.44827

0.582 2.17219 1.26422 3.43642

0.584 2.1 6202 1.26263 3 .42465

0.586 2.15193 1.26104 3.41296

0.588 2.14191 1.25945 3.40135

0.590 2.13197 1.25786 3.38982

0.592 2.12210 1.25628 3.37837

0.594 2.11230 1.25471 3.36700

0.596 2.10257 1.25314 3.35571

0.598 2.09291 1.25157 3.34449

0.600 2.08333 1.25000 3.33334



364

COEFFICIENTS A OI B„ D
2 , E

2 , F
2

.

0.602 to 0.650

a
l

A
2

C
2

E
2

a
2

B
2 °2 F

2

0.602 2.07382 1.24844 3.32226

0.604 2.06438 1.24688 3.31125

0.606 2.05501 1.24533 3.30032

0.608 2.04570 1.24378 3.28947

0.610 2.03646 1.24224 3.27869

0.612 2.02728 1.24070 3.26798

0.614 2.01817 1.23916 3.25733

0.616 2.00913 1.23762 3.24675

0.618 2.00015 1 .23609 3.23624

0.620 1.99124 1.23457 3.22580

0.622 1.98239 1.233 05 3.21543

0.624 1.973 60 1.23153 3.20512

0.626 1.96488 1.23001 3.19488

0.628 1.95622 1.22850 3.18471

0.630 1.94761 1.22699 3 .1 7460

0.632 1.93906 1.22549 3.16456

0.634 1.93058 1.22399 3.15458

0.636 1.92216 1.22249 3.14466

0.638 1.91379 1.22100 3.13480

0.640 1.90548 1.21951 3.12500

0.642 1.89723 1.21803 3.11526

0.644 1 .88904 1.21655 3 .1 0558
0.646 1.88090 1.21507 3.09597
0.648 1.87282 1 .21359 3.08642

0.650 1.86479 1.21212
i

3.07693



365

COEFFICIENTS A,, B,, C
9 , D,

.

F 9 *

0.652 to 0.700

a
l

A
2

C
2

E
2

a
2

B
2

D
2

F
2

0.652 1 .85682 1,21065 3.06749

1.84891 1.20919 3.05811

0.656 1 ,841 05 1.20773 3.04879

0.658 1.83324 1.20627
.
3.03952

0.660 1.82548 1.20482 3.03031

0.662 1.81778 1.20337 3.02115

0.664 1.81013 1.20192 3.01205

0.666 1.80253 1.20048 3.003 01

0.668 1.79498 1 .1 9904 2.99402

0.670 1.78747 1.19760 2.98508

0.672 1.78001 1.19617 2.97619

0.674 1.77261 1.19474 2.96736

0.676 1.76526 1.19332 2.95858

0.678 1 .75796 1.19190 2.94985

0.680 1.75070 1.19048 2.94117

0.682 1.74349 1.18906 2.93254

0.684 1.73 633 1.18765 2.92397

0.686 1.72922 1.18624 2.91545

0.688 1.72215 1.18483 2.90698

0.690 1.71512 1.18343 2.89855

0.692 1.70814 1.182 03 2.89017

0.694 1.70121 1.18064 2.88184

0.696 1.69432 1.17925 2.87356

0.698 1.68747 1.17786 2.86533

0.700 1 .68067 1.17647 2.85715



366

COEFFICIENTS A
2 , B

2 , C
2 , D

2 , E
2 , E

2
,

0.702 to 0.750

a
l

A
2

C
2

E
2

a
2

B
2

D
2

F
2

0.702 1.67391 1.17509 2.84901

0.704 1 .6672 0 1 .17371 2.84091

0.706 1.66053 1.17233 2.83286

0.708 1.65390 1.17096 2.82486

0.710 1.64731 1 .1 6959 2.81690

0.712 1.64076 1.16822 2.80899

0.714 1.6342 5 1.16686 2.80112

0.716 1.62778 1.16550 2.79329

0.718 1.62136 1.1 6414 2.78551

0.720 1.61498 1.16279 2.77777

0.722 1.60864 1.16144 2.77007

0.724 1.60234 1.16009 2.76242

0.726 1.596 08 1.15875 2.75481

0.728 1 .58985 1.15741 2.74724
0.730 1.58366 1.15607 2.73971

0.732 1 .57751 1.15473 2.73223
0.734 1.57140 1.15340

!

2.72479
0.736 1 .56532 1 .1 52 07 2.71739
0.738 1.55 928 1.15075 2.71003
0.740 1.55328" 1.14943 2.70271

0.742 1.54731 1.14811 2.69542
0.744 1 .54138 1.14679 2.68817
0.746 1.53549 1 .14548 2.68096
0.748 1.52963 1.14417 2.67379
0.750 1.52 381 1.14286 2.66666



367

COEFFICIENTS A,, B*. C,, D,, E„ F,.

0.752 to 0.800

°1 A
2

C
2

E
2

a
2

B
2 °2 F

2

0.752 1.51803 1.14156 2.65957

0.754 1.51227 1.14026 2.65252

0.756 1.50655 1.13896 2.64550 .

0.758 1.50087 1.13766 2.63852

0.760 1.49522 1.13637 2.63158

0.762 1.48960 1.13508 2.62467

0.764 1.48401 1.13379 2.61780

0.766 1.47846 1.13250 2.61097

0.768 1.47294 1.13122 2.60417

0.770 1.46746 1.12994 2.59740

0.772 1.462 01 1.1 2867 2.59067

0.774 1.45 659 1.12740 2.583 98

0.776 1.45120 1.12613 2.57732

0.778 1.44584 1.12486 2.57069

0.78 0 1.44051 1.12360 2.5 64 1 0

0.782 1.43521 1 .12234 2.55754

0.784 1.42994 1.12108 2.55102

0.786 1.42470 1 .1 1 982
;

2.54453

0.788 1.41950 1.11857 2.53807

0.790
!

1.41433 1.11732 2.53164

0.792 1.40919 1.11607 2.52525

0.794 1.40407 1.11483 2.51889

0.796 1.39898 1.11359 2.51256

0.798 1.39392 1.11235 2.50626

0.8 00 1.38889 1.11111 2.50000



368

COEFFICIENTS A
2 , B

2 , C
2 , D2> E

2 , Fj.

0.802 to 0.850

a
l

a
2

C
2

E
2

a
2

B
2

D
2

F
2

0.802 1.38389 1.10988 2.49377

0.804 1 .37892 1.1 0865 2.48757

0.806 1.3 7397 1.10742 2.48139

0.808 1.36905 1 .1 061 9 2.47524

0.810 1 .36416 1.104 97 2.46913

0.812 1.35930 1.10375 2.46305

0.814 1.35447 1.10254 2.45700

0.816 1.34966 1.10133 2.45098

0.818 1 .34488 1.1 0012 2.44499

0.820 1.34013 1.09891 2.43 903

0.822 1 .33540 1.09770 2.43309

0.824 1 .33070 1.09649 2.42718

0.826 1.32602 1.0952 9 2.42130

0.828 1.32137 1.09409 2.41545

0.83 0 1.31675 1.09290 2.40963

0.832 1 .31215 1.09171 2.40384

0.834 1.3 0757 1.09052 2.39808

0.836 1.30302 1.08933 2.39234

0.838 1.2985 0 1.08814 2 *38663

0.84 0 1.2 9400 1.08696 238095

0.842 1.28952 1 .08578 2.37530
0.844 1 .28507 1.08460 2.36967
0.846 1.28064 1.08342 2.36407
0.848 1.27624 1.08225 2.35849
0.850 1.27186 1.08108

:

2.35294



369

COEFFICIENTS A
2 , B

2 , C
2 , D

2 , E
2 , F 2<

0.852 to 0.900

*1 A
2

C
2

E
2

a
2

B
2 °2 F

2

0,852 1.26750 1.07991 2.34742

0.854 1.26317 1.07875 2.34192

0.856 1 .25886 1.07759 2.33645

0.858 1.25458 1.07643 2.33100

0.860 1.25032 1.07527 2.32558

0.862 1.24608 1.07411 2.32019

0.864 1.24186 1.07296 2.31482

0.866 1.23766 1 .07181 2.3094 7

0.868 1.23348 1.07066 2.30415

0.870 1.22933 1 .06952 2.29885

0.872 1.22520 1.06838 2.29358

0.874 1.22109 1 .06724 2.28833

0.876 1.21700 1.06610 2.28310

0.878 1.21293 1.06496 2.27790

0.880 1.20889 1.06383 2.27272

0.882 1.20487 1.06270 2.26756

0.884 1.20087 1.06157 2.26243

0.886 1.19689 1 .06044 2.25733

0.888 1.19293 1.05932 2.25225

0.890 1.18899 !
1.0582 0

!

2.24719

0.892 1.18507 1.05 7 08 2.24215

0.894 1.18117 1.05597 2.23713

0.896 i
1.17729 1 .05486 2.23213

0.898 1.17343 1 .05375 2.22716

0.900 1.16959 1.05264 2.22221



COEFFICIENTS A 0 , B,
2

0.902 to 0.950

a
l

A
2

C
2

E
2

a
2

B
2 °2 F

2

0.902 1.1 6577 1.05153 2.21729

0.904 1.1 6197 1.05042 2.21239

0.906 1.15819 1.04932 2.2 0751

0.908 1.15443 1.04822 2.2 0265

0.910 1.15069 1.04712 2.19781

0.912 1.14696 1 .04603 2.19299

0.914 1.14325 1.04494 2.18819

0.916 1.13956 1.04385 2.18341

0.918 1.13589 1.04276 2.17865

0.920 1.13224 1.04167 2.17391

0.922 1.12861 1.04 058 2.16919

0.924 1.12500 1.03 950 2.16449

0.926 1.12141 1.03842 2.15982

0.928 1.11783 1.03734 2.15517

0.930 1.11427
!

1 .03 627 2.15054

0.932 1.11073 1.03520 I 2.14593

0.934 1 .1 072 0 1.03 41 3 2.14133

0.936 1.10369 1 .03306 2.13675

0.938 1.10020 1.03199 2.13219

0.940 1.09673
1

1.03093 2.12765

0.942
!

1.09328 1.02987 2.12313

0.944 1.08984 1 .02881 2.11863

0.946 1.08642 1.02775 2.11415

0.948 1.08302 1.02669 2.1 0969

0.950 1.07963 1.02 564 2.10525
i



3 71

COEFFICIENTS A
2 , B

2 , C
2 , D2> E 2> F

2
.

0.952 to 1.000

a
l

A
2

C
2

E
2

a
2

B
2

D
2

F
2

0.952 1.07626 1 .02459 2.10083

0.954 1.07290 1 .02354 2.09643

0.956 1.06956 1.02249 2.09205

0.958 1.06623 1.02145 2.08768

0.960 1.06292 1.02041 2.08333

0.962 1.05963 1.01937 2.07900

0.964 1.05635 1.01833 2.07469

0.966 1.053 09 1.01729 2.07040

0.968 1 .04985 1.01626 2.06612

0.970 1.04663 1.01523 2.06186

0.972 1.04342 1.01420 2.05762

0.974 1.04022 1.01317 2.0533 9

0.976 1.03703 1.01214 2.04918

0.978 1.03386 1.01112 2.04499

0.980 1.03071 1.01010 2.04082

0.982 1.02757 1 .00908 2.03666

0.984 1 .02445 1.008 06 2.03252

0.986 1.02135 1.00705 2.02840

0.988 1.01826 1.00604 2.02430

0.990 1.01518 1.00503 2.02 021

0,992 1.01211 1.004 02 2.01613

0.994 1.00906 1 .003 01 2.01207

0.996 1.00603 1.002 00 2,00803

0.998 1.003 01 1.00100 2.00401

1.000 1 .00000 1.00000 2.00000



IRREGULAR STAR COEFFICIENTS

FOR FOURTH ORDER EQUATIONS

SECOND DERIVATIVES AT THE BOUNDARY

See Section 10 and Section 13 of Chapter VIL

Expressions are based on the representation

w(x) = a
Q
+ a

x
x 4- a

2
x
2

-f a
3
x
3

,

a = h
x
/h

,

together with the assumption that both wR and (cHv/dx)B are

prescribed on the boundary.

Fig. 3

W
o
= A

4
W
B + B

4
w
2
" C

4
W3“ D4M<3w/*c)b

W
1
= E

4
W
B + F

4
W
2
“ G

4
W
3
+ H

4
h(<9w/5x)B ,

ll?)
•

B

Coefficients A
4 ,

*

. .

,

M
4

are tabulated for a 9 0 < a S. 1, in steps of

0*05. The expressions apply without modification to both ordinary
and partial derivatives.
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373

COEFFICIENTS A
4 , B

4 , C4> D
4

.

a A
4

B
4

c44 °4

0.00 -1.500000 3.000000 0.500000 3.000000

0.05 -1 .026276 2.455782 0.429506 2.648084

0.10 —0.640918 2.008265 0.367347 2.337662

0.15 —0.326340 1.638941 0.312601 2.062690

0.20 -0.068871 1.333333 0.264463 1.818182

0.25 0.142222 1.080000 0.222222 1 .600000

0.30 0.315433 0.869823 0.185255 1.404682

0.35 0.457537 0.695473 0.153 010 1.229314

0.40 0.573980 0.551020 0.125000 1.071429

0.45 0.669162 0.431629 0.100791 0.928923

0.50 0.746667 0.333333 0.080000 0.800000

0.55 0.809422 0.252862 0.062284 0.683112

0.60 0.859837 0.187500 0.047337 0.576923

0.65 0.899902 \ 0.134986 0.034888 0.480274

0.70 0.931266 0.093426 0.024691 0.392157

0.75 0.955304 0.061224 0.016529 0.311688

0.80 0.973167 0.037037 0.010204 0.238095

0.85 0.985818 0.019722 0.005540 0.170697

0.90 0.994068 0.008310 0.002378 0.108893

0.95 0.998602 0.001972 0.000575 0.052151

1.00 1.000000 0.000000 0.000000 0.000000



374

COEFFICIENTS E 4> F
4 , G

4 , Hr

a E
4

F
4

G
4 H

4

0.00 1.000000 0.000000 0.000000 0.000000

0.05 0.996060 0.004535 0.000595 0.046458

0.10 0.985739 0.016529 0.002268 0.086580

0.15 0.970841 0.034026 0.004868 0.121335

0.20 0.952709 0.055556 0.008264 0.151515

0.25 0.932346 0.080000 0.012346 0.177778

0.30 0.910504 0.106509 0.017013 0.200669

0.35 0.887751 0.134431 0.022182 0.220646

0.40 0.864512 0.163265 0.02 7778 0.238095

0.45 0.8411 08 0.192628 0.033736 0.253343

0.50 0.817778 0.222222 0.040000 0.266667

0.55 0.794700 0.251821 0.046521 0.278305

0.60 0.772004 0.281250 0.053254 0.288462

0.65 0.749787 0.310377 0.060164 0.297313

0.70 0.728115 0.339100 0.067215 0.305011

0.75 0.707033 0.367347 0.074380 0.311688

0.80 0.686571 0.395062 0.081633 0.317460

0.85 0.666744 0.422206 0.088950 0.322428

0.90 0.647560 0.448753 0.096314 0.326679

0.95 0.629018 0.474688 0.103706 0.330291

1.00 0.611111 0.500000 0.111111 0.333333



375

COEFFICIENTS J4> K
4 , L

4 , M
4

.

a J4
K
4

L
4

M
4

0.00 3.500000 4.000000 0.500000 3.000000

0.05 3.219118 3.718821 0.499703 2.880372

0.10 2.972208 3.471074 0.498866 2.770563

0.15 2.753852 3.305418 0.497566 2.669363

0.20 2.559688 3.055556 0.495868 2.575758

0.25 2.386173 2.880000 0.493827 2.488889

0.30 2.230400 2.721893 0.491493 2.406027

0.35 2.089966 2.578875 0.488909 2.332545

0.40 1 .962868
* 2.448980 0.486111 2.261905

0.45 1 .847427 2.330559 0.483132 2.195637

0.50 1.742222 2.222222 0.480000 2.133333

0.55 1 .646049 2.122789 0.476740
!

2.074636

0.60 1.557877 2.031250 0.473373
i

i

2.019231

0.65 1.476822 1.946740 0.469918 1.966838

0.70 1 .40212,0 1.868512 0.466392 1.917211

0.75 1.333108 1.795918 0.462810 1.870130

0.80 1.269211 1.728395 0.459184 1 .825397

0.85 1.209924 1.665449 0.455525 1.782835

0.90 1.154805
|

1.606648 0.451843 1.742287

0.95 1.103464 1.551611 0.448147 1.703607

1.00 1 .055556 1.500000 0.444444 1 .666667
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